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1.  ABSTRACT 


Solid  rocket  motor  chamber  fluid  dynamics  are  modeled  using  the 
full  Navier-Stokes  equations.  Mass  injection  from  the  sidewall  of  a 
cylinder  simulates  the  propellant  gasification.  Prescribed  boundary 
disturbances  in  velocity  or  pressure  induce  acoustic  waves  and  other 
transients  into  the  chamber  geometry.  Vorticity  is  generated  on  the 
sidewall  from  an  inviscid  interaction  between  transient  pressure 
gradients  and  the  fluid  injected  from  the  surface.  Axisymmetric  and 
three  dimensional  solutions  obtained  from  analysis  and  computation 
are  used  to  predict  the  dynamics  of  the  co-existing  acoustic  and 
rotational  flows.  Results  suggest  that  intense  transient  vorticity  is 
present  throughout  much  of  the  chamber  during  a  firing  as  long  as 
acoustic  transients  are  present.  The  rotational  flow  component  is 
associated  with  intense  transient  shear  stresses  on  the  sidewall. 
Meanflow  profiles  and  RMS  intensity  distributions  are  similar  to 
those  found  in  traditional  turbulent  pipe  flows  with  injection. 
Traditional  acoustic  stability  theory,  based  on  purely  irrotational 
flow  assumptions,  may  describe  the  pressure  variations  in  chamber 
models,  but  cannot  describe  the  rotational  component  of  the  flow 
found  in  the  present  model. 


2.  PROJECT  OBJECTIVES,  STATUS  AND  ACCOMPLISHMENTS 


Our  project  has  focused  on  the  modeling  of  the  transient  flow 
dynamics  that  occur  in  coldflow  and  thermally  active  versions  of  a 
motor  chamber.  The  results  provide  new  perspectives  about  the 
physical  processes  occurring  in  these  systems.  Their  application  to 
the  design  process  should  foster  the  development  of  more  reliable 
motors  with  predictable  performance. 

The  substance  of  our  work  can  be  divided  broadly  into  two  major 
tasks: 

(i)  Analysis  and  numerical  simulation  of  an  injected  internal  flow 
when  equal  magnitude  acoustics  and  vorticity  co-exist. 

Our  numerical  simulations  of  coldflow  processes  describe 
instantaneous  velocity  and  pressure  distributions  in  a  model  motor 
chamber,  including  the  development  and  convection  of  vorticity  from 
the  sidewall,  where  time-dependent  normal  injection  is  imposed. 

The  results  predict  the  characteristics  of  a  high  Reynolds  and  low 
Mach  number  flow  with  co-existing,  equal  magnitude  acoustic  and 
rotational  flow  fields.  Uniquely,  we  have  separated  the  acoustic  and 
rotational  components  of  the  complete  numerical  velocity  response 
to  the  imposed  transient  sidewall  disturbance.  We  use  turbulent 
flow  data  reduction  techniques  to  describe  the  spatial 
characteristics  of  the  mean  flow,  and  the  RMS-intensity  of  the 
combined  acoustic  and  rotational  fluctuating  flow  fields.  The 
results  can  compared  with  relevant  experiments  and  with  turbulent 
flow  models  involving  various  closure  schemes(  k-e,  k-CO  and  full 
Reynolds  stresses).  Comparison  of  mean  and  instantaneous  axial 
shear  stresses  at  the  injection  surface  enable  us  to  determine  if  the 
former  are  helpful  for  predicting  where  erosive  burning  might  occur, 
or  if  one  must  focus  on  the  impact  of  the  transient  surface  stress, 
which  is  considerably  larger  than  the  mean  stress,  on  propellant 
burning. 

(ii)  Non-axisymmetric  ,  transient  flow  dynamics  in  a  coldflow  model 
chamber. 

An  analytical  method  has  been  developed  to  describe  three- 
dimensional  transient  flows  in  a  cylindrical  chamber  with  steady 
sidewall  injection  and  a  time-dependent  disturbance  on  the  headend 


that  varies  azimuthally  and  radially.  The  results  show  that 
nonaxisymmetic  flow  dynamics  exist  only  in  a  limited  portion  of  the 
chamber  adjacent  to  the  headend,  and  that  azimuthal  and  radial 
velocities  decay  swiftly  in  the  axial  direction  over  a  few  cylinder 
radii.  Further  downstream,  in  a  high  aspect  ratio  chamber,  only 
axisymmetric  disturbances  appear.  The  results  are  in  excellent 
agreement  with  a  numerically  intensive,  three  dimensional 
turbulence  model  by  Sabnis  et.  al(i).  Our  three-dimensional  analysis 
is  also  used  to  evaluate  the  impact  of  transient,  azimuthally 
dependent  sidewall  injection  on  the  co-existing  acoustic  and 
rotational  flow  field  in  a  high  aspect  ratio  cylinder.  In  this  case,  the 
time-dependent  injection  distribution  emulates  non-axisymmetric 
propellant  burning.  We  are  not  aware  of  any  comparable  numerical 
or  experimental  studies,  where  explicit  transient  propellant  burning 
emulation  is  used  as  the  source  of  the  flow  dynamics  in  the  chamber. 

Each  of  these  research  efforts  will  now  be  described  in  more  detail. 

(I)  Analysis  and  numerical  simulation  of  an  injected  internal  flow 
when  equal  magnitude  acoustics  and  vorticity  co-exist. 

Our  numerical  simulations  of  the  transient  flow  response  to 
prescribed  boundary  disturbances(2-4)  have  been  used  to  study  the 
generation  and  evolution  of  intense  transient  vorticity  in  a  cylinder 
with  sidewall  injection.  The  complete  axial  velocity  is  divided  into 
the  numerical  analog  of  the  steady  Culick(®)  profiles,  and  transient 
responses  for  the  co-existing,  equal  magnitude  acoustic  and 
rotational  flow  fields.  The  latter  is  used  to  describe  the  time- 
varying  spatial  distribution  of  vorticity  in  the  cylinder.  Ref. 3  (see 
Appendices  for  copies  of  papers  by  this  group)  contains  examples  of 
the  instantaneous,  rotational  axial  velocity  distribution  at  a 
specified  axial  location,  and  the  vorticity  distribution  throughout 
the  cylinder  at  a  specified  time. 

Our  numerical  data  has  also  be  analyzed  in  terms  of  mean  flow  and 
fluctuating  flow  properties(6),  so  that  comparisons  with  more 
traditional  turbulent  flow  modeling  can  be  carried  out.  Liou  and 
Lien(7)  summarize  many  important  contributions  to  chamber  flow 
turbulence  modeling,  based  on  k-e,  k-co  and  full  Reynolds  stress 
methods.  In  general,  the  modeling  results  often  tend  to  predict 
larger  turbulent  intensities,  and  fuller  mean  velocity  profiles  than 
found  in  experiment.  It  is  suggested  the  Navier-Stokes  based  DNS's 
will  require  far  fewer  assumptions  about  flow  injection  boundary 


conditions  imposed  on  the  chamber  sidewall,  and  may  give  more 
accurate  representations  of  the  turbulent  properties  of  the  flow. 
Results  of  DNS  calculations  for  flow  in  a  large  aspect  ratio  channel 
are  reported  in  Ref.  7  for  mean  flow  profiles,  transition  to 
turbulence  and  turbulent  intensity  distributions.  The  injection 
speed,  v'w=0(1m./s.),  is  unusually  large,  the  Reynolds  number, 
Re=O(106),  and  the  axial  Mach  number  in  the  downstream  half  of  the 
channel  takes  on  significant  subsonic  values.  The  calculations  are 
run  for  about  15  axial  acoustic  time  scales.  Comparisons  of  mean 
flow  and  turbulent  intensity  predictions  with  experiments  appear  to 
be  better  than  those  of  the  traditional  turbulence  models.  The 
results  are  significantly  affected  by  compressibility,  so  that  the 
mean  flow  evolution  differs  significantly  from  that  predicted  by  the 
Culick(5)profile,  which  is  valid  only  for  an  incompressible  flow.  The 
turbulent  intensity  shows  a  single  peak  across  the  channel,  with  the 
location  of  the  peak  moving  toward  the  sidewall  with  increasing 
downstream  location.  It  is  recognized  that  such  an  effect  may 
enhance  erosive  burning  on  the  downstream  section  of  a  solid 
propellant.  The  authors  do  not  specify  the  specific  initial  and 
boundary  conditions  used  in  the  DNS.  It  is  difficult  to  know  what 
types  of  disturbances  are  used  to  drive  the  solution,  or  whether  the 
DNS  resolves  acoustic  phenomena  that  may  be  present.  No 
instantaneous  profiles  are  displayed. 

Our  low  Mach  number,  high  Reynolds  number  numerical  simulation  of 
injected  flow  in  a  cylindrical  geometry  is  based  on  the  parabolized 
Navier-Stokes  equations  and  imposed  disturbances  on  the 
sidewall(3>8)-  we  generate  a  flow  with  co-existing,  equal  amplitude 
acoustics  and  vorticity,  and  a  pressure  disturbance  field  that  is 
between  1%  and  10%  of  the  reference  static  pressure.  A 
methodology  is  developed  for  separating  these  two  transient  flow 
fields.  Thus,  we  can  consider  the  contribution  of  acoustics  alone, 
the  vorticity  alone  and  the  explicit  interaction  between  the  two 
flow  fields. 

A  comparison  of  the  mean  flow  and  instantaneous  axial  velocity 
profiles  for  Re=104,  M=0.02  and  an  aspect  ratio  of  20  is  given  in  Ref. 
6.  One  notes  the  former  does  not  hint  at  the  spatial  variations  of 
the  axial  velocity  shown  in  the  latter.  In  particular,  the  relatively 
large  wall  shear  stress  in  the  instantaneous  profile  (which  varies  in 
time  between  positive  and  negative  values)  is  not  reflected  in  the 
mean  flow  value.  The  latter  alone,  may  not  be  a  useful  measure  of 
the  "scouring"  effect  arising  from  a  time  dependent,  rapidly  varying 


wall  shear  stress  on  the  fizz-foam  surface  layer  of  a  decomposing 
solid  propellant. 

The  RMS  intensity  distribution  in  the  cylinder  is  also  given  in  Ref  6. 
The  result  includes  the  effects  of  both  the  rotational  and  acoustic 
transients.  One  notes  several  local  peaks  across  the  radius,  with 
the  largest  value  near  the  sidewall.  In  general,  the  amplitude 
increases,  and  the  local  peaks  move  toward  the  sidewall  with 
increasing  axial  distance  downstream.  The  single  peak  results 
described  in  Ref.  7  are  qualitatively  similar.  Our  multiple  peaks 
arise  from  vorticity  generation  driven  by  axial  acoustic  waves  In  the 
cylinder.  The  latter  may  not  be  present  in  any  of  the  turbulence 
models  discussed  in  Ref.  7  or  in  the  DNS  discussed  there. 

We  have  extended  our  numerical  simulations  to  a  variety  of  Mach  and 
Reynolds  number  values,  and  to  other  frequency  ranges(9 ).  The 
boundary  condition  representation  has  been  improved  by  using 
ingoing  and  outgoing  characteristic  relationships.  This  permits  a 
more  accurate  description  of  wave  behavior  at  the  headwall, 
sidewall  and  exit  plane. 

By  driving  the  co-existing  acoustic  and  rotational  flow  transients 
with  explicit  boundary  disturbances,  we  establish  a  clear  cause  and 
effect  relationship  between  the  transient  internal  flow  dynamics 
and  the  imposed  conditions  on  the  endwall  or  sidewall.  Forcing  on 
the  latter  boundary  is  particularly  relevant  to  simulating  unsteady 
propellant  burning.  Our  numerical  simulation  involves  fewer 
assumptions  than  those  needed  in  more  traditional  turbulence 
modeling(7)(e.g.,  closure  models),  and  may  provide  considerable 
insights  into  the  transient  dynamics  of  weakly  viscous,  low  Mach 
number,  compressible  flows  with  co-existing  acoustics  and 
vorticity. 

An  understanding  of  oscillatory,  intense  axial  shear  stress  on  the 
sidewall  will  be  useful  for  developing  physically  viable  boundary 
conditions  at  the  decomposing  interface  of  a  burning  solid 
propellant.  The  idea  here  is  account  for  the  "scouring"  effect  of 
oscillatory  shear  stress  on  the  fizz-foam  zone  thought  to  exist  at 
the  gas-propellant  interface.  Although  the  axial  velocity  in  the 
combustion  zone  may  be  small,  the  results  of  the  coldflow  studies  in 
Refs.  2-4,  8,10  and  14  suggest  that  the  velocity  gradient  will  be 
relatively  large,  and  hence  can  be  a  source  of  axial  deformation,  and 
perhaps  stripping  of  easily  deformable  surface  material. 


(II)  Non-axisvmmetric  transient  flow  dynamics  in  a  coldflow  model 
chamber 

Our  initial  analysis  of  three  dimensional  unsteady  flow  dynamics  in 
a  model  chamberCi)  was  motivated  by  the  computational  result  of 
Sabnis  et.  alC),  showing  that  nonaxisymmetric  effects  disappear 
entirely  within  about  two  cylinder  diameters  in  axial  distance  from 
a  cross-section  on  which  asymmetric  distributions  of  velocity  and 
pressure  are  imposed.  This  observation  from  a  turbulent  numerical 
solution  suggests  that  certain  type  of  imposed  boundary  conditions 
or  forcing  cannot  produce  sustained  tangential  disturbances  in  a 
long,  narrow  motor  configuration. 

To  test  this  hypothesis,  and  to  confirm  the  result  in  Ref.  1,  we 
developed  an  asymptotic  analysis  of  the  three  dimensional  Navier- 
Stokes  equations  for  a  transient  flow  in  a  cylinder  of  length  L'  and 
radius  R'  (L'/R'»1),  with  steady  sidewall  injection(6.i  1).  An 
asymmetric  transient,  axial  velocity  disturbance  is  imposed  on  the 
headend  cross-section.  The  entire  flow  response  in  most  of  the 
cylinder  must  be  axisymmetricCO).,  and  is  not  compatible  with  the 
asymmetric  head  end  condition.  We  find  that  three  dimensional  flow 
exists  only  in  a  confined  transition  layer  adjacent  to  the  headend, 
with  axial  extent  O(R').  There,  the  describing  equation  is  inviscid 
and  incompressible  ,  so  that  no  acoustic  response  occurs  for  the 
driving  frequencies  associated  with  the  lower  order  axial  modes. 
Solutions  for  the  pressure  and  axial  velocity  show  exponential  decay 
of  all  three  dimensional  effects  as  the  edge  of  the  layer  is 
approached.  The  radial  and  azimuthal  velocities  decay  similarly. 

The  remaining  time  dependent  terms  drive  the  axisymmetric 
disturbances  found  in  Ref.  10. 

The  asymmetric  transverse  velocity  field  on  a  cylinder  cross- 
section  is  given  in  Ref.  11  for  a  specific  headend  disturbance.  One 
notes  the  asymmetric  character  of  the  flow  with  respect  to  the 
diameter  between  0=-7t/2  and  6=  7i/2,  and  the  horizontal  flow  across 
the  cylinder  axis.  Other  quantitative  results  show  that  the 
amplitude  of  the  three  dimensional  pressure  effect  has  decreased  to 
about  1%  of  the  overall  value  at  an  axial  distance  of  about  2.5R‘.  The 
agreement  with  the  numerical  result  in  Ref.  1  is  very  satisfying. 
Hence,  we  have  a  viable  explanation  for  the  rapid  disappearance  of 
transient  asymmetric  disturbances,  associated  with  the  idea  that 
certain  types  of  acoustic  modes  cannot  propagate  in  particular  wave 


guides. 


The  three  dimensional  solutions  described  above  do  not  satisfy  the 
no-slip  conditions  on  the  endwall  and  sidewall.  We  have  derived  a 
rotational,  inviscid,  incompressible  solution  valid  in  a  thin  sublayer 
adjacent  to  the  former.  Due  the  oscillatory  and  large  injection 
associated  with  the  disturbance  boundary  condition,  a  no-slip 
condition  is  compatible  with  an  inviscid,  but  rotational  processCis). 

Weakly  viscous  solutions  in  a  boundary  layer  next  to  the  sidewall 
describe  the  transition  to  zero  axial  velocity.  Here  again,  large 
injection  concepts  must  be  used  to  understand  the  three  dimensional 
process  in  the  layer,  including  two  large  components  of  intense, 
transient  vorticity(  axial  and  azimuthal). 

Azimuthally-dependent  propellant  burning  transients  are  being 
simulated  in  more  recent  and  ongoing  work(6  )  by  imposing  a 
transient  sidewall  injection  rate  that  varies  with  the  angular 
variable  6  as  well  as  with  time  and  axial  location.  Both  standing  and 
traveling  waves  can  be  imposed  on  the  interior  circumference  of  the 
cylinder.  Solutions  for  standing  wave  sidewall  disturbances  show 
that  only  axial,  planar  acoustic  waves  are  driven  in  a  large  aspect 
ratio  cylinder.  However,  there  is  also  a  non-acoustic  time- 
dependent  three  dimensional  flow  induced  in  the  chamber.  Non- 
axisymmetric  cross-sectional  flow  is  described  in  Refs.  6  and  11, 
where  one  observes  a  non-zero  velocity  across  the  axis  of  the 
cylinder. 

The  axial  and  azimuthal  pressure  gradients  associated  with  the 
transient  response  to  the  boundary  disturbance  interact  with  the 
fluid  injected  from  the  sidewall  to  produce  two  components  of 
intense  transient  vorticity  at  the  sidewall  surface.  In  addition  to 
the  familiar  azimuthal  vorticity  component  found  in  axisymmetric 
flows,  we  now  have  in  addition  an  axial  component  of  similar 
magnitude.  This  means  that  an  oscillatory  shear  stress  will  "scour 
"the  circumference  of  the  cylinder. 

The  non-axisymmetric  vorticity  front  shape  can  be  calculated  from 
first  principles  as  part  of  our  analysis.  Results  in  Ref.  16  show 
instantaneous  configurations  for  two  different  distributions  of  the 
azimuthally  dependent  injection  rate.  Our  solutions  show  that  for 
times  large  compared  to  the  axial  acoustic  time  in  the  chamber,  the 
front  shape  approaches  an  axisymmetric  configuration. 


There  are,  of  course,  other  means  for  generating  transverse 
disturbances  in  the  largely  inviscid  shear  flow  that  exists  in  a 
steady,  sidewall  injected  chamber  flow  For  example,  our  group  has 
shown  that  refraction  of  axial  acoustic  modes  by  a  shear  flow  in  a 
channel  can  produce  surprisingly  asymmetric  acoustic  responses(i2, 
13).  this  early  analytical  work  demonstrates  explicitly  that  axial 
acoustic  waves  can  be  distorted  by  refraction  to  generate  purely 
transverse,  and  even  oblique  waves  in  the  channel.  This  type  of 
acoustic  wave-shear  flow  interaction  is  a  "higher  order"  effect  in  a 
low  Mach  number  asymptotic  expansion,  so  that  the  amplitude  of  the 
asymmetric  response  is  smaller  than  that  of  the  axial  mode  itself. 
Hence  these  types  of  asymmetries  are  smaller  than  those  driven  by 
boundary  disturbances. 
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Nonlinear  Acoustic  Processes  in  Solid  Rocket  Engines 
Thesis  directed  by  Professor  David  R.  Kassoy 

A  study  is  made  of  flow  dynamics  in  a  model  solid  rocket  engine  cham¬ 
ber  flow  induced  by  strong  sidewall  mass  injection.  The  system  is  subjected 
to  either  a  large  endwall  transient  disturbance,  or  a  to  large  sidewall  transient 
disturbance  which  mimics  unsteady  mass  addition  due  to  irregular  propellant 
burning. 

Perturbation  methods  are  used  to  derive  systematic  approximations 
to  the  complete  compressible  Navier-Stokes  equations.  An  initial-boundary 
value  approach  is  used  to  formulate  a  generalized  unsteady  mathematical  model 
capable  of  describing  both  non-resonant  and  resonant  time  histories  of  solu¬ 
tions.  Fourier  series  representations  of  the  velocity  and  pressure  are  obtained 
in  terms  of  eigenfunctions  that  satisfy  all  the  prescribed  boundary  conditions. 
Finite  difference  schemes  have  been  adopted  to  solve  the  final  nonlinear  diffu¬ 
sive  equations  in  order  to  obtain  the  explicit  results.  In  addition,  in  the  case 
of  endwall  forcing,  systems  of  truncated,  time  dependent,  nonlinear  coupled 
ordinary  differential  equations  have  been  solved  to  evaluate  the  validity  of  the 
modal  approach  for  different  frequencies. 

Axial  waves,  generated  directly  by  an  endwall  forcing  or  indirectly  by 
a  sidewall  forcing,  propagate  through  the  basically  inviscid  shear  flow  field,  and 
perhaps  unexpectedly,  create  significant  vorticity  at  the  surface  of  the  porous 
cylinder.  The  radial  component  of  the  injected  flow  field  carries  vorticity  into 
the  entire  cylinder. 

The  formulation  and  analysis  describe  the  transport  and  time-history 
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of  the  spatial  distribution  of  vorticity  within  the  cylinder  on  the  time  scale 
for  axial  acoustic  waves  to  traverse  the  cylinder  length.  Finally,  results  show 
that  transient  rotational  flow  effects  are  crucial  to  the  evolution  and  stability 
of  internal  fluid  dynamics  when  the  characteristic  cylinder  Reynolds  number 
(Re)  and  axial  Mach  number  (M)  are  very  large  and  small,  respectively. 
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Abstract 

Analytical  and  numerical  modeling  methods  are 
used  to  predict  the  transient  flow  dynamics  gen¬ 
erated  by  time-dependent  boimdary  conditions  in 
a  solid  rocket  motor  chamber  model.  Non- 
axisymmetric,  time-dependent  bound2Lry  forcing  on 
a  sidewall  of  the  cylinder,  which  emulates  unsteady 
propellant  gasification,  is  used  to  establish  asymmet¬ 
ric,  three-dimensional  flow  in  a  model  chamber.  An 
asymptotic  analysis  is  used  to  reduce  the  full  Navier- 
Stokes  equations  to  a  simpler  set  of  equations,  which 
describe  the  acoustic  processes  and  the  vorticity  in 
the  cylinder.  The  results  show  that  the  presence  of  a 
non-axisymmetric  time-dependent  boundary  condi¬ 
tion  drives  planar  axial  acoustics  waves  and  a  non- 
axisymmetric  flow  response  throughout  the  cham¬ 
ber.  The  interaction  of  the  three-dimensioned  flow 
repsonse  to  the  non-axisymmetric  boundary  condi¬ 
tion  with  the  injected  fluid  produces  two  vector  com¬ 
ponents  of  vorticity  along  the  sidewall  of  the  cylinder 
of  magnitude  The  voriticity  is  convected 

into  the  cylinder  by  the  injected  flow  field. 

I  Introduction 

Internal  flow  dynamics  in  a  cylinder  with  mass  ad¬ 
dition  from  the  sidewall  are  studied  as  an  analogue 
to  flows  within  solid  fuel  rocket  motors.  The  mass 
addition  models  the  gasification  of  the  burning  pro- 
pellmt  in  the  rocket  motor. 

The  work  presented  here  is  related  to  that  of  Staab 
and  Kassoy\  which  describes  a  three-dimensional 
study  of  the  flow  in  a  cylinder  with  sidewall  mass  ad¬ 
dition.  The  primary  interest  is  to  determine  the  in¬ 
fluence  of  a  non-axis3mimetric,  axial  velocity  bound¬ 
ary  condition,  applied  to  the  closed  end  wall  of  the 
cylinder,  on  the  internal  flow  process.  Staab  and 
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Kassoy^  show  that  a  non-axisymmetric  core  flow 
is  present  adjacent  to  the  endwall,  within  an  ax¬ 
ial  length  scale  on  the  order  of  the  cylinder  radius. 
Within  the  region,  the  flow  is  incompressible  and 
inviscid,  and  the  non-axisymmetric  velocity  field  de¬ 
cays  exponentially  fast  in  the  downstream  direction. 
A  viscous  boundary  layer  exists  near  the  sidewall  of 
the  cylinder.  All  three  components  of  the  vorticity 
exist  within  the  boundary  layer.  The  axial  and  az¬ 
imuthal  components  of  vorticity  have  a  magnitude 
on  the  order  of 

The  present  analysis  is  also  similcir  to  the  work  of 
Zhao  et.  al.^  which  models  the  axisymmetric  flow 
within  a  solid  rocket  motor,  by  imposing  an  axisym¬ 
metric  radial  velocity  boundary  condition  along  the 
sidewall  of  the  model  cylinder.  The  results  of  the 
analysis  reveal  the  structure  of  the  vorticity.  The 
interaction  of  acoustic  waves  with  the  sidewall  mass 
addition  generates  vorticity  of  magnitude  of  order 
The  vorticity  is  convected  away  from  the 
sidewall.  Weak  viscous  effects  diffuse  the  vorticity 
on  a  fine  radial  scale  of  order  0{M)  as  it  approaches 
the  centerline. 

The  objective  of  the  present  work  is  to  describe 
the  characteristics  of  the  three-dimensional  flow  in¬ 
duced  in  the  cylinder  by  a  non-axisymmetric  side- 
wall  boundary  condition,  in  contrast  to  the  non- 
axisymmetric  endwall  boundary  condition  used  in 
Staab  and  Kassoy^. 

Mathematical  Formulation 

The  objective  of  the  present  work  is  to  model  a 
wall  injected,  semi-confined  internal  flow  driven  by 
a  non-axisymmetric,  time-dependent  velocity  distur- 
bemce  on  the  sidewall.  The  flow  occurs  in  a  cylinder 
of  length  L\  and  radius,  i?',  with  a  pressure  node 
at  the  open  end  as  shown  in  Figure  1.  The  primes 
represent  dimensional  variables. 
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Fluid  is  injected  steadily  through  the  sidewall  with 
a  characteristic  velocity  T^o  induces  an  axial 
flow  characterized  by  Vlo-  The  mathematical  model 
is  based  on  the  following  non-dimensional  Navier 
Stokes  equations: 
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Sr-,  Se,  Sz  are  viscous  terms,  and  ^  is  the  dissipation 
function.  Equations  (l)-(6)  are  non-dimensionalized 
using  the  following  definitions: 


size  of  the  initially  unknown  reference  azimuthal  ve¬ 
locity  VffQ  is  related  to  VJ!q  by  ^  =  e.  Later,  it  is 
shown  that  e  =  1. 

The  time  is  non-dimensionalized  using  the  axial 
acoustic  time  scale,  =  ^,  where  Cq  =  (772.To)2 
is  the  speed  of  sound,  TV  is  the  gas  constant,  and  7 
is  the  ratio  of  specific  heats.  The  thermal  diffusiv- 
ity,  viscosity,  and  specific  heat  for  constant  volume, 
/Co,Moj  and  CyQ  are  characteristic  properties  of  the 
injected  fluid.  Also  the  Reynolds  number,  Prandtl 
number,  and  Mach  number  are  defined  as 
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where  i?e  ^  1,  A/  1,  and  Pr  =  0(1). 

Initially,  a  steady  flow  is  generated  by  the  side- 
wall  injection,  Vr  =  —  1.  At  t  =  O'*',  the  ra¬ 
dial  speed  on  the  sidewall  begins  to  oscillate  with 
a  non-dimensionalized  sinusoidal  variation,  Vr.  = 


1  +  F{0,z)smLjt^  where  u  =  0(1). 

The  full  boundary  conditions  are: 

z  =  Q 

v,  =  o 

(7) 

z  =  1 

p  =  l, 

(8) 
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P,  p,  T,  Vr,Ve,  V,  finite. 
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and  solutions  must  be  periodic  in  0. 


II  Steady  Solution 
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where  Pq  is  the  initial  static  pressure  in  the  cylin¬ 
der,  and  Po  2Lnd  Tq  are  the  density  and  temperature 
of  the  fluid  being  injected  from  the  sidewall.  The 
aspect  ratio  is  given  by  <5  =  where  J  >  1.  The 
induced  characteristic  axial  velocity  and  the  char¬ 
acteristic  endwall  velocity  disturbance  V^q  is  defined 
with  respect  to  the  injection  reference  sidewall  veloc- 
ity,  Ko  by  overall  mass  conservation,  =  (5.  The 


In  general,  solutions  to  (1)“(6),  with  boundary 
conditions  (7)-(ll),  are  found  in  terms  of  the  de¬ 
pendent  variables,  written  as 

{Vr,Ve,Vz,P,p,T)  =  iVrs,Ves.Vzs,Ps,Ps,Tz) 

+iVr,Ve,Vz,P,p.n 

where  the  subscript  “s”  represents  the  steady  part  of 
the  flow  and  (")  represents  the  unsteady  flow.  The 
steady  parts  of  the  solutions  satisfy  the  condition 
Vrs  =  —1  at  r  =  1  for  all  t.  As  a  result  of  the  ax- 
isymmetric  boundary  conditions,  the  steady  solution 
is  axisymmetric. 

The  steady  variables  are  expanded  as 

(Vr.,Vg„V,s)  ~  Y>M\VrU,V0i.,V,u), 

i=0 
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{Ps^pst'^s)  {Pis,  pis  ^  Pia)i 

i=0 


for  the  limit  M  ^  0. 

The  solutions  to  the  first-order  steady  equations, 


Ko, 

(12) 

Veos 
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(13) 

V^o. 

=  TTZCOS^^r^), 

(14) 

Pos 

=  7y(l-A 

(15) 

are  those  derived  by  Culick^  and  Taylor^. 

The  initial  conditions  for  the  unsteady  flow  are 
given  by  the  steady  solution  profiles.  In  terms  of 
the  unsteady  variables,  at  t  =  0, 

(y„y,,l4,F,p,T)  =  o.  (16) 

III  Three-dimensional  Unsteady  Flow 

The  unsteady  flow  in  the  cylinder  is  described  in 
terms  of  asymptotic  expansions 

{p,P,T)  ~  l  +  J^M'+Hpi,Pi,Tih 

i=l 

{Vr,Vg,V^)  ~  {VrOs,Veo.,V,o,)  (17) 

+  J^MHVri,Vgi,V,i) 

i=0 

valid  in  the  limit  M  -»•  0. 

To  resolve  the  flow  structure,  a  multiple  spatial 
scale  analysis  is  required.  The  first  spatial  scale, 
n  =  1  —  r,  is  the  cylinder  radius,  and  the  second, 
r2  =  1^  is  needed  to  resolve  the  fine  scale  structure 
of  the  vorticity.  The  radial  gradients  in  (l)-(6)  are 
replaced  by 

^  _ d _ 1  d 

dr  dr  I  M  dr2  ’ 

(18) 

3r2  ~  drf  M  dridr^  ^  M2  dr^ 

Leading  Order  Mathematical  Model 

The  unsteady  expansions  in  (17)  and  the  multiple 
radial  scales  in  (18)  are  substituted  into  (1)“(6),  and 


the  leading  order  equations  are  found  with  M  — >*  0, 
^  <  1,  and  ^  The  first  asymptotic  relation¬ 

ship  is  the  hard-blowing  condition  and  the  second 
relationship  is  used  to  simplify  the  analysis.  The 
aspect  ratio,  5  and  the  Reynolds  number,  Re,  will 
be  written  in  terms  of  the  Mach  number.  The  as¬ 
pect  ratio  is  taken  to  be  (5  =  where  A:  is  an  order 
one  constant.  Although  this  relationship  is  done  to 
simplify  the  mathematics,  it  is  also  physically  rele¬ 
vant.  In  real  solid  rocket  motors,  the  aspect  ratio  is 
between  15  and  50  and  within  the  core  of  the  mo¬ 
tor  chamber  and  upstream  of  the  nozzle,  the  Mach 
number  is  between  0.05  and  0.3. 

After  considerable  'technical  manipulation  like 
that  used  in  Zhao  et.  al.^  one  finds, 


dVrO 

dr2 


=  0, 


(19) 


dPo 

dr2 

dri  dr2 

mm 

dri  dr2 


IdjrVro)  ^  IdjrVri) 
r  dri  r  dr2 


€  dVgo  dV^o 


r  de 


dz 


^0, 

=0, 

=0, 


^^^(m  dP3\ 

dt  7  y9ri  dr2  j 


dPo 

de 


=  ^  =  0 


dVeo 


^3 

de 

dVeo 


Po  = 


jfc2  dP2 
e  7  r  de 
IdPo 
7  dz  ’ 
7-1  dPo 
“T”  dt  ’ 
^  +  To- 


,  (20) 
(21) 
(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 
(29) 


Equations  (19)  and  (20)  are  foimd  firom  the  con¬ 
servation  of  mass,  (1).  The  radial  momentum  equa¬ 
tion  (2)  gives  rise  to  (21)-(24).  Equations  (25)  and 
(26)  are  first-order  approximations  of  (3).  Equations 
(21)-(23),  and  (25)  arise  due  to  the  large  aspect  ra¬ 
tio  of  the  motor.  Equations  (27)-(29)  are  leading 
order  versions  of  (4)-(6). 
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A  further  division  of  the  variables  is  used  to  de¬ 
scribe  the  acoustic  and  rotational  parts  of  the  flow 
field,  written  as 

Po-PQ{z,t)-irpo{ri,r2,B,z,t), 
fo=Toiz,t)  +  fo{ri,r2,e,z,t), 

Po-Po{z,t), 

Pi=Ti{z,t),  (30) 

P2=P2{ri,B,z,t), 

Vzo  =  Vzo{z,t)  +  Vioiri,r2,9,z,t), 

Vgo  =  Vgo{ri,z,6,t)  +  Vgo{ri,r2,d,z,t) 

VrO -Vroiri, 0,z,t), 


Integrating  (31)  over  the  cross-section  of  the  cylin¬ 
der,  and  using  the  sidewall  boundary  condition  in 
(10),  yields  (36).  This  equation  only  depends  on  z 
and  t.  The  second  equation,  (37)  is  found  by  the 
difference  between  (31)  and  (36),  and  depends  on  z, 
t,  ri  and  0. 

Equations  (33)-(35)  and  (36),  can  be  combined  to 
yield  an  axial  wave  equation, 

with  boundary /initial  conditions: 


where  a  (  )  refers  to  irrotational  acoustics  and  a 

(  )  refers  to  the  rotational  component  of  the  flow. 

The  leading  order  pressures,  Pq  and  Pi  contain 
only  the  irrotational  term,  which  depends  only  on 
z  and  t.  This  will  be  shown  later.  The  irrotational 
part  of  the  leading  order  temperature,  density,  and 
axial  velocity  (To,  po,  and  l4o)  are  related  to  Pq  as 
will  also  be  shown  later.  Similarly,  the  irrotational 
parts  of  Veo,  Vro  are  related  to  P2. 

The  irrotational  variables  and  the  pressure  de¬ 
scribe  the  acoustics  within  the  chamber,  and  the 
rotational  parts  describe  the  vorticity. 

Irrotational  Equations 

The  expansions  in  (30)  are  substituted  into  (19)- 
(29)  to  form  two  sets  of  equations.  The  irrotational 
equations  are 


dpo 

_  1  d{rVro) 

e  dVgo 

dVzo 

131) 

dt 

r  dri 

r  dO 

dz  ' 

dVgo 

1  dP2 

(32) 

dt 

7  e  r  do  ’ 

dVzO 

IdPo 

(33) 

dt 

7  dz  ’ 

dTo 

7-ldPo 

(34) 

dt 

~  y  dt  ’ 

Po 

—  Po  +^0) 

(35) 

The  irrotational  conservation  of  mass  (31),  can  be 
further  divided  into  two  equations, 


9po  dVzQ 
dt  dz 

IdjrVro)  edVgo 
r  dri  T  d6 


1 

TT 


sina;t,  (36) 


1. 

TT 


sin  cjt.  (37) 


^=0,  z  =  0;  Po  =  0,  z=l, 

=  ^  =  ,  =  0. 

Standard  techniques  can  be  use  to  find  the  solution: 


Pq  =  y  ^ - r  (cos  ut  ~  cos  )  cos  bnZ,  (39) 

n=0  ^ 

1  r 

where  a„  = - /  /  F{z,0)cosbnZ  dB  dz  and 

^  Jo  J  —  TT 

bn  =  (n  H-  |)7r.  The  solution  above  is  valid  for 
a;  6„,  n  =  0, 1,2, . . .  in  order  to  avoid  resonance, 
which  is  not  studied  in  the  present  work. 

The  leading  order  velocity,  found  from  (33),  is 


n—O 


2Qnfcn 

62  _a;2 


sincjt 


sin  bnZ. 


(40) 

The  above  results  indicate  that  the  pressure  and 
axial  velocity  contain  both  the  driving  frequency  of 
the  sidewall  as  well  as  all  eigenfunctions  associated 
with  the  cylinder  length. 


Higher  Order  Pressure  Terms 

Because  the  solution  to  the  leading  order  pres¬ 
sure  in  (39)  does  not  depend  on  ri,  the  second  order 
dP 

pressure  satisfies  -r —  =  0  from  (22).  An  integration 
OT2 

of  the  third-order  conservation  of  radial  momentum, 
(23),  gives 


P2  =  -’'2  +  G2{ri,6,z,t). 


(41) 
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The  secular  growth  term  in  r2  must  be  suppressed, 
dP 

therefore  =  0.  Consequently,  the  first-  and 
ori 

second-order  pressure  terms  are  depend^t  only  on 
z  and  t.  Also,  the  third-order  pressure,  P2,  cannot 
depend  on  r2,  from  (23). 

Similarly,  an  integration  of  (23)  with  respect  to  r2 
yields 


bn{z) 

An{z) 

Bn{z) 

and  Aq{z)  is  an  unknown  function  to  be  determined. 
Equations  (32)  and  (43),  can  be  used  to  show  that 


since  neither  FrO  nor  P2  depend  on  r^.  Suppressing 
the  secular  growth  in  r2  results  in 

dVrO  ^  ,43^ 

dt  7  dri 

First-Ordpr  Transverse  Flow 

Equations  (31),  (32),  and  (43)  can  be  combined 
to  give  a  Poisson  equation  of  the  form: 


/  dP2\  k^d^P2 

r  dr  \  dr  )  r^  96^ 


d^cos  ut, 


(44) 


where  the  original  radial  variable  r  is  used  instead 
of  ri .  The  boundary  conditions  are: 


r  =  0,  P2  finite, 
dP 

r  =  1,  =  jujFid,  z)  cosu/f, 

or 

with  P2  periodic  in  9. 

The  solution  to  (44)  is 


(45) 


—  7tJ 

P2  =  cosuit 


^jF{d,z)+Ao{^) 


00 


+  ^  r”  (Aniz)  cos  n9  +  Bn(z)  sin n9) 

n=l 

00 

+  ^2  (“n (-2)  COS n9  -\-bn{z)  sin n9)  , 

n=l 


(46) 


where 


a„(z)  =  -^/  F{9,z)cosn9d0, 


Vro  =  sina;t 


-rF(9,z) 


—  ^  nr"  ^  {An  {z)  cos  n9  +  Bn  (z)  sin  n9) 


n=l 

00 


—  ^  2r  (an(-2?)  cos n9  +  bn{z)  sin  n9) 


n=l 

Vso  =  -  sintjt 
€ 


,  (48) 


rdF{9,z) 


2  d9 

-(-  ^  nr””^  {An{z)  sin n9  —  J5„(z)  cosnS) 


n=l 

00 


+  ^  nr  (a„(z)  sin  n9  -  6„(z)  cos  n9) 


n=l 


(49) 


In  the  absence  of  a  time  derivative  in  (44),  the 
pressure  solution  in  (46)  cannot  satisfy  the  initial 
condition.  If  one  looks  at  the  problem  for  t  =  0(M), 
the  radial  acoustic  time  scale,  a  hyperbolic  equation 
for  P2  is  recovered,  for  which  an  acoustic  solution 
satisfying  the  initial  condition  Ccin  be  found.  In  con¬ 
trast  to  the  axial  velocity  in  (40),  the  solutions  in 
(46),  (48),  and  (49)  are  time-dependent  non-acoustic 
responses  of  the  flow  to  the  sidewall  boundary  con¬ 
dition. 

Figure  2  shows  a  cross-section  of  the  vector  field 
for  the  boundary  condition  F{9,z)  =  cos  —  sin^ 
The  vector  field  consists  only  of  the  vector  sum  of 
the  leading-order  ra^al  velocity,  VrOs  +  V^ro  and  the 
azimuthal  velocity,  Veo.  The  values  z  =  t  ^ 
and  a;  =  1  are  chosen  for  the  plot,  which  reveals 
a  flow  from  right  to  left  across  the  centerline.  The 
boundary  condition  contains  a  non-zero  Fourier  coef¬ 
ficient,  Ai(z),  which  will  be  shown  to  be  an  indicator 
of  cross-axis  flow. 


Determination  of  the  Parameter  e 

The  parameter  e  in  the  definition  of  e  =  ^  can  be 
found  by  examining  the  flow  at  the  centerline  of  the 
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cylinder.  The  magnitude  of  the  flow  here  can  only 
depend  on  z  and  not  Q.  Values  of  the  radial  and 
azimuthal  velocities  along  the  axis  of  the  cylinder 
are 

~  (50) 

V'ro  ~  ^  +  -5i  (-2^)  sin  &)  sin  a;/.  (51) 

The  magnitude  of  the  transverse  velocity  vector 
along  the  centerline  is 


and  does  not  depend  on  0  if  e  =  1.  The  square  of 
the  speed  transverse  to  the  cylinder  axis  is 


STo 

dt 


{VrOs  +  Vro)^  =  0, 

(54) 

po  ~^To  =  0. 

(55) 

The  latter  two  equations  can  be  combined  to  show 
that  the  rotational  part  of  the  density,  is  described 
by 


^  -  {Vros  +  Vro)^  =  0.  (56) 

Equation  (56)  and  the  rotational  part  of  the  con¬ 
servation  of  mass  (20)  can  be  used  to  derive  an  in¬ 
compressible  rotational  conservation  of  mass, 

dVri  IdVeo  dV^o^r. 

dT2  r  dd  dz  ^ 

Boundary  conditions  along  the  sidewall  for  (52)- 
(56)  are  found  from  the  no-slip  boundary  condition 
(11)  and  the  known  values  of  the  axial  and  azimuthal 
velocities  in  (40)  and  (49).  The  density  and  the  tem¬ 
perature  on  the  sidewall  can  be  found  from  (31)  and 
(35).  The  boundary  conditions  for  (52)-(56)  are 


rO 


+  vlo 

r-»-0  r-^0 


{A\  (z)  -f  (z) )  sin^  ujt. 


ri  =  7-2  =  0, 


%Q  =  -Veoir  =  l,z,t), 


This  result  demonstrates  that  if  >li(z)  or  Bi{z) 
is  non  zero  then  there  is  flow  across  the  centerline 
of  the  cylinder.  Flow  across  the  axis  of  the  cylinder 
occurs  only  when  the  coeflicients  -4i(z)  and  Bi(z) 
are  nonzero.  These  are  the  coeflScients  for  the  eigen¬ 
functions  sinO  and  cosfl  given  in  (47).  These  are 
the  only  ^-dependent  eigenfunctions  which  are  not 
symmetric  about  the  center  of  the  cylinder. 


n  =  r2  =  0,  Vzo  =  -Vzoiz,  t), 
n  =  r2  =  0,  To  ==  --To(z,t), 

n  =  r2  =  0,  Po  =  -Poiz^t), 

Equation  (53)  can  be  written, 


dVzo 

dt 


=  0, 


(58) 


(59) 


Rotational  Equations 

The  solutions  to  the  irrotational  velocities  in  (40), 
(48),  and  (49)  describe  the  acoustic  and  non-acoustic 
response  characteristics  of  the  flow.  In  contrast,  the 
rotational  equations  contain  vortical  characteristics. 
An  analogous  procedure  to  that  used  to  find  the  ir¬ 
rotational  equations  is  now  employed  to  find  the  ro¬ 
tational  equations.  The  expansions  in  (30)  are  sub¬ 
stituted  into  (26)“(29)  to  give  the  leading  order  ro¬ 
tational  equations, 

^  -  (Ko,  +  Vro)^  =  0,  (52) 

^-(V;o,+F,o)^  =  0,  (53) 


along  a  characteristic  surface  ^  =  f(ri ,  r2, z,  t)  de¬ 
fined  by 

^-^-{VrOs  +  Vro),  (60) 

where  the  derivative  is  taken  with  ri,  6,  and  z  con¬ 
stant.  The  equations  (52)-(54)  and  (56)  can  be  writ¬ 
ten  in  the  form  (59).  Each  of  these  equations  have 
the  form  of  a  one-dimensional  wave  equation.  The 
solutions  of  these  equations  will  each  be  waves  trav¬ 
eling  toward  the  center  of  the  cylmder  and  convected 
by  the  radial  injection  velocity,  Vro  + 

Using  (12)  and  (48),  (60)  can  be  solved  for  r2. 
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+  (^— ^)[(l-ri)F(0,z)  (61) 

OO 

+  ^n(l  {An{z)  cosnO  +  Bnsmnff) 

n=l 

OO 

+  ^2(l-ri)(a„(2)cosn0  +  6„(2)sin7i0)  , 
n=l 

where  ri,  6,  and  z  are  taken  as  parameters.  The 
rotational  parts  of  the  azimuthal  velocity,  axial  ve¬ 
locity,  temperature  and  density  can  be  written  as 

Veo  =  %o{^;ru0,z),  V,o  =  V,o{^;ru0,z), 

To  =  fo(^;ri,0,z),  .  po  poiC,ru0,z), 

Each  value  of  ^  =  constant  in  (61),  describes  a 
surface  in  (i,ri,r2)  for  z  and  0  parameters.  The 
physical  front  of  the  vorticity,  $  =  0  is  found  from  the 
intersection  of  the  surface  with  the  plane  rj  =  Mr2. 

Figures  3  and  4  show  a  series  of  cross-sections  of 
the  vorticity  front  for  two  different  boundary  con¬ 
ditions.  The  curves  represent  the  boundary  be¬ 
tween  the  rotational  unsteady  flow  and  the  unsteady 
irrotational  and  steady  rotational  flow,  for  times, 
t  =  2, 4, 8, 12,  and  16.  The  largest  curve  represents 
the  sidewall  of  the  cylinder.  The  front  closest  to 
the  sidewall  corresponds  to  t  =  2  and  they  become 
smaller  as  time  increases. 

The  plot  in  Figure  3  shows  cross-sectional  projec¬ 
tions  of  the  vorticity  front  for  the  radial  boimdary 
condition  14  =  -1  +  cos^  fcos  fzsincjt  for  z  =  \ 
and  a;  =  |.  The  plot  reveals  that  the  front  shifts 
to  the  left  for  t  =  4,8,  and  12.  The  maximum  of 
the  offset  occurs  as  t  =  27r.  It  is  also  noted  that 
as  time  increases,  the  vorticity  front  becomes  more 
axisymmetric. 

The  plot  in  Figure  4  shows  cross-sectional  projec¬ 
tions  of  the  vorticity  front  for  the  radial  boundary 
condition  14  =  -1  -f  cos^  3^  cos  ^zsinujt  for  z  =  \ 
and  cj  =  “.  The  effect  of  the  non-axisymmetric 
boundary  condition  is  evident  for  the  fronts  at  t  =  2 
and  t  =  4.  The  shape  of  the  vorticity  fronts  remains 
nearly  axisymmetric  for  t>8. 

IV  Vorticity 


The  vorticity,  =  (fir ,  fiz)  along  the  sidewall, 
r  =  1,  is  calculated  by  examining  the  leading  or¬ 
der  azimuthal  and  axial  momentum  equations  (26) 
and  (27),  The  no-slip  boundary  condition  applied 
at  the  sidewall  is  14o  =  Vzo  =  0-  The  result  is  that 


the  radial  velocity  gradients  are  proportional  to  the 
pressure  gradients,  which  are  known. 


dVeo  ^  1  dP2 

dT2  7  ^  VrOs  +  VrO  90  ’ 

dV,0  ^  1  1  dPo 

dr2  iVrOs^Vro  9^  ‘ 

The  vorticity  on  the  sidewall  can  be  calculated 
using  the  pressure  gradients  (39)  and  (46)  and  the 
radial  injection  boundary  condition  (10). 


0.0 


Or 


1  9V,o 
M  dr2 

ID“=0  {cosut  -  cos  b„t)  sin  b„z 

M{—l  +  F(6,z)smijjt) 

1  dVeo 


M  dr2 


dF{e,z) 


,2  de 

—  n{An{z)  sinn0  —  Bn(z)  cos n9) 

n=l 

OO  >. 

-  ^2  sinn0  —  bniz)  cos nO)  \ 

^  —  1  A 


n=l 


/( 


1  -h  F{0,z)  cos  ujt 


)• 


0(1). 


The  azimuthal  component  of  vorticity  is  0(M“^), 
as  found  by  Zhao  et.  al.^  This  component  of  vortic¬ 
ity  contains  both  a  time-dependent  response  to  the 
boundary  condition  as  well  as  all  eigenfunctions.  A 
large  axial  component  of  vorticity,  0(M“^)  exists 
due  to  the  nonaxisymmetric  boundary  condition.  It 
contains  only  the  time-dependent  response  associ¬ 
ated  with  the  boundary  condition. 

V  Higher  Order  Equations 


A  higher  order  analysis  must  be  done  to  resolve 
the  effect  of  the  second  radial  scale  on  the  rota¬ 
tional  variables.  The  procedure  used  in  section  III 
is  employed  here  to  divide  the  higher-order  veloci¬ 
ties,  density  and  temperature  into  irrotational  and 
rotational  parts,  using  the  following  expansions: 
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Zi  =  Vzi{z,t)  +  V,i(ri,r2,e,z,t), 

Pi  =  Piiz,t)  +  pi{ri,r2,B,z,t)  (62) 

Vex  =  Vex{ri,e,z,t) +  V0i{ri,T2,d,z,t)., 
tx  =  Tx{z,t)-¥fx{ri,r2,e,z,t) 

The  second  order  rotationsJ  azimuthal  and  ax¬ 
ial  momentum  equations  are  found  by  substituting 
(17)  and  (62)  into  (3)  and  (4),  using  <5  =  ^  and 
Re  =  where  C  =  0(1).  Similar  to  the  aspect 

ratio,  the  Reynolds  number  is  written  in  terms  of  the 
Mach  number  to  simplify  the  model.  This  particu¬ 
lar:  relationship  is  chosen  to  include  a  weak  viscous 
effect  for  the  first-order  velocities. 

Additional  equations  that  describe  the  effect  of 
the  shorter  length  scale,  r2,  are  found  by  suppress¬ 
ing  terms  on  the  right  hand  side  of  (63)  and  (64) 
that  cause  secular  growth  in  Vs\  and  Vzi .  These 
equations  will  not  be  discussed  in  the  present  work, 
but  a  set  of  nonlinear  convection-diffusion  equations, 
which  are  similar  but  more  general  than  those  found 
by  Zhao  et.  al.^,  is  expected. 


acoustic  radial  and  azimuthal  velocities  are  time- 
dependent  responses  to  the  boundary  condition. 

The  two  largest  components  of  vorticity  are  the 
aizimuthal  and  axial  parts,  and  each  are  of  the  order 
0(M“^).  Each  component  arises  from  an  interac¬ 
tion  between  either  the  axial  irrotational  acoustics 
in  (40)  or  the  azimuthal  component  of  the  trans¬ 
verse  velocity  in  (49)  with  the  radial  injection  on 
the  sidewall. 

Finally,  a  higher  order  analysis  is  done  to  de¬ 
scribe  the  effect  of  the  shorter  radial  variable.  A 
set  of  nonlinear  convection-diffusion  equations  are 
expected  which  includes  the  effect  of  viscosity. 
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-  (V'k..  +  Vrt)-^  =  +  IVrO.  +  Vr„)-g^  _  y„_  +  CT 

,  dVeo  .  Irr  dVeo  ,  Ir.  dVgo  ,  o  dV,o 

+{VzOs  +  VzO  +  Vzo)^  +  -(V;o,  +  Vr0)i^fl0, 

OZ  T 

dVzx  ^  .dV^x  IdPo  dV^o  .  .y  dV^  ^,2^%o 

I  V  ^  (V  I  V’  "I  ^^*0  T/  /  ^^zo  I  dVzo , 

+Vro-^  - -{V0O  +  +  -^) 


-(Vzo  +  Fzo) 


dVzo,  dV^o 
dz  dz 


(63) 


(64) 


Conclusion 

Three-dimensional  flow  dynamics  in  a  cylinder 
with  sidewall  mass  addition  have  been  studied 
to  examine  the  effect  of  a  time-harmonic,  non- 
axisymmetric,  radial  velocity  sidewall  boundary  con¬ 
dition  with  a  driving  frequency  close  to  that  of  the 
first  few  axial  modes  of  the  cylinder.  The  results 
show  that  the  flow  is  dominated  by  an  axial  veloc¬ 
ity  that  consists  of  irrotational  acoustics  containing 
all  axial  eigenfunctions  when  the  exit  boundary  con¬ 
dition  is  a  pressure  node.  Non-axisymmetric,  non- 


2.  Zhao,  Q.,  Kassoy,  D.  R.,  Kirkkopru,  1997, 
Acoustically  Generated  Vorticity  in  an  Internal 
Flow,  submitted,  J.  Fluid  Mech.. 

3.  Culick,  F.  E.  C.,1966,  Rotational  Axisymmet- 
ric  Mean  Flow  and  Damping  of  Acoustic  Waves 
in  Solid  Propellant  Rocket  Motors,  A/A  A  J.,4, 
1462-1464. 

4.  Taylor,  G.  L,  1956,  Proc.  Royal  Soc.  Lond.,  A 
234,  456-475. 
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Figure  1:  A  solid  rocket  motor  is  modeled  by  a  cylin¬ 
der  of  length  V  and  radius  B! .  A  pressure  node, 
P'  =  Pq  exists  at  the  open  end,  2'  =  L'.  A  non- 
axisymmetric  radial  velocity  is  imposed.  The  aspect 
ratio  is  (J  =  ^  »  1. 


Figure  3:  The  plot  is  a  series  of  cross-sections  of 
the  vorticity  front  for  radial  velocity  boundary  con¬ 
dition,  14  =  -1  -h  cos^  I  cos  f  2  sincjt  for  2  =  |  and 
a;  =  The  outer  curve  is  the  boundary  of  the 
cylinder  and  the  inner  curves  are  the  cross-sections 
for  t  =  2, 4, 8, 12,  and  16. 


Figure  2:  The  plot  of  a  projection  of  the  velocity 
vector  field  onto  a  cross-section2J  plane  at  2  =  1/2 
for  t  =  7r/4.  The  field  consists  of  the_vector  sum  of 
the  radial,  +  and  azimuthal,  V0O  velocities. 
The  function  F{z,0)  =  cos(7r2/2)  sin^(0/2)  is  used 
for  the  sidewall  velocity  boundary  condition. 


Figure  4:  This  plot  is  a  series  of  cross-sections  of  an 
example  vorticity  front  for  radied  velocity  boundary 
condition,  14  =  —  1  4-  cos^  36  cos  “2  sinu;t  for  2  =  ^ 
and  cj  =  “.  The  outer  curve  is  the  boundary  of  the 
cylinder  and  the  inner  curves  are  the  cross-sections 
of  the  vorticity  front  for  t  =  2, 4, 8, 12,  and  16. 
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Abstract 

Numerical  and  analytical  modeling  methods  are 
used  to  predict  the  transient  flow  dynamics  gener¬ 
ated  by  time-dependent  boimdary  conditions  in  a 
solid  rocket  motor  chamber  model.  First,  nonax- 
isymmetric  boundary  forcing  on  the  endwall  is  used 
to  establish  asymmetric,  three-dimensional  flow  in  a 
model  chamber.  Results  of  an  asymptotic  analysis 
provide  an  understanding  of  why  such  a  flow  is  con¬ 
fined  to  a  limited  spatial  region,  and  why  most  of 
the  flow  away  from  the  endwall  is  axisymmetric. 

Prescribed  time-dependent  sidewall  mass  addition 
is  used  to  simulate  irregular  biuming  rates  that  char¬ 
acterize  motor  instabilities.  The  flow  field  consists  of 
co-existing,  equal  magnitude  acoustic  (irrotational) 
and  vorticity  (rotational)  fields  present  across  the 
entire  diameter  of  the  cylindrical  chamber.  The  nu¬ 
merical  flow  data  is  used  to  calculate  mean  flow  and 
fluctuating  flow’  properties,  including  RMS-values. 

I  Non-Axisynimetric  Flow  in  a 
Model  Solid  Rocket  Motor 


Most  studies  of  rocket  motor  flow  dynamics  are  fo¬ 
cused  on  the  behavior  and  impact  of  axial  acoustic 
disturbances.  In  principle,  azimuthally  dependent, 
time  varying  burning  rates  could  be  the  source  of 
non-axisymmetric  acoustic  disturbances  that  initiate 
three-dimensional  motor  chamber  flow  transients. 
Sabnis  et.  al.^  describe  a  three-dimensional  numer¬ 
ical  solution  to  a  turbulent  flow  model,  driven  by 
an  imposed  non-axisymmetric  pressure  disturbance 
on  a  cross  section  of  a  long,  narrow  cylinder.  The 
results  show  that  the  nonaxisymmetric  portion  of 
the  flow’  exists  only  within  two  diameters  from  the 
cross  section  on  which  the  pressure  disturbance  is 
imposed. 

Copyright  C 1997  by  the  American  Institute  of  Aeronautics  and 
As^nautics,  Inc  All  rights  reserved. 


The  flow  dynamics  in  a  solid-rocket  chamber  are 
modeled  mathematically  in  the  present  work  by  us¬ 
ing  a  cylinder  with  uniform  sidewall  mass  injection. 
The  unsteady  flow  is  generated  by  a  nonaxisymmet¬ 
ric  oscillation  of  the  axial  velocity  on  the  endwall. 
Asymptotic  analysis,  using  a  perturbation  series  in 
small  Mach  number,  is  used  to  find  approximate  so¬ 
lutions  to  the  Navier-Stokes  equations  for  a  high  as¬ 
pect  ratio  rocket  motor  and  a  high  Reynolds  number. 
Except  near  the  endwall,  the  flow  is  characterized  by 
axisymmetric  properties.  A  thin,  three-dimensional 
incompressible  flow  transition  layer  exists  between 
the  endwall  and  the  downstream  axisymmetric  re¬ 
gion.  The  unsteady  components  of  the  radial  and  az¬ 
imuthal  velocities  vanish  as  one  moves  downstream 
toward  the  edge  of  the  layer  as  does  all  r  and  6  de¬ 
pendence  of  the  axial  velocity  and  pressure.  The 
basic  result  is  in  excellent  agreement  wdth  that  de¬ 
scribed  by  Sabnis  et.  al.^,  and  is  valid  for  driving 
frequencies  similar  to  those  associated  wdth  the  first 
few  acoustic  normal  modes  in  the  cylinder. 

Mathematical  Formulation 

The  flow  occurs  in  a  cylinder  of  length  L\  and 
radius,  i?',  wdth  a  pressure  node  at  the  open  end 
as  shown  in  Figure  1.  Fluid  is  injected  steadily 
through  the  sidewall  wdth  a  characteristic  velocity 
and  induces  an  axial  flow  characterized  by  V’o- 
The  imposed  axial  velocity  on  the  endwall  also  has  a 
characteristic  velocity  Ko-  The  mathematical  model 
is  based  on  the  following  non-dimensional  Navier 
Stokes  equations: 


dt 


+  M 


Id,,,.  Id, 

--(rpK)  +  e--g^(pV.) 


=  0, 


(1) 


1 


Dt  r 

-- — I-  M - 

Dt  r 

DV, 


(2) 


'y  M  dr 

<52 
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1—  4.X^—c;  c-iA 

'yeMrde  ^ 


Re  = 


■_  pXqL' 
f^o  ’ 


Pr  = 


_  t^O^'pO 


M=l^ 

/^i  ’ 

<^0 


Dt  'yM  dz 


Re 


(4) 


DT 


pCv^  =  -M(7-l)PV-V 


^"!(^,^"^v.(«vr).  (5) 


where  JJe  1,  Af  <C  1,  and  Pr  =  0(1). 

Initially,  a  steady  flow  is  generated  by  the  sidewall 
injection,  Vr  =  —1.  At  t  =  0“*“,  the  endw’all  begins 
oscillating  with  the  non-dimensionalized  sinusoidsil 
axial  velocity,  Vz  =  P(r,  9)  sin  ujt. 

The  full  boundary  conditions  axe: 


P  =  pT,  (6) 

2=0 

Vz  =  F{r, 6) sinurt,  t>0, 

(7) 

where 

2  =  i 

P  =  l, 

(8) 

„  _  dVr  Vr  edVe  ,  dV^ 

r  =  0 

P,p,T,Vz,Ve,Vz  finite, 

(9) 

r  =  1; 

K  =  -1, 

(10) 

D 

=  |.  +  M  (Vr^  +  +  V,^)  , 

r  =  1: 

0 

II 

II 

(11) 

Dt 

dt  \  dr  r  30  dz) 

and  solutions  must  be  periodic  in  9. 

Sry  Se,  Sz  are  viscous  terms,  and  #  is  the  dissipation 
function.  Equations  (1)— (6)  are  non-dimensionalized 
using  the  following  definitions: 


V' 

y  —  _iL 

y  n  ’ 
^rO 


^90 


V* 

y  z=.  — ^ 
y'n  ’ 


T 


9  —  “Tj  “  p/  5  ^  ^  rpn  ^  ^  n>  ^  C*  ’ 

Po  -^0  *^0  Mo 
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r  =  ^,.z  = 
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K  ■ 
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In  general,  solutions  to  (1)”(6),  with  boundary 
conditions  (7)— (11),  are  foimd  in  terms  of  the  de¬ 
pendent  variables,  written  as  (T4,  V^,  Vs,P,p,r)  = 
{Vrs.  Ve.yVzsyPs , PsyTs)  +  (t^r, Ve,Vzy P, P, f ),  where 
the  subscript  “s”  represents  the  steady  part  of  the 
flow  and  (")  represents  the  imsteady  flow.  The 
steady  parts  of  the  solutions  satisfy  the  endwall  con¬ 
dition  14  =  0  at  z  =  0  for  t  <  0.  As  a  result  of  the 
axisymmetric  boundary  conditions,  the  steady  solu¬ 
tion  is  axisymmetric. 

The  steady  variables  are  expanded  as 


where  Pq  is  the  initial  static  pressure  in  the  cylin¬ 
der,  and  Pq  and  Tq  are  the  density  and  temperature 
of  the  fluid  being  injected  from  the  sidewall.  The 
aspect  ratio  is  given  by  ^  where  J  1.  The 

induced  characteristic  axial  velocity  and  the  char¬ 
acteristic  endwall  velocity  disturbance  is  defined 
with  respect  to  the  injection  reference  sidewall  veloc- 
ity,  14o  by  overall  mass  conservation,  The 

size  of  the  initially  unknown  reference  azimuthal  ve¬ 
locity  V^Q  is  related  to  by  ^  =  e.  Physically 
meaningful  solution  on  the  axis,  r  =  0,  are  found 
only  if  €  =  1. 

The  time  is  non-dimensionalized  using  the  axial 
acoustic  time  scale,  ^  =  ^5  where  Cq  = 
is  the  speed  of  soimd,  TV  is  the  gas  constant,  and  7 
is  the  ratio  of  specific  heats.  The  thermal  diffusiv- 
ity,  viscosity,  amd  specific  heat  for  constant  volume, 
Ko,Po,  and  Cyo  are  characteristic  properties  of  the 
injected  fluid.  Also  the  Reynolds  number,  Prandtl 
number,  atnd  Mach  number  are  defined  as 


iVr,,Ve„v,,)  ~ 

i=0 

(Ps,Ps,Ts)  -  l  + 

t=0 

for  the  limit  M  0. 

The  solutions  to  the  first  order  steady  equations, 


VrO* 

=  -;»to(p) 

(12) 

Veos 

=  0 

(13) 

VzOs 

8 

II 

(14) 

Pos 

=  7^(1-^) 

(15) 

are  those  derived  by  Culick^. 

The  initial  conditions  for  the  unsteady  flow  are 
given  by  the  steady  solution  profiles.  In  terms  of 
the  unsteady  variables,  at  t  =  0, 
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{Vr,Ve,V,,P,p,f)  =  0.  (16.) 

Three-dimeiisional  Unsteady  Flow 

The  iinsteady  flow  field  is  driven  by  the  non- 
axisymmetric  boundary  condition  in  (7),  which  is 
a  generalization  of  the  purely  time  dependent  dis¬ 
turbance  considered  by  Zhao  et.  al.^  Their  results 
describe  axisymmetric,  co-existing  acoustic  and  ro¬ 
tational  flow  fields  where  the  radial  extent  of  the 
vorticity  depends  on  the  magnitude  of  the  sidewall 
blowing.  If  -C  1  a  purely  acoustic  core  can  be 

described  away  from  the  sidewall.  A  viscous  tran¬ 
sition  layer  containing  vorticity  is  present  adjacent 
to  the  sidewall,  thicker  than  a  traditional  acoustic 
boundary  layer,  but  small  compared  to  the  cylin¬ 
der  radius.  The  transition  layer  is  described  by  two 
length  scales.  The  smaller  is  on  the  order  of  the 
radial  distance  traveled  by  an  injected  fluid  parti¬ 
cle  during  one  period  of  oscillation  of  the  endwall 
velocity  and  the  larger  is  a  viscous  damping  length. 

If  — ~  0(1),  then  the  transition  layer  grows 
to  fill  the  entire  cylinder.  For  this  parameter  regime, 
no  purely  acoustic  core  exists  as  in  the  previous 
case.  Instead,  distinct  acoustic  (irrotational)  and 
rotational  flows  co-exist.  Acoustic  waves  driven  by 
the  endwall  disturbance  interact  inviscidly  with  fluid 
injected  from  the  wall  to  create  vorticity.  Subse¬ 
quently,  the  rotational  flow  is  convected  into  the 
cylinder  by  the  injected  flow  field.  Weak  viscosity 
diffuses  the  vorticity  on  a  short  radial  length  scale, 
and  weak  nonlinear  effects  alter  the  flow  in 
the  axial  direction.  The  Zhao  et.  al.^  results  are 
valid  for  0  <  z  <  1,  A  numerical  solution  for  a 
related  problem  is  given  by  Kirkkopru  et.  al."^ 

For  the  present  work,  the  condition  «  1  is 

used,  and  we  expect  a  sidewall  transition  layer  as  in 
Zhao  et.  al.^ 

Core  Flow:  Region  I 

Certain  essential  results  of  Zhao  et.  al.^  are  red¬ 
erived  from  the  three-dimensional  equations.  If  the 
velocities  and  thermodynamic  variables  in  region  I 
are  expanded  as 

{Vr^Vo.V,)  ^  {VrOs,VBOs.V:,Os) 

+  J2^'iVri,VeiXi),  (17) 

i=0 

iP,p,T)  ~  l  + 

i=0 


then  the  leading  order  equations  can  be  foxmd  in  a 
manner  similar  to  that  of  Zhao  et.  al.,  The  leading 
order  acoustic  solutions  are  found  by  substituting 
(17)  into  (l)-(6).  It  follows  from  the  limit,  M 
0,  with  the  hard  blowing  condition,  ^  <  1?  and 
the  large  aspect  ratio  assumption,  (5  >  1  that  the 
acoustic  core  equations  have  the  form, 


dpo 

dV,o 

dt 

dz  ’ 

Po 

=  Poiz,t), 

dV,o 

idpQ 

dt 

7  dz  ’ 

dfo 

7  -  1 5Po 

dt 

7  dt 

Po 

=  po  +  Tq. 

(18) 

(19) 

(20) 

(21) 

(22) 


Equation  (19)  arises  because  the  radial  and  az¬ 
imuthal  pressure  gradients  are  vanishingly  smadl  in 
the  chosen  limit.  The  large  aspect  ratio  condition 
causes  the  pressure  in  (19)  to  vary  only  in  the  axial 
direction.  This  is  consistent  with  the  acoustic  core 
of  the  solution  found  in  Zhao  et.  al.  One  can 
combine  (19)  with  boundary  conditions  on  r  =  1; 
Vro  =  0  and  Vbo  =  0,  to  show  that  the  radial  and 
azimuthal  velocities  are  zero.  The  injection  bound¬ 
ary  condition,  Vr  =  -^l  at  r  =  1  is  satisfied  by  the 
steady  solution  cited  in  (12).  Equations  (18)“(22) 
yield  the  familiar  wave  equation: 


d^V,o  _ 

dt^  dz^  ' 


(23) 


The  solution  to  this  equation  will  consist  only  of 
planar  acoustic  waves  in  the  z  direction  due  to  the 
form  of  Pq  in  (19)  and  t4o  in  (20).  This  equation 
is  valid  away  from  the  endwall,  where  the  oscillat¬ 
ing  r— ,  and  0-depen  dent  endwail  condition,  (7)  is 
imposed  and  away  from  the  sidewall  where  the  no¬ 
slip  boundar}^  concixion  in  (11;  prevails.  It  appea: 
that  a  region  (denoted  by  11  in  Figure  2)  near  the 
endwall,  z  =  0,  must  exist  where  a  transition  i  ' 
curs  from  a  three-dimensional  to  a  one-dimensional 
flow.  One  must  find  the  appropriately  scaled  axial 
variable  in  the  transitional  layer. 
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Endwall  Core:  Region  II 

The  raxiial  and  azimuthal  pressure  gradients,  lost 
in  the  limiting  form  of  the  momentum  equations 
in  region  I,  can  be  restored  by  using  the  following 
rescaled  variables, 


1^ 

"  =  r* 

P  =  1  +  A/PooW  +  yft, 

Vr  =  VrOs  H"  SVrO^  (24) 

Ve  =  V^os  +  SVeo , 

Vz  =  VzOs  +  VzO 


in  order  to  get  physically  meaningful  equations  in 
the  limit  M  0.  ^The  (  ^  )  denote  variables  in 
region  II,  and  the  Poo(^)  term  is  needed  to  obtain 
a  proper  matching  of  the  pressures  in  regions  I  and 
n.  The  above  expansions  can  be  used  in  (1)~(4),  to 
find  the  first  order  unsteady  equations: 


1 1  dVeo  dVzQ 
er  do  dz  ^ 


laPo  _ 

dVrO 

7  dr 

dt  ' 

1  1  aPo 

dVeo 

'yer  89 

dt 

IdPo 

dV,o 

7  dz 

dt 

(25) 

(26) 

(27) 

(28) 


in  the  limit,  M  — >  0,  with  (J  ^  1,  M5  Ij  ^  ^  I- 
The  second  inequality  ensures  that  the  equations 
are  linear.  The  incompressible  form  of  the  conti¬ 
nuity  equation,  (25)  impUes  that  acoustic  propaga¬ 
tion  does  not  occur  in  region  II.  This  means  that 
the  flow  in  region  11  responds  to  the  imposed  time- 
dependent  axial  velocity  in  (7),  without  downstream 
signal  propagation.  The  result  is  valid  for  a;  =  0(1) 
on  the  time  scale  t  =  0(1). 

Equations  (25)-(28)  can  be  combined  to  show  that 


d^Po  lapQ  idf^Po  ^0 

Sr2  ^  r  dr  ^  dO^  d^ 

The  boundary  conditions: 

z  =  0;  ^  =  --iuF{r,  9)  cos  ujt, 


(29) 


(30) 


r  =  0; 
r  =  1; 


Po  finite, 


(31) 

(32) 


are  found  from  (7),  (9),  the  unsteady  component  of 
(10),  (26)  and  (28).  In  addition,  Po  must  be  periodic 
in  9.  Given  that  the  unsteady  flow  in  region  I  de¬ 
pends  only  on  the  sodal  variable,  then  the  pressure 
matriiing  condition  between  regions  I  and  11  implies 
that 


2-+00,  Po~Po(?,t)-  (33) 

This  condition,  (26),  and  (27)  together  with  the  ini¬ 
tial  condition,  Vgo  =  Vro  =  0  at  t  =  0,  implies 
fViat  the  radial  and  azimuthal  velocities  vanish  as 
2->-  00.  The  full  three  dimensional  time-dependent 
solution  to  (29)-(33),  found  using  standard  separa¬ 
tion  of  variables  techniques,  is 

Po(r,0,z,t)  =  i4o(t)  -  Twcoswf  (ooo2'+ 

oo  ^  oo  CO 

^  Omoe"'*’"®*  Jo(A*mor)  + 

m=l  m— 1  n— 1 

X  Jn{lhnn'r){amn  COS  n9  -f  bmn  Sm  n^))  (34) 


where 


Omn  =  Amn  /  [  P(»’.  S)rJnifimnr)  COS n9  d6  dr, 
JoJ^n 

6mn  =  Amn  /  f  F{r,  9)rJn  (Mmnr)  sin  n9  d9  dr, 
JoJ^n 

aoo  =  -  tr  F{r,9)rdBdr, 

Vmn  =  f  rJlinmnr)  dr, 

Jo 


Amn  =  -l/(irAimn«/mn),  and  ^mn  is  the  TTi**'  zero 
of  J^(r),  which  is  needed  to  satisfy  (32).  The  first 
few  values  for  /imn  are  fimo  ~  3.83171,  7.01559, 
10.1735,  ...,  /imi  «  1.84118,  5.33144,  8.53632,  ... 
and  fim2  «  3.05424,  6.70613,  9.96947,  ....  The  /x’s 
for  larger  n  satisfy  fimi  >  3  for  m  >  3.  Thus  the 
smallest  eigenvalue  is  1.84118.  It  is  noted  that  the 
terms  decay  quickly  as  n  and  m  increase.  The  solu¬ 
tion  is  dominated  by  the  first  few  terms  in  (34),  and 
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th^e  solutions  are  valid  for  a;  not  equal  to  any  of 
the  resonance  frequencies  (in  =  (ti  +  |)7r  for  n  >  0) 
of  the  cylinder. 

The  function  Ao(t)  in  (34)  is  as  yet  undeter¬ 
mined.  It  will  be  found  when  the  region  I  solution 
is  obtained.  It  may  be  noted  from  (34)  that  the  r 
and  ^-dependence  of  Pq  decays  exponentially  fast  as 
2  00.  At  the  edge  of  the  transition  layer, 

i  +  MPoo(t) 

M 

-I-—  (Ao(t)  -  cos  ut) .  (36) 

d 

The  velocities  in  region  11  are  found  from  the  pres¬ 
sure  field  in  (34)  using  (26)*~(28)  and  the  initial  con¬ 
dition  (16), 


Vzo  =  sm  ujt 


000  -^3  “mo/imoe  JoifimOr) 


m=l 


in=l  n=l 

X  (Cmn  cos  710  -h  bmn  sin  n6) 


Vro  =  smu;t 


Lm=l 
oo  oo 


m=l  n=:l 

X  (Omn  cos  TlO  -h  bmn  Sin  Tld) 


yeo  =  -sina;t 
c 


Lm=l  n=l 


(37) 


(38) 


X  (-Umn  sin  n9  +  bmn  cos  710) 


(39) 


Here  again,  one  may  observe  exponential  decay  of 
the  r  and  8  solution  dependence  as  2  ->  oo.  As  a 
result,  the  amplitude  of  the  axial  speed  at  the  down¬ 
stream  edge  of  the  transitional  layer  depends  on  the 
endwall  mass  addition  through  the  coefficient  ooo  de¬ 
fined  in  (35).  The  azimuthal  and  axial  velocities  (39) 
and  (37)  do  not  satisfy  the  no-slip  condition  (11). 
A  viscous  boundary  layer,  adjacent  to  the  sidewall, 
r  =  1,  is  considered  in  a  fuller  study  of  this  problem.^ 
Also,  the  solution  does  not  satisfy  a  no-slip  bound¬ 
ary  condition  on  the  endwall  (2  =  0).  A  viscous 
layer  thinner  than  region  11  must  exist  adjacent  to 


the  endwall  in  order  to  satisfy  the  no-slip  condition 
on  the  radial  and  azimuthal  velocities.  This  region 
will  not  be  described  in  the  present  work. 

The  decay  of  all  non-axis3mimetric  flow  occurs 
within  region  11.  The  dimensional  length  scale  of  the 
region,  =  J?',  is  the  radius  of  the  cylinder.  In 
the  non-axisymmetric  numerical  calculation  of  Sab- 
nis  et.  al.^,  it  is  noted  that  the  asymmetry  of  the 
flow  exists  in  a  region  about  two  diameters  upstream 
of  the  exit  plane,  where  a  non-axisymmetric  pres¬ 
sure  boimdaxy  condition  is  imposed.  The  analyti¬ 
cal  results  in  the  present  work  appears  to  provide 
an  explanation  for  the  local  character  of  the  three- 
dimensional  flow  found  in  the  numerical  solution. 

Solution  to  the  Region  I  Wave  Equation 

The  solution  to  the  acoustic  flow  in  region  I, 
described  by  (23)  can  now  be  found.  The  ini¬ 
tial/boundary  conditions  are: 


t  =  0;  =  (40) 

A  condition  at  2  =  0  comes  from  the  matching  of 
the  solution  between  regions  I  and  H.  The  condition 
is  derived  by  taking  the  limit  of  (37)  as  2  ->  00. 


z  =  0;  Vzo  =  O'OO  sin  ujt.  (42) 

The  solution  to  (23)  with  (40)-(42)  is: 


VzO  =  noo 


sincjt-i- 


7^— sincjt  -  sin6nt I  smbn^ 


(43) 


,(44) 


where  =  (n  -h  |)7r. 

The  coefficient  ooo  in  (35)  represents  a  non- 
dimensional  instantaneous  mass  addition  due  to  the 
velocity  endwall  condition.  Waves  will  propagate  in 
region  I  only  if  aoo  ^  0.  The  pressure  field  in  region 
I  is  found  by  iising  (44),  (28)  and  the  pressure  node 
boundary  condition,  (8), 


Po  (^9  i)  =  —noo  [(-^  —  cos  ut+ 

^  27a;  {uP  ^  ^  ^ 

>  - 5-  <  To  “  COS  bnt  >  cos  bnZ 


•  (45) 
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The  pressure  in  region  I  near  the  edge  of  region  H 
is 


=  1  +  Mooo  cosujt 

713=0 


— M  [a^QZ^u cos U2t]  4-  O(z^). 


(46) 


The  unknown  function  Poo(^)  hi  the  expansion  of 
P  in  (24)  can  now  be  found  by  matching  the  order 
M  terms  of  the  pressure  between  regions  I  and  H, 
using  (36)  and  (46) 


Poo(t)  =  aoo[7t^coscjt 

-  V  2  ( w  “  cos6„«) 


■  (47) 


The  term  j4o(t)  can  be  found  from  a  higher  order 
solution  in  region  I  and  matching  terms  at  order  ^ . 
If  this  is  done,  it  is  found  that  Aoit)  =  0. 

The  composite  solution  for  the  pressure  can  now 
be  found  using  (24),  (47),  and  (34), 


P{r,0,z,t)  =  l  +  Maoo[-(2-l)7‘^cosa;t 

—  r  I  ^  cos  art  —  cos  6nt  J  cos  bnZ 
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+EE  mn^  ) 
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X  (Omn  cos  ud  +  6mn  Sin  710)]  +  0{M^).  (48) 


The  results  in  Figures  4,  5,  and  6  are  computed 
using  a  20  term  truncated  Taylor  series  of  (37)-(39) 
for  the  case  F(r,0)  =  r2(l  -r)^  sin*(f),  correspond- 
ing  to  the  endwall  axial  velocity  shown  in  Figure  3 
at  t  =  f .  The  series  is  alternating,  hence  the  error 
is  bounded  by  the  coefficient  of  the  next  term,  which 
is  bounded  by  10“^. 

Figure  4  shows  a  two-dimensional  cross-section  of 
the  velocity  vector  field  in  region  11  at  a  fixed  ax¬ 
ial  location  z  =  0.01  for  t  =  Only  the  r  and 
Q  components  of  the  velocities  are  represented  and 
the  dimensional  lengths  of  the  arrow  vectors  are 
Ko(^io  +  Ko)^*  The  flow  in  Figure  4  is  symmetric 


with  respect  to  a  horizontal  diameter  of  the  cylin¬ 
der  from  0  =  0  to  0  =  TT,  but  there  is  flow  from 
the  left  to  right  side  of  the  cylinder.  The  source  of 
the  flow  appears  to  be  located  at  r  =  |  and  6  =  tt. 
The  source  corresponds  to  the  point  of  highest  ve¬ 
locity  of  Figure  3.  A  pattern  similar  to  the  vector 
field  of  Figure  4  appears  for  larger  z,  however  with 
a  smaller  amplitude.  The  field  is  dominated  by  the 
first  few  terms  of  the  Taylor  series  in  (38)  and  (39), 
hence  the  amplitude  of  the  vector  field  lines  decrease 
exponentially. 

Figure  5  shows  an  axial  cross-section  of  the  ve¬ 
locity  vector  field  in  region  11  for  fixed  azimuthal 
location  0  =  0  and  0  =  tt.  The  variable  y  is  defined 
as  y  =  r  for  0  =  0  and  y  =  for  0  =  tt.  Only 
the  r  and  z  components  of  the  velocities  are  shown, 
with  the  dimensional  magnitude  of  the  vector  field, 
Vioi^zo  +  The  plot  in  Figure  5  shows  that 

there  is  flow  across  the  centerline  from  the  bottom 
to  the  top.  There  is  flow  across  the  centerline  of  the 
cylinder  due  to  the  as3Tnmetry  of  the  endwall  ve¬ 
locity.  The  maximum  velocity  at  the  horizontal  line 
y  =  - 1  ^  corresponds  to  the  region  of  high  velocity  of 
the  endwall  condition  at  r  =  ^  and  0  =  tt  of  Figures 
3  and  4. 

Figure  6  shows  am  axial  cross-section  of  the  veloc¬ 
ity  vector  field  in  region  II  for  the  fixed  azimuthal 
location  0  =  f  and  0  =  -f ,  perpendicular  to  that 
in  Figure  5.  The  variable  y  is  defined  as  y  =  r  for 
0=1  and  y  =  -r  for  0  =  -f .  As  with  the  results 
in  Figure  5,  only  the  r  and  z  components  of  the  ve¬ 
locities  are  shown,  and  the  dimensional  magnitude 
is  the  same.  However,  since  the  length  of  the  lines  in 
each  figure  is  scaled  to  the  maximum  cross-sectional 
velocity,  the  absolute  magnitude  of  the  velocity  fields 
in  Figures  5  and  6  are  different.  The  symmetry  of 
the  vector  field  across  the  centerline  at  y  =  0  is  due 
to  the  symmetry  of  the  endwall  condition  .  As  with 
the  results  in  Figure  5,  the  vector  field  near  the  line 
z  =  1,  is  composed  essentially  of  an  axial  velocity 
because  the  radial  and  azimuthal  velocities  have  de- 
ca3red  away  exponentially  fast. 

II  Turbulence  Characteristics 
of  Solid  Rocket  Motor  Flow 

Kirkkopru  et.  al.^  describe  a  computational  model 
for  high  Reynolds  number  flow  in  a  cylinder  with 
transient  sidewall  mass  addition.  The  parabolized 
Navier-Stokes  equations  are  solved  using  a  4th-order 
accurate  MacCormack  scheme  to  predict  transient 


flow  characteristics  driven  by  a  harmonically  vary¬ 
ing,  positive  wall  injection  speed  that  varies  in  the 
axial  direction.  In  particular,  the  solution  is  used  to 
study  the  generation  and  evolution  of  intense  tran¬ 
sient  vorticity  in  the  flow  fleld,  arising  from  an  acous¬ 
tic  wave  interaction  with  the  fluid  leaving  the  porous 
surface. 

The  complete  axial  velocity  is  divided  into  the 
numerical  analogues  of  the  steady  Culick^  profile, 
and  of  the  transient  responses  for  the  co-existing, 
equal  magnitude  acoustic  and  rotational  flow  fields 
discussed  by  Zhao.®  The  latter  is  used  to  describe 
the  time-varying  spatial  distribution  of  vorticity  in 
the  cylinder.  It  is  shown  that  the  radial  gradients  of 
vorticity  occur  on  a  length  scale  (Mi?'),  where  the 
Mach  number  M  <  1. 

Asymptotic  methods  (  Zhao®,  Zhao  and  Kassoy^, 
and  Zhao  et.  al.^),  have  been  used  to  show  that  the 
flow  physics  are  only  weakly  viscous.  Irrotational 
acoustic  disturbances  arise  from  the  transient  side- 
wall  injection.  The  vorticity  is  generated  by  an  invis- 
cid  interaction  between  the  acoustic  waves  and  fluid 
exiting  the  sidewall  and  convected  into  the  cylin¬ 
der  by  the  radial  component  of  the  injection  veloc¬ 
ity  field.  The  only  role  of  viscosity  is  to  diflFuse  the 
vorticity  on  the  short  0(Mi?')  length  scale. 

High  Reynolds  number  and  low  Mach  number  in¬ 
ternal  flows  driven  by  injection,  described  either  by 
asymptotic  or  numerical  solutions,  have  several  fea¬ 
tures  in  common  with  a  turbulent  flow  field.  They 
are  essentially  transient,  primarily  inviscid  and  con¬ 
tain  vorticity  distributions  that  have  a  length  scale 
small  compared  to  the  overall  geometry.  In  this 
sense,  it  is  illustrative  to  examine  the  relationship 
between  results  obtained  from  traditional  studies  of 
turbulence  in  injection  driven  tubes  and  channels, 
and  those  found  in  our  direct  numerical  simulations. 

Liou  and  Lien®,  hereafter  L&L,  summarize  many 
important  contributions  to  chamber  flow  turbulence 
modeling,  based  on  Ar-e,  kHj  and  full  Reynolds  stress 
methods.  In  general,  the  modeling  results  over  pre¬ 
dict  turbulence  levels  and  are  not  very  successful  in 
predicting  the  radial  location  of  the  turbulent  inten¬ 
sity  peak.  It  is  suggested  that  Navier-Stokes  based 
DNS’s  require  far  fewer  assxunptions  about  the  tur¬ 
bulence  properties  of  the  injected  fluid  and  may  give 
more  accurate  representations  of  the  turbulent  prop¬ 
erties  of  the  flow. 

The  L&L  DNS  calculations  for  flow  in  a  large  as¬ 
pect  ratio  channel  are  carried  out  for  an  injection 
speed,  =  0(1  m./s.),  and  an  axial  Reynolds  num¬ 


ber,  i2e=0(  10®).  The  axial  Mach  number  in  the 
downstream  half  of  the  channel  takes  on  significant 
subsonic  values.  The  calculations  are  rim  for  about 
15  axial  acoustic  time  scales.  Comparisons  of  mean 
flow  and  turbulent  intensity  predictions  with  exper¬ 
iments  appear  to  be  better  than  those  of  the  tra¬ 
ditional  turbulence  models.  The  results  are  signifi¬ 
cantly  affected  by  compressibility  particularly  in  the 
downstream  portion  of  the  flow.  The  turbulent  in¬ 
tensity  shows  a  single  peak  across  the  channel,  with 
the  location  of  the  peak  moving  toward  the  sidewall 
with  increasing  downstream  location.  It  is  recog¬ 
nized  that  such  an  effect  may  enhance  erosive  burn¬ 
ing  on  the  downstream  section  of  a  solid  propellant. 

Linear  stability  theory  for  a  channel  with  side- 
wall  injection  has  been  studied  by  Varapaev  and 
Yagodkin®.  They  find  that  for  a  specified  injec¬ 
tion  Reynolds  number  iZe^,  based  on  the  channel 
width  and  wall  injection  speed,  disturbances  will 
grow  when  the  axial  Reynolds  number  Rcc,  based  on 
the  center-line  speed  and  the  channel  width,  reaches 
a  critical  value.  This  is  interpreted  to  mean  that  for 
a  given  Rcs,  instability  will  occur  in  a  sufficiently 
long  duct. 

Transition  of  the  mean  flow  profile  from  a  lami¬ 
nar  to  a  turbulent  shape  occurs  even  further  down¬ 
stream,  meaning  a  larger  value  of  Rcc-  Beddini^® 
summarizes  experimental  results  from  numerous 
sources  to  show  that  the  transition  process  occurs 
over  a  distance  that  is  invariant  to  the  value  of  the 
injection  Reynolds  number  when  Rts  >  100.  His 
computational  model  drives  the  turbulence  with  a 
prescribed  value  of  the  RMS  injection  velocity  fluc¬ 
tuation  at  the  porous  surface.  Predictions  for  axial 
location  of  a  fully  turbulent  profile,  identified  from 
a  study  of  the  momentum-flux  coefficient  variation 
with  axial  location,  can  be  made  compatible  with 
experiments  if  appropriate  magnitudes  of  the  RMS 
value  are  employed.  L&L  indicate  that  such  values 
have  not  been  related  to  conditions  in  relevant  ex¬ 
periments. 

The  DNS  reported  here  is  for  a  cylindriccd  geom¬ 
etry,  and  is  based  on  the  parabolized  Navier-Stokes 
equations  with  an  imposed  sidewall  injection  speed 
Vtr  =  — 1  “  0.4cos(^)(l  —  cos(a;f)).  The  parameter 
values  are  Re  =  4  x  10®,  M  =  0.02,  ^  =  20.  The 
predicted  flow  contains  co-existing,  equal  amplitude 
acoustics  and  vorticity,  and  a  pressure  disturbance 
field  that  is  between  1%  and  10%  of  the  reference 
static  pressure.  A  methodology  borrowed  from  the 
asymptotic  analyses  is  employed  to  separate  the  two 
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transient  flow  fields.  Hence,  one  can  consider  the 
contribution  of  acoustics  alone,  the  vorticity  alone 
and  the  explicit  interaction  between  the  two  flow 
fields.  This  separation  enables  us  to  differentiate  the 
RMS  values  associated  with  the  acoustic  field  from 
those  of  the  rotational  field,  not  possible  in  a  more 
traditional  turbulence  study. 

The  parameter  values  for  the  Reynolds  and  Mach 
number  cited  above  can  be  reinterpreted  in  terms  of 
the  injection  and  axial  Reynolds  numbers  used  in  the 
stability  and  transition  literature.  In  particular  the 
former  Reg  «  2.5  x  10^  and  the  latter  Rcc  «  5  x  10^. 
This  point  on  the  stability  diagram  lies  above  the 
neutral  stability  line  but  below  the  region  for  which 
a  fully  transitioned  mean  flow  can  be  expected.  Our 
aspect  ratio  of  twenty  is  not  large  enough  to  enable 
a  fully  turbulent  mean  flow  to  develop  in  the  cylin¬ 
der.  It  is  also  noted  that  the  analogue  to  the  RMS 
injection  velocity  fluctuation  used  by  Beddim  varies 
between  0.343  and  zero  as  one  moves  from  the  head- 
end  to  the  exit  of  the  cylinder.  This  variation  occurs 
because  the  time-dependent  part  of  the  injection  dis¬ 
tribution,  cited  above,  varies  in  the  axial  direction. 

A  comparison  of  the  time-averaged  mean  flow 
((y^))  and  instantaneous  axial  velocity  (14  —  (14)) 
profiles  for  Re  =  4  x  10^,M  =  0.02  and  an  aspect 
ratio  of  20  is  shown  in  Figure  7.  The  results  are 
given  at  four  axial  locations  for  t  =  30.  The  smooth 
shape  of  the  mean  flow  does  not  hint  at  the  spatial 
variations  present  in  the  instantaneous  profiles.  In 
particular,  the  relatively  large  wall  gradient  in  the 
latter  is  not  reflect^  in  the  former.  Similar  results 
at  other  values  of  time  show  that  the  instantaneous 
wall  gradient  fluctuates  between  positive  and  nega¬ 
tive  values.  In  this  sense,  the  mean  flow  wall  gradi¬ 
ent  may  not  be  a  useful  measure  of  the  "scouring” 
effect  arising  from  a  time  dependent,  rapidly  varying 
wall  shear  stress  on  the  fizz-foam  surface  layer  of  a 
decomposing  solid  propellant. 

Figure  8  shows  the  distribution  of  the  RMS  fluctu¬ 
ation  intensity  for  the  axial  velocity  in  the  cylinder, 
where  14  =  (Vz)  +  is  the  acoustic  fluc¬ 

tuation  and  u(,  is  the  rotational  fluctuation.  The 
axial  fluctuation  intensity  can  be  decomposed  into 
three  parts:  pure  acoustics,  acoustic-rotational  in¬ 
teraction,  and  pure  rotationcJ.  The  ramp-like  sur¬ 
face  near  r  =  0  shows  the  contribution  from  the 
pure  acoustics  alone,  since  the  vorticity  generated 
at  the  sidewall  has  not  yet  reached  the  centerline 
when  t  =  30.  One  notes  several  local  peaks  across 
the  radius,  with  the  largest  value  near  the  sidewall. 


In  general,  the  amplitude  increases,  and  the  local 
peaks  move  toward  the  sidewall  with  increasing  ax¬ 
ial  distance  downstream.  The  single  peak  results 
described  in  L&L  are  qualitatively  similar.  Our  mul¬ 
tiple  peaks  arise  from  vorticity  generation  driven  by 
axial  acoustic  waves  in  the  cylinder.  The  latter  may 
not  be  present  in  any  of  the  turbulence  models  dis¬ 
cussed  in  L&L  or  in  the  DNS  discussed  there. 

The  contribution  from  the  pure  rotational  effect  is 
shown  in  Figure  9  where  the  surface  is  less  wrinkled 
than  Figure  8.  The  rotational  fluctuation  intensity  is 
larger  near  the  sidewall  and  the  exit.  Contributions 
from  the  acoustic-rotational  interaction  effect  and 
the  pure  rotational  effect,  of  similar  magnitude,  are 
responsible  for  the  corrugated  surface  in  Figure  8. 

The  fluctuation  intensity  of  the  radial  velocity  is 
shown  in  Figure  10.  The  radial  fluctuation  is  larger 
near  near  the  sidewall  and  closed  endwall  where  the 
sidewall  injection  is  stronger.  The  radial  fluctuation 
intensity  is  smaller  in  magnitude  than  axial  fluctua¬ 
tion  intensity  as  predicted  in  a  theory  by  Zhao®. 

Results  of  the  kind  described  here  may  help  to 
identify  high  heat  transfer  and  erosional  burning  lo¬ 
cations  in  motor  chambers.  An  understanding  of 
oscillatory,  intense  axial  shear  stress  on  the  side- 
wall  will  be  useful  for  developing  physically  viable 
boundary  conditions  at  the  decomposing  interface 
of  a  burning  solid  propellant.  The  idea  here  is  ac¬ 
count  for  the  "scouring”  effect  of  oscillatory  shear 
stress  on  the  fizz-foam  zone  thought  to  exist  at  the 
gas-propellant  interface.  Although  the  axial  veloc¬ 
ity  in  the  combustion  zone  may  be  small,  the  results 
of  these  coldflow  studies  suggest  that  the  velocity 
gradient  will  be  relatively  large,  and  hence  can  be  a 
source  of  axial  deformation,  and  perhaps  stripping 
of  easily  deformable  surface  material. 
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Figure  2:  The  regions  of  the  cylindrical  vessel  inves¬ 
tigated  in  this  work.  Zhao  et.  al.  studied  region 
I.  This  region  is  characterized  by  coexisting  rota¬ 
tional  and  planar  acoustic  flow.  Regions  11  and  III 
are  studied  here. 
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Figure  1:  A  radial  cut  through  a  cylinder  of  length  L' 
and  radius  i?'.  There  is  a  {r\0,fydependent  axial 
velocity  disturbance  at  the  endwall  2'  =  0.  A  pres¬ 
sure  node  is  imposed  at  the  open  end,  z'  =  L'.  On 
the  sidewall  r‘  =  R ,  fluid  is  injected  at  a  constant 
speed  V/q.  The  aspect  ratio  is  6  —  ^  I, 


Figure  3:  Example  endwall  condition  with  T4  = 
r^(l  —  r)^ sin^(|) sina;t,  with  a;  =  1  at  t  =  |. 
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Figure  4:  Twodiinensional  vector  field  plot  show¬ 
ing  only  the  radiaJ  and  azimuthal  velocities.  The 
cross-section  is  taken  along  the  plane  z  =  0.01  and 
for  the  endwall  velocity  condition:  T4  =  r^{l- 
r)^  sin^d)  sintjt  and  for  a;  =  1  when  t  =  f  •  The 
symmetry  about  a  line  connecting  =  0  and  ^  =  ?r, 
corresponds  to  the  symmetry  in  the  endwall  veloc¬ 
ity  condition.  There  is  net  flow  from  the  left  to  right 
side  of  the  line  connecting  0  =  f  and  9  =  —f . 
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Figure  5:  Two-dimensional  vector  field  plot  show¬ 
ing  only  the  rauiial  and  axial  velocities.  The  cross- 
section  is  taken  axially  with  9-0,  (for  values  y  >  0, 
y  =  r),  and  9  =  tt,  (for  values  y  <  0,  y  =  -r). 
The  endwall  velocity  condition,  as  in  Figure  4  is 
Vz  =  r^{l  -  r)^  sin^(|)  sinwt,  for  a;  =  1  and  t  =  f  • 
There  is  net  flow  from  the  bottom  to  the  top  of  the 
plot,  representing  flow  across  the  centerline.  The  re¬ 
gion  of  high  velocity  near  y  =  —0.5  is  due  to  the 
high  flow  region  at  0  =  tt  and  r  =  ^  of  Figure  3. 
The  flow  near  z  =  1  is  nearly  planar. 
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Figure  6:  Two-dimensional  vector  field  plot  show¬ 
ing  only  the  radial  and  axial  velocities.  The  cross- 
section  shown  is  for  0  (y  <  0,y  =  — r),  and 

0  =  |,  (y  >  0,y  =  r)  Again,  the  endwall  velocity 
condition  used  is  14  =  r^(l  —  r)^  sin^(|)  smart,  for 
uj  =  1  and  t  =  |.  The  symmetry  with  respect  to 
the  centerline  in  this  plot  is  due  to  the  S3Tiimetry  of 
the  endwall  velocity  condition  in  Figure  3.  The  flow 
near  z  =  1  is  nearly  planar. 
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ACOUSTIC  TIME  =  30 


AXIAL  VELOCITY  (u) 


Figure  7:  A  radial  profile  of  axial  velocity  at  foiir 
different  axial  locations.  The  dotted  lines  are  mean 
velocity  and  the  solid  lines  are  instantaneous  veloc¬ 
ity.  The  sidewall  is  at  r  =  1  and  the  centerline  is  at 
r  =  0.  The  closed  endwall  and  the  exit  are  located 
at  X  =  0  and  x  =  1,  respectively.  Parameter  values 
are  i?e  =  4  X  10®,  M  =  0.02,  u  =  l,  and  5  —  20. 


Figure  8:  RMS  axial  velocity  fluctuation  intensi¬ 
ties  defined  as  [{(Up  -I-  «U(“p  +  + 

2(UpUj,)  where  Up  is  the  pure  acoustic 

fluctuation  velocity,  uj,  is  the  pure  rotational  fluctu¬ 
ation  velocity,  and  {)  denotes  the  time  averapng. 


Figure  9:  The  pure  rotational  part  of  RMS  axial 
velocity  fluctuation, 


Figure  10;  RMS  radial  velocity  fluctuation  intensity 
defined  as  where  v'  is  the  radial  velocity 

fluctuation. 
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Three-Dimensional,  Unsteady,  Acoustic-Shear  Flow  Dynamics  in 

a  Cylinder  with  Sidewall  Mass  Addition 

P.  L.  Staab*  and  D.  R.  Kassoy^ 

Three-dimensioned  internal  flow  dynamics  axe  studied  in  a  cylinder 
with  rnaigs  injection  from  the  sidewall.  A  time-dependent,  harmonic,  non- 
axisymmetric  axial  velocity  disturbance  is  imposed  on  the  endwall  of  the 
cylinder  to  create  a  non-axisymmetric  velocity  field.  An  asymptotic  analy¬ 
sis  is  used  to  reduce  the  Navier-Stokes  equations  to  more  elementary  forms  in 
two  regions  adjacent  to  the  endwall  with  distinct  physical  characteristics:  an 
incompressible,  inviscid  and  irrotational  core  near  the  endwall,  and  an  incom¬ 
pressible  viscous  boundary  layer  containing  all  three  components  of  vorticity 
adjacent  to  the  sidewall.  Solutions  to  these  equations  for  distmrbance  fre¬ 
quencies  associated  with  the  lowest  order  axial  acoustic  modes  show  that  the 
non-axisymmetric  nature  of  the  flow  is  confined  to  the  core  region  adjacent  to 
the  endwall  with  a  characteristic  axial  dimension  on  the  order  of  the  cylinder 
radius.  Within  the  region,  axial,  radial,  and  azimuthal  velocities  exist.  These 
non-axisymmetric  effects  decay  exponentially  fast  so  that  only  axisymmetric 
acoustic  modes  exist  further  downstream.  These  results  are  valid  for  driving 
frequencies  below  the  “cut-off”  value  that  one  would  find  in  a  duct. 
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I.  INTRODUCTION 


Internal  flow  dynamics  in  a  cylinder  with  mass  addition  from  the  sidewall  are  studied  as 
an  analogue  to  flows  within  solid  fuel  rocket  motors.  Mass  addition  models  the  gasiflcation 
of  burning  propellant  in  the  rocket  motor. 

Most  previous  modeling,  whether  analytical,  numerical  or  experimental,  has  employed 
axisymmetry  to  simplify  the  problem.  Experimental  work  by  Brown  et  al.  [1]  is  based  on 
axisymmetric  oscillatory  wave  motion  and  mean  flow  response.  Smith  et  al.  [2],  employ 
numerical  techniques  to  model  the  experiments  of  Brown.  Baum  [3],  and  Vuillot  and  Avalon 
[4]  also  use  numerical  methods  to  investigate  acoustic  wave  processes  and  flow  dynamics  in 
an  axisymmetric  internal  flow.  Beddini  [5],  develops  computational  solutions  for  a  turbulence 
model  of  an  internal  flow  in  a  symmetric  duct  with  sidewall  injection. 

Culick’s  [6]  linear  stability  analysis  for  three-dimensional  disturbances  does  not  provide 
specific  non-axisymmetric  flow  results.  Sabnis  et  al.  [7]  use  numerical  experiments  to  describe 
turbulent  axisymmetric  and  non-axisymmetric  flows.  One  example  includes  an  azimuthally 
and  radially  dependent  boundary  condition  on  a  cylinder  cross-section,  used  to  force  non- 
axisymmetric  flow  in  a  portion  of  the  internal  flow.  The  computational  results  show  that 
the  flow  becomes  fully  axisymmetric  within  an  axial  distance  of  about  two  diameters  away 
from  the  plane  on  which  the  boundary  condition  is  imposed. 

The  work  presented  here  is  an  extension  of  Zhao  [8]  and  Zhao  et  al.  [9]  These  papers 
contain  asymptotic  analyses  for  the  axisymmetric  Navier-Stokes  equations  that  describe 
low  Mach  number,  high  Reynolds  number  and  high  aspect  ratio  flows  with  acoustic  waves 
and  vorticity.  In  the  present  work  a  study  is  made  of  non-axisymmetric  flow  in  a  region 
adjacent  to  the  closed  end  wall  of  the  cylinder  where  a  radially  and  azimuthally-dependent, 
harmonically-varying  velocity  boundary  condition  is  imposed.  The  driving  frequency  is  on 
the  order  of  the  inverse  of  the  axial  acoustic  time  scale,  =  T'/Cq,  where  L'  is  the  length  of 
the  cylinder  and  Cq  is  the  reference  speed  of  sound.  Radial  and  azimuthal  velocities  are  found 
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to  vanish  exponentially  fast  in  the  downstream  direction  within  the  core  zone  adjacent  to  the 
endwall,  with  a  characteristic  axial  dimension  measured  by  the  cylinder  radius  R'.  Hence, 
axisymmetric  flow  persists  in  most  of  the  cylinder.  A  thinner  inviscid  layer  is  needed  for  the 
solution  to  satisfy  the  no-slip  condition  on  the  endwall.  These  results  provide  an  analytical 
explanation  of  those  found  from  computational  analysis  by  Sabnis  et  al.  [7]  Non-axisymmetric 
flow  near  the  endwall  contains  cross-sectional  velocity  patterns  that  include  flow  across  the 
cylinder  axis.  A  viscous  boundary  layer  adjacent  to  the  sidewall  and  near  the  endwall  is 
studied  to  find  the  transition  between  the  transient  core  flow  and  the  no-slip  condition  on 
the  sidewall.  It  is  found,  as  in  Zhao  et  al.  [9],  that  the  azimuthal  component  of  the  vorticity 
is  proportional  to  the  inverse  of  the  Mach  number.  In  addition,  the  axial  component  of  the 
vorticity  driven  by  the  non-axisymmetric  boundary  condition  at  the  endwall  is  also  found  to 
be  proportional  to  the  the  inverse  of  the  Mach  number. 


II.  FORMULATION  OF  THE  PROBLEM 


The  objective  of  the  present  work  is  to  model  a  wall  injected,  semi-confined  internal  flow 
driven  by  a  non-axisymmetric,  time-dependent  velocity  disturbance  on  the  closed  upstream 
endwall.  The  flow  occurs  in  a  cylinder  of  length  L',  and  radius  R',  with  a  pressure  node  at 
the  open  end  as  shown  in  Figure  1.  Fluid  is  injected  steadily  through  the  sidewall  with  a 
characteristic  velocity  V^o  and  induces  an  axial  flow  characterized  by  V^q.  The  imposed  axial 
velocity  on  the  endwall  also  has  a  characteristic  velocity  V^q.  The  mathematical  model  is 
based  on  the  following  non-dimensional  Navier-Stokes  equations: 
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dr  r  r  06  oz 


R  =  1+M  (Vr^  +  e-Vg-^  +  V,-f), 

Dt  Ot  \  Or  r  09  Oz) 

and  $  is  the  dissipation  function.  Equations  (l)-(6)  are  non-dimensionalized  using  the 
following  definitions: 

j  p>  T'  V  VL  V’ 

p  —  ~j^  ^ ~ 

Po  ^0  -‘O  '^rO  ^00  *^20 

r'  2:'  _  !<■'  —  Dl  r  — 

^  —  Yi’’  ^  ~  H  ^  #c'  ’  ^  ~  n'  '  C  ’ 

R'  L'  tfl  Kq  Pq  L/yo 

where  Pq  is  the  initial  static  pressure  in  the  cylinder,  and  Po  ^0  ^.re  the  density  and 

temperature  of  the  fluid  being  injected  from  the  sidewall.  The  induced  characteristic  axial 
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velocity  and  the  characteristic  endwall  velocity  disturbance  F/o  defined  with  respect  to  the 
injection  reference  sidewall  velocity,  V^q  by  overall  mass  conservation,  =  5.  The  size  of 


the  initially  unknown  reference  azimuthal  velocity  Vqq  is  related  to  by  ^  =  e.  Later,  it 
is  shown  that  e  =  1. 

The  time  is  non-dimensionalized  using  the  axial  acoustic  time  scale,  where 

C'q  =  (77?.'To)5  is  the  speed  of  sound,  TV  is  the  gas  constant,  and  7  is  the  ratio  of  specific 
heats.  The  thermal  diffusivity,  viscosity,  and  specific  heat  at  constant  volume,  Kq,  and  C'yq 
respectively  are  characteristic  properties  of  the  injected  fluid.  Also  the  Reynolds  number, 
Prandtl  number,  and  Mach  number  are  defined  as 

p'K'oi'  ^ 


Re  = 


K'n 


V' 

M  =  ^ 

cr 


where  Re  >>  1,  M  1,  and  Pr  =  0(1). 

The  Mach  number  is  chosen  as  a  small  parameter  to  model  the  small  magnitude  found 
in  a  typical  rocket  motor  chamber,  as  opposed  to  the  rocket  nozzle  where  larger  values  are 
possible.  The  aspect  ratio,  (5  =  ^  »  1,  is  taken  to  be  a  large  parameter  because  many 
chambers  have  aspect  ratios  between  15  and  50.  Finally,  it  is  assumed  that  the  hard  blowing 
condition,  ^  (Cole  and  Aroesty  [10])  prevails. 

Initially,  a  steady  flow  is  generated  by  the  sidewall  injection,  V].  =  —  1.  At  i  =  0"^, 
the  endwall  begins  oscillating  with  the  non-dimensionalized  sinusoidal  axial  velocity, 
Vz  =  F{r,9)  sinut,  for  u  =  0(1).  The  magnitude  of  u  is  compatible  with  the  first  few 
axial  acoustic  modes  observed  in  high  aspect  ratio  chambers. 

The  full  boundary  conditions  are: 

0,  t  <  0, 

[  F{r,6)  sin  ut,  t  >  0, 

Ve  =  0,  (8) 


z  =  0;  Vz={ 


(7) 


z  =  0 
z  =  l 


Vr 

P=l, 

P,p,T,Vr,Ve,Vz  finite. 


(9) 

(10) 


r  =  0: 
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r  =  1;  Vr  =■  —1, 
r  =  l;  V,  =  Ve  =0, 


(11) 

(12) 


and  solutions  must  be  periodic  in  6. 

In  general,  solutions  to  (l)-(6),  with  boundary  conditions  (7)-(12),  are  found  in  terms 
of  the  dependent  variables,  written  as 


{Vr,  Vg,  K,  P,  p,  T)  =  {Vrs,  Vg^,  P.,  Ps,  T,)  +  (K,  Vg,  V,  P,  p,  f). 


where  the  subscript  “s”  represents  the  steady  part  of  the  flow  and  (~)  represents  the  unsteady 
flow.  The  steady  parts  of  the  solutions  satisfy  the  endwall  condition  =  0  at  z  =  0  for  all 
t.  As  a  result  of  the  axisymmetric  boundary  conditions,  the  steady  solution  is  axisymmetric. 
The  steady  variables  are  expanded  as 


{Vrs,  Vgs,  Vs)  ~  E  Vgis,  Ki.), 

2=0 

{Ps,Ps,  T,)  ~  1  +  E  M^+^Pis,  Pis,  Tis), 
1=0 

for  the  limit  M  — )•  0. 

Culick  [11]  derived  solutions  to  the  first-order  steady  equations: 


Ko.  =  -Jsin(|r2),  (13) 

^005  =  0,  (14) 

V,0s  =  TTzcos(^^r^^  ,  (15) 

Pos  =  7y  (1  -  ^")-  (16) 


Initial  conditions  for  the  unsteady  fiow  are  given  by  the  steady  solution  profiles.  In  terms 
of  the  unsteady  variables,  at  t  =  0, 


{Vr,Ve,V,P,P,T)  =  0. 


(17) 
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III.  UNSTEADY  SOLUTION 

The  unsteady  flow  field  is  driven  by  the  non-axisymmetric  boundary  condition  in  (7), 
which  is  a  generalization  of  the  purely  time  dependent  disturbance  considered  by  Zhao  et 
al.  [9]  Their  results  describe  axisymmetric,  co-existing  acoustic  and  rotational  flow  fields 
where  the  radial  extent  of  the  vorticity  depends  on  the  magnitude  of  the  sidewall  blowing. 
If  Mf.-gg  <§;  1,  a  purely  acoustic  core  can  be  described  away  from  the  sidewall.  A  weakly 
viscous  transition  layer  containing  vorticity  is  present  adjacent  to  the  sidewall,  thicker  than 
a  traditional  acoustic  boundary  layer,  but  small  compared  to  the  cylinder  radius.  The 
transition  layer  is  described  by  two  length  scales.  The  smaller  is  on  the  order  of  the  radial 
distance  traveled  by  an  injected  fluid  particle  during  one  period  of  oscillation  of  the  endwall 
velocity  and  the  larger  is  a  viscous  damping  length. 

If  ~  C)(l),  then  the  transition  layer  grows  to  fill  the  entire  cylinder.  For  this 

parameter  regime,  no  purely  acoustic  core  exists  as  in  the  previous  case.  Instead,  distinct 
acoustic  (irrotational)  and  rotational  flows  co-exist.  Acoustic  waves  driven  by  the  endwall 
disturbance  interact  inviscidly  with  fluid  injected  from  the  wall  to  create  vorticity.  Subse¬ 
quently,  the  rotational  flow  is  convected  into  the  cylinder  by  the  injected  flow  field.  Weak 
viscosity  diffuses  the  vorticity  on  a  short  radial  length  scale,  0{MR')  and  weak  nonlinear 
effects  alter  the  flow  in  the  axial  direction.  The  Zhao  et  al.  [9]  results  are  valid  for  0  <  z  <  1. 

For  the  present  work,  the  condition  -^2"  <C  1  is  used,  and  we  expect  a  transition  layer 
as  in  Zhao  et  al.  [9] 


A.  Core  Flow:  Region  I 

Certain  essential  results  of  Zhao  et  al.  [9]  are  rederived  from  the  three-dimensional  equa¬ 
tions.  If  the  velocities  and  thermodynamic  variables  in  region  I  are  expanded  as 
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(18) 


(Vr,V».V,)  ~  {V,o„Vm„VM)-i-Y,M‘{Vri,V„,V„), 

i=0 

{P,p,T)  ~ 

i=0 

then  the  leading-order  equations  can  be  found  in  a  manner  similar  to  that  of  Zhao  et  al. 
[9]  The  basic  acoustic  solutions  are  found  by  substituting  (18)  into  (l)-(6).  It  follows  from 
the  limit,  M  -4-  0,  with  the  hard  blowing  condition,  <  1,  and  the  large  aspect  ratio 
assumption,  S  ^  1  that  the  acoustic  core  equations  have  the  form, 


dpo 

dV,o 

dt 

dz 

Po 

=  Po{z,t), 

dV,o 

IdPo 

dt 

7  dz  ’ 

7—1  dPo 

dt 

7  dt 

Po  +  To  —  pQ- 


(19) 

(20) 
(21) 

(22) 

(23) 


Equation  (20)  arises  because  the  radial  and  azimuthal  pressure  gradients  are  vanishingly 
small  in  the  chosen  limit.  The  large  aspect  ratio  condition  causes  the  pressure  in  (20)  to  vary 
only  in  the  axial  direction.  This  is  consistent  with  the  acoustic  core  of  the  solution  found 
in  Zhao  et  al.  [9]  One  can  combine  (20)  with  boundary  conditions  on  r  =  1;  Ko  =  0  and 
Veo  =  0  to  show  that  the  radial  and  azimuthal  velocities  are  zero.  The  injection  boundary 
condition,  K  =  -1  on  r  =  1  is  satisfied  by  the  steady  solution  cited  in  (13).  Equations 
(19)-(23)  yield  the  familiar  wave  equation: 

(24) 

dP  dz^  ' 

The  solution  to  this  equation  will  consist  only  of  planar  acoustic  waves  in  the  2  direction 
due  to  the  form  of  Po  in  (20)  and  t4o  in  (21).  This  equation  is  valid  away  from  the  endwall, 
where  the  oscillating  r  and  0-dependent  endwall  condition  (7)  is  imposed,  and  away  from 
the  sidewall  where  the  no-slip  boundary  condition  (12)  prevails.  It  appears  that  a  region 
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(denoted  by  II  in  Figure  2)  near  the  endwall,  z-  =  0,  must  exist  where  a  transition  occurs 
from  a  three-dimensional  to  a  one-dimensional  flow.  One  must  also  find  the  appropriately 
scaled  axial  variable  in  the  transitional  sidewall  layer. 


B.  Endwall  Core:  Region  II 

The  radial  and  azimuthal  pressure  gradients,  lost  in  the  limiting  form  of  the  momentum 
equations  in  region  I,  can  be  restored  by  using  the  following  rescaled  variables, 

1^ 

P  =  l  +  MPooit)  +  ^Po, 

0 

K-  =  v;o.  +  5Ko,  (25) 

Vg  =  Vgos  ■+■  (5Veo, 

Vz  =  VzOs  +  Vz0> 


in  order  to  get  physically  meaningful  equations  in  the  limit  M  — >  0.  The  ( ^  )  denote  variables 
in  region  II,  and  the  Poo(^)  term  is  needed  to  obtain  proper  matching  of  the  pressures  in 
regions  I  and  II.  There  is  no  need  to  rescale  the  axial  velocity  given  the  boundary  condition 
in  (7).  The  imposed  axial  velocity  induces  radial  and  azimuthal  velocities  of  the  same 
dimensional  magnitude,  which  accounts  for  the  scaling  factor,  6  in  the  third  and  fourth 
equations  in  (25).  The  pressure  disturbance  consists  of  two  distinct  terms.  The  lower  order 
term  {0{M))  represents  a  spatially  homogeneous  pressure  transient.  The  higher  order  term 
(0(y)  describes  the  explicit  response  to  the  non-axisymmetric  boundary  condition  in  (7). 
The  above  expansions  can  be  used  in  (l)-(4),  to  find  the  first  order  unsteady  equations; 


^  1  a  ^  ^  ,  1 1  dVgo  ,  dV,o 

0  =  --^{rVro)  + - —  + 

r  or  er  od  oz 


1  dpQ  _  dVro 
'Y  dr  at  ’ 


(26) 

(27) 
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(28) 


jer  do  dt  ^ 

_i^  =  ^S£  (29) 

'y  dz  dt  ' 

in  the  limit,  M  -+  0,  with  i  >  l.MS  «  1.  fe  «  1-.  The  incompressible  form  of  the 
continuity  equation,  (26)  implies  that  acoustic  propagation  does  not  occur  in  region  II.  This 
means  that  the  flow  in  region  II  responds  to  the  imposed  axial  velocity  on  the  endwall,  in 
(7),  without  downstream  signal  propagation.  Equations  (17)  and  (27)-(29)  imply  that  the 
flow  is  irrotational.  The  result  is  valid  for  u  =  0(1)  on  the  time  scale  t  =  0(1). 

The  asymptotic  relationship  Md  <  1  is  needed  to  ensure  that  the  leading-order  equations 
are  linear.  If  this  relationship  is  relaxed  to  M5  ~  0(1),  then  (26)-(29)  will  be  the  full 
incompressible  Euler  equations. 

Equations  (26)-(29)  can  be  combined  to  show  that  the  scaled  pressure,  Po,  satisfies  La- 
place’s  equation, 

d^Po  ^  ^  0  (30) 

r  dr  r2  dO^  d^ 


The  boundary  conditions: 

z  =  0; 
r  =  0; 
r  =  1; 


=  —'yuF{r,  9)  cosut, 
dz 


Po  finite, 


(31) 

(32) 

(33) 


are  found  from  (7),  (10),  the  unsteady  component  of  (11),  and  using  (27)  and  (29).  In 
addition,  Po  must  be  periodic  in  9.  Given  that  the  unsteady  fiow  in  region  I  depends  only 
on  the  axial  variable,  then  the  pressure  matching  condition  between  regions  I  and  II  implies 


that 

z -4  oo,  Po Poiz^t).  (3^) 

This  condition,  (27),  and  (28)  together  with  the  initial  condition,  Veo  =  Ko  =  0  at  i  =  0,  im¬ 
plies  that  the  radial  and  azimuthal  velocities  vanish  as  z  oo.  The  full  three-dimensional 
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time-dependent  solution  to  (30)-(34),  found  using  standard  separation  of  variables  tech¬ 
niques,  is 

/  °°  _ 

Po(^)  =  ^o(*)  “  7^^  COSUJt  I  aoo?  + 

\  m=l 

c»  oo  ^  \  /  \ 

+  Jn{^^mnr){amn cos ne  +  bmnSinn6)\  ,  (35) 


where 


m=l  n=l 


- -  r  F{r,  eyjnif^mnr)  cosn0  d9  dr  for  m  >  1,  n  >  1, 

in^mn  «/— tt 


O^mn 


bmn 


l-^mn  ^mn 


— —  [  r  F{r,  eyjni^mnr)  siu  n9  dd  dr  for  m  >  1,  n  >  1, 

mVmn  •'0  J —IT 


- -  f  r  F{r,9)rJo{iJimor)  d9  dr  for  m  >  1, 

mO^mO  “'O  J— TT 


27r  j-lrnO  ^mO 
aoo  =  -  / V 

TT  70  7-7r 


Z/rr 


=  [\jl{Hmnr)dr. 

Jo 


(36) 


and  is  the  zero  of  j;(r),  which  comes  from  (33).  The  first  few  values  for  Urnn 
are  fMmo  ~  3.83171,7.01559,10.1735,...,  fXmi  «  1.84118,5.33144,8.53632,...  and  iXr.2  « 
3.05424, 6.70613,  9.96947, . . ..  The  /x’s  for  large  m  satisfy  Umi  >  3  for  m  >  3.  Thus  the 
smallest  eigenvalue  is  1.84118.  It  is  noted  that  the  terms  decay  quickly  as  n  and  m  increase. 
The  solution  is  dominated  by  the  first  few  terms  in  (35),  and  these  solutions  are  valid  for  u) 
not  equal  to  any  of  the  resonance  frequencies  (6„  =  (n  -H  |)7r  for  n  >  0)  of  the  cylinder. 

The  function  Ao{t)  is  as  yet  undetermined.  It  will  be  found  when  the  region  I  solution  is 
obtained.  It  may  be  noted  from  (35)  that  the  r-  and  0-dependence  of  Po  decays  exponentially 
fast  as  z  oo.  At  the  edge  of  the  transitional  layer. 


PU  ~  1-h  MPooit)  +  T  (^o(^)  -  000^7^^  cosoit) .  (37) 

The  velocities  in  region  II  are  found  from  the  pressure  field  in  (35)  using  (27)-(29),  and 
the  initial  condition  (17), 


11 


V2O  =  sin  cut  Ooo  —  ^  Jo(/^mO’‘) 

'771=1 

00  00  ^ 

-  53  S  t^mne~^"'’'"Jn{l^mnr){amn  COS  Tld  +  bmn  Siu  nd)  ,  (38) 

m=l  n=l  -* 

"  00  ^ 

VrO  =  sinCJt  ^  dmOf^mO^ 

.771=1 

00  00  ^ 

+  ^Y1  f^mne^^^^^Jnit^mnr){amn  COS  710  +  bmn  sin  710)  ,  (39) 

m=l  71=1  ‘ 

-t  r  oo  oo 

y^o  =  -  sincut  51  S  ne-^”'’'^-Jnif^mnr){-amn  sinne  +  bmn  cosn9)  .  (40) 

^  Lm=l  n=l 

Here  again,  one  may  observe  exponential  decay  of  the  r  and  6  solution  dependence  as 
2  — OO.  As  a  result,  the  amplitude  of  the  axial  speed  at  the  downstream  edge  of  the 
transitional  layer  depends  on  the  endwall  mass  addition  through  the  coefficient  coo  defined 
in  (36).  The  azimuthal  and  axial  velocities  (40)  and  (38)  do  not  satisfy  the  no-slip  condition 
(12).  A  viscous  boundary  layer  exists  along  the  sidev/all,  r  =  1,  and  will  be  investigated 
later.  Also,  the  solution  does  not  satisfy  the  no-slip  boundary  condition  on  the  endwall, 
z  =  0.  An  inviscid,  rotational  layer,  thinner  than  region  II,  exists  adjacent  to  the  endwall 
which  provides  a  transition  from  the  irrotational  velocities  in  (39)  and  (40)  to  the  no-slip 
condition  at  2  =  0.  This  region  will  also  be  described  later. 

The  decay  of  all  non-axisymmetric  flow  in  region  II  occurs  over  the  dimensional  length 

/ 

region  ^L'  —  R',  the  radius  of  the  cylinder.  In  the  non-axisymmetric  numerical  calculation 
of  Sabnis  et  al.  [7],  it  is  noted  that  the  asymmetry  of  the  flow  persists  only  in  a  region  less 
than  two  diameters  upstream  of  the  exit  plane,  where  a  non-axisymmetric  pressure  boundary 
condition  is  imposed. 

C.  Solution  to  the  Region  I  Wave  Equation 

Equation  (24)  can  now  be  used  to  And  the  acoustic  flow  solution  in  region  I,  subject  to 
the  initial  and  boundary  conditions; 
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(41) 


+  _  Q.  y  _  n 

^-0,  V,o-  -0, 

1  n 

"  =  '•  17  =  "- 


A  condition  at  2  =  0  is  derived  by  matching  the  solutions  in  regions  I  as  z  0  and  II  as 
z  -4  oo.  Equation  (38)  can  be  used  in  the  limit  z  — >■  oo  to  derive 

z  =  0;  Vzo  =  0,00  sin  ut.  (43) 

The  solution  to  (24)  with  (41)-(43)  is: 

.£2,  2u  ( u)  I 

Vzo  =  Goo  sinwt  +  ^  ^  —  sin  ujt  -  sin  >  sin  6„z  .  (44) 

n=0  "n~  ^  J  J 

where  =  (n  +  |)7r,  and  aoo,  defined  in  (36),  represents  a  non-dimensional  instantaneous 
mass  addition  due  to  the  velocity  endwall  condition.  It  is  noted  that  waves  will  propagate  in 
region  I  only  if  Coo  9^  0.  Equations  (21)  and  (44)  and  the  pressure  node  boundary  condition, 
(9),  can  be  used  to  find  the  pressure  field  in  region  I, 

.Po  =  -Oqo  (2  -  1)70;  cos  2  I  ^ 

n=0  On~  }  J 

The  pressure  in  region  I  near  the  edge  of  region  II,  found  from  (25)  and  (45), 

27a;  /  N 

P\z^o  =  1  +  Afcoo  7^  cos  ut  -  ^  — - -  —  cos  ut  -  cos  b„t 

L  V^n  Ji 

—M  [afjQZ'^u  coscjt]  -1-  0{z^).  (46) 


can  be  compared  with  (37)  to  find  the  unknown  function  Poo(^)  by  matching  the  order  M 
terms,  (46), 

-  .  .  r  ^  27a;  f  u^  ,  M  /  N 

Pqo  [t)  =  aoo  7^  cos  ut  -  y  — - r  —  cos  ut  -  cos  bnt  .  (47) 

L  J\ 

Finally,  the  term  Ao{t)  in  (35)  can  be  found  from  a  higher  order  solution  in  region  I  and 
matching  terms  at  order  y.  It  follows  that  Ao{t)  =  0. 

The  composite  asymptotic  solution  is  constructed  from  (25),  (35),  and  (47), 
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P(r,  z,  i)  =  1  +  Muqq 


2^UJ  (up"  r  \  -L 

-iz-  1)70;  cos  a;t-  rr - r  —  cos  ut  -  cos  bnt  cos  bnZ 

hl-u^\hl  )  J 


M 

+—JU  cosut 
0 


E  Mix  mO^  ) 

71=1 

+  Y1Y1  e~‘^''^^Jn{tXmnr){amn  COSuO  +  bmn  Smn9) 


00  00 


m=l  n=l 


+  0(M’). 


(48) 


D.  Determination  of  e 

Equations  (38)-(40)  can  be  used  to  find  the  unsteady  speed  on  the  cylinder  axis  (r  =  0), 

=  sin^  ut  [D{z)  +  5'^{A?{z)  cos^  9  +  2A{z)B{z)  sin  9cos9  +  B‘^{z)  sin^  9) 

9  -  2A{z)B{z)  sm9cos9  +  B'^{z)  cos^  9)  , 

where 

1  00 

^  m=l 
1  00 

B{Z)  =  -  E 

^  m=l 

Z?(z)  =  CLqq  • 

m=l 

y' 

On  the  axis,  the  fluid  speed  must  be  independent  of  9,  therefore  e  =  -^  must  be  such 

^rO 

that  the  speed  at  the  centerline  is  only  a  function  of  2.  A  ^-independent  function  along  the 
cylinder  axis  results  only  if  e  =  1,  such  that 

||V|p  =  sin2a;t  {d\z)  +  A^iz)  +  B^{z)) 

This  result  demonstrates  that  if  A{z)  and  B{z)  are  nonzero  then  there  is  flow  across  the 
centerline  of  the  cylinder.  The  function  £>(2)  corresponds  to  flow  in  the  z-direction.  Flow 
across  the  axis  of  the  cylinder  occurs  only  when  a^i  and  bmi  are  nonzero.  The  corresponding 
eigenfunctions,  sin  9  and  cos  9,  in  (36)  and  (38)— (40)  are  the  only  ^-dependent  eigenfunctions 
which  are  not  symmetric  about  the  center  of  the  cylinder  as  shown  in  Figure  3. 
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E.  Example  of  a  Flow  with  a  9-  and  r-Dependent  Endwall  Condition 

A  specific  endwall  condition  is  chosen  in  (7)  to  examine  more  closely  the  structure  of  the 
flow  in  this  region.  The  function  F{r,6)  =  r^(l  -  r)^sin^(|)  has  a  zero  radial  derivative  at 
both  r  =  0  and  r  =  1  which  permits  fast  convergence  of  its  Fourier  Bessel  series,  and  the 
azimuthal  part,  sin^(|)  is  positive  everywhere  and  non-axisymmetric.  It  follows  that  aoo  7^  0 
and  waves  will  propagate  in  region  I.  Figure  4  depicts  the  endwall  condition  for  a;  =  1  at 

L  2- 

Figure  5  shows  the  decaying  part  of  the  pressure  in  (35),  defined  as  Pd,  at  four  axial 
locations  within  region  II.  All  r  and  9  dependence  of  the  unsteady  pressure  is  contained  in 
the  terms  in  Pd-  These  terms  directly  relate  to  the  radial  and  azimuthal  velocities  as  in  (27) 
and  (28).  The  plot  shows  that  the  decay  of  Pd  is  very  rapid.  The  absolute  value  of  Pd  when 
£  =  1  is  84%  lower  than  analogous  pressure  at  z  =  0.01. 

Figures  6,  7,  and  8  show  two-dimensional  projections  of  the  largest  asymptotic  approxi¬ 
mation  to  the  velocity  vector  fields  on  either  the  cross-sectional  or  an  axial-radial  plane.  The 
dimensional  velocities  are  written  as 

v;  ~  (Ko,  +  ViojK'o  ~  K«K'o  +  Ko.n'o  ~  +  0( j). 

K  ~  {Ko,  +  Ko)Ko  ~  (%  +  '^'o)  ^'o  ~  +  0(i), 

K  ~  ~  +  0(M). 

where  the  steady  velocities  are  asymptotically  smaller  than  their  unsteady  counterparts, 
scaled  with  respect  to  V^q.  The  axial  steady  velocity  is  small  due  to  the  linear  z  dependence 
in  (13),  where  z  ~  |  in  region  II.  In  comparison,  the  radial  steady  velocity  is  on  the  order 
of  V%,  which  is  0(j)  smaller  than  V'^q,  the  scale  of  the  unsteady  radial  velocity. 

The  plots  in  Figures  6,  7,  and  8  are  based  on  a  20  term  truncated,  alternating  Fourier 
series  expansion  of  (38)-(40),  is  bounded  by  10“^. 

Figure  6  shows  a  two-dimensional  projection  of  the  vector  field  in  region  II  onto  the  cross- 
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sectional  plane  where  z  =  0.01.  Only  the  r  and  9  components  of  the  velocities  are  represented 
and  the  dimensional  lengths  of  the  arrow  vectors  in  the  plot  is  14o(^/o  +  Ko)^-  Figure  6 
shows  that  the  flow  is  symmetric  with  respect  to  a  horizontal  diameter  of  the  cylinder  from 
9  =  0  to  9  =  n,  but  not  symmetric  from  the  left  to  right  side  of  the  cylinder.  The  source  of 
the  flow,  located  at  r  =  ^  and  0  =  tt,  corresponds  to  the  point  of  highest  velocity  of  Figure  4. 
A  pattern  similar  to  the  vector  field  of  Figure  6  appears  for  larger  z,  however  with  a  smaller 
amplitude.  The  field  is  dominated  by  the  first  mode  of  the  Fourier  series  in  (39)  and  (40), 
hence  the  amplitude  of  the  vector  field  lines  decrease  exponentially. 

Figure  7  is  a  two-dimensional  projection  of  the  vector  field  in  region  II  onto  a  plane 
containing  the  axis  of  the  cylinder  at  the  location  9  =  0  and  9  =  tt.  The  variable  y  is  defined 
as  y  =  r  for  0  =  0  and  2/  =  -r  for  0  =  TT.  Only  the  r  and  z  components  of  the  velocities  are 
shown,  with  the  dimensional  magnitude  of  the  vector  field,  V^q{V^q  +  Ko)"-  Figure  7  shows 
that  there  is  flow  across  the  centerline  from  the  bottom  to  the  top.  There  is  flow  across 
the  centerline  of  the  cylinder  due  to  the  asymmetry  of  the  endwall  velocity  as  discussed 
earlier  in  this  section  and  in  Figure  3.  The  maximum  velocity  at  the  horizontal  line  y  = 
corresponds  to  the  region  of  high  velocity  of  the  endwall  condition  at  r  =  g  ^ud  ^  —  tt  of 

Figure  4. 

Figure  8  shows  a  two-dimensional  projection  of  the  velocity  vector  field  onto  a  plane 
containing  the  cylinder  axis  at  the  location  ^  =  f  and  0  =  -|.  The  variable  y  is  defined  as 
y  =  r  for  0  =  I  and  y  =  -r  for  0  =  -|.  As  in  Figure  7,  only  the  r  and  z  components  of  the 
velocities  are  shown,  and  the  dimensional  magnitude  is  the  same.  However,  since  the  length 
of  the  lines  in  each  plot  is  scaled  with  respect  to  the  maximum  velocity  in  the  plot,  the  actual 
magnitude  of  the  velocity  fields  in  Figures  7  and  8  differ.  The  symmetry  of  the  vector  field 
across  the  centerline  at  y  =  0  results  from  the  symmetry  of  the  endwall  condition.  As  with 
Figure  7,  the  vector  field  near  the  line  z  =  1,  is  composed  only  of  an  axial  velocity  because 
the  radial  and  azimuthal  velocities  decay  exponentially. 
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F.  Region  III:  Viscous  Boundary  Layer 


The  solutions  in  (38)  and  (40)  do  not  satisfy  the  no-slip  condition  in  (12)  along  the 
sidewall.  It  follows  that  a  viscous  boundary  layer  must  exist  adjacent  to  the  sidewall  in 
region  II. 

Region  III  is  similar  to  the  sidewall  transition  layer  of  Zhao  et  al.  [9],  when  the  sidewall 
Re 

blowing  condition - —  <C  1  is  used.  The  boundary  layer  here  must  be  resolved  using  a 

(52 

multiple  scale  analysis,  where  one  scale  is  on  the  order  of  the  distance  a  fluid  particle  moves 
during  one  cycle  of  the  endwall  oscillation,  and  the  other  scale  is  associated  with  a  viscous 
damping  scale. 

The  following  transformations  and  expansions. 


^  (5’ 

1  —  r  ■  1  —  r 

=  TT’  =  -T’ 

Vj-  ~  — 1  -h  M5V rO  "b  ■  ■  ■ } 

Vff  ~  5V QQ  H — —V +  •  •  • , 

Vz  '^Vzo  +  ■* - ’ 

M— 

P  ~  1  4-  MPoo{t)  H — T~Po  +  ■  ■ 

0 

P  ~  1  +  ~^Po  - ) 


(49) 


IVl  TLG’ 

are  employed  to  find  the  boundary  layer  equations,  where  /3  =  — — ,  Poo{t)  is  defined  in 
(47),  and  (“)  represents  variables  in  region  III.  It  is  important  to  recognize  the  limitation 
M  /3  -C  1  ensures  that  the  viscous  damping  length  scale  is  larger  than  the  second  scale 
associated  with  the  Mach  number.  The  relationship  M5  1  is  the  same  as  in  region  II,  and 
arises  to  ensure  that  the  leading  order  equations  are  linear. 

A  balance  of  pressure  and  convective  terms  is  used  to  find  the  0{M)  scaling  for  ri  while  a 
balance  between  second-order  convective  terms  with  the  leading-order  viscous  term  generates 
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the  definition  oi  ^.  Equation  (49)  can  be  used  in  (l)-(4),  with  the  limit  M  ->  0,  to  find  the 
leading  order  equations  in  region  III, 


dVeo 

+ 

dVzo 

=  0, 

(50) 

dO 

dz 

dPo 

dTo 

=  0, 

(51) 

dri 

dr2 

dVeo 

-H 

dVgo 

IdPo 

(52) 

dt 

dri 

7  d0  ’ 

dVei 

dt 

+ 

dVgi 

dri 

dVeo 

dr2 

d^Veo 
dri  ’ 

(53) 

dVzo 

-t- 

dVzo 

IdPo 

(54) 

dt 

dri 

7  dz  ’ 

dVzi 

dt 

-t- 

dVzi 

dri 

dVzo 

dr2 

dWzo 
dri  ■ 

(55) 

Equations  (50)  and  (51)  are  derived  from  (1)  and  (2)  respectively.  Equations  (52)  and 
(54)  are  the  leading-order  versions  of  (3)  and  (4),  while  (53)  and  (55)  are  the  corresponding 
second-order  approximations.  The  boundary  conditions  are  found  from  (^11)  and  (12), 

n  =  r2  =  0  V  zO  —  ^  BO  =  VrO  — 


The  region  III  solutions  in  the  limit  ri  oo  must  match  with  the  region  II  solutions  as 
r  ->  1, 


oo;  V zo  I4o 


r— >1 


V 00  ^  Voo 


r— >1 


V  rO  K- 


rO 


r— >-1 


(57) 


Equation  (50)  shows  that  the  boundary  layer  flow  is  incompressible,  as  in  region  II. 
Equation  (51)  implies  that  the  boundary  layer  pressure  is  equal  to  that  at  its  edge.  Therefore 

Po {z,  6,t)  =  lim  Po  =  -7^  cos  utH {z,  6) ,  (58) 


where 

OO  ^ 

H{z,9)  =  aooZ  +  ^  Joil^mo) 

m=l 

oo  00  ^ 

+  S  e"'"'"’*  V„(/Xmn)(amn  COS  TlO  -|-  bmn  siu  n9) 

m=l  n=l 
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is  obtained  by  taking  the  limit  of  (35)  as  r  ^  1. 

The  quasi-steady  solution  of  (52)  will  not  satisfy  the  initial  condition,  but  can  be  used  to 
find  the  general  properties  of  the  boundary  layer  structure.  The  complex  form  of  (58)  can 
be  used  in  (52),  with  Veo  =  Fe{n,r2, 6,  z)e^^  to  find 


iujFg  + 


dFg 


-Uj- 


dH 


(59) 


dn  ~  de' 

This  equation  is  compatible  with  the  no-slip  boundary  condition  in  (56),  and  the  solution  is 
given  by 


Fe 


Ciir2,9,z)e 


(60) 


The  smaller  radial-scale  behavior  of  Veo  is  found  using  (53).  The  form  V ei  = 
G{rx,r2,0,z)e^^  and  (60)  is  used  in  (53)  to  yield 

iuGg  +  ^  =  -^Ci(r2,  e,  z)e-^^’-^  -  cJ^Gi(r2, 6,  z)e-^^^  (61) 

OTi  '  ar2 

Secular  growth  of  the  solution  is  avoided  by  setting  the  right  hand  side  of  (61)  to  zero: 

=  (62) 
or2 

The  solution  to  (62)  is, 


Ci  =  C2{e,z)e-‘^ 


(63) 


It  follows  from  the  definition,  Veo  =  Fge^\  (60),  and  (63)  and  the  boundary  condition 
(56)  that 

Veo  =  Re  (exp(-a;^r2  -  iun)  “  ^)  |  > 

where  Re  is  the  real  part  of  the  solution.  Similarly,  the  solution  to  (54)  is  given  by 

V^o  =  Re  (exp(-a;V2  -  icuri)  -  l)| .  (65) 
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Ttie  ^  term  in  (64)  is  equivalent  to  the  azimuthal  region  II  velocity  in  (40)  as  r  — >■  1, 
and  the  ^  term  in  (65)  is  equivalent  to  the  region  II  axial  velocity  as  r  1. 

Finally  from  (50), 


V  to  — 


*  iujt 

le 


d‘^H\ 
dd‘^  ^  } 


(exp(— a;^r2  —  iuTi)  —  1 
—iu 


(66) 


Region  III  contains  a  transition  between  the  region  II  azimuthal,  radial  and  axial  velocities 
and  the  no-slip  boundary  condition  that  exists  at  the  sidewall  r  =  1.  In  the  limit  ri  ^  oo, 
(at  the  edge  of  the  boundary  layer),  F^o  ~  n.  The  edge  of  the  boundary  layer  acts  like  a 
source  or  sink  on  the  fluid  in  region  II. 

The  exponential  decay  effect  in  (64)-(66)  can  be  written  in  terms  of  the  radial  variable 
r  by  using  (49)  and  the  definition  of 


r  O  1 

u}^5^  \ 

exp  [-a;^r2j  =  exp 

The  boundary  layer  thickness  is  proportional  to  the  parameter  Re/u'^  S^.  For  a  fixed 
value  of  r  close  to  the  sidewall,  the  boundary  layer  thickness  decreases  when  Re,  M,  and 
CO  decrease,  and  S  increases.  In  contrast,  the  thickness  of  a  non-injected  viscous  acoustic 
boundary  layer  will  increase  with  a  decrease  in  Re. 

Interaction  of  the  sidewall  injection  and  axial  pressure  gradients  arising  from  endwall 
velocity  oscillation  produces  vorticity  in  region  III.  All  three  components  of  vorticity  exist 
here.  Azimuthal  and  axial  components,  proportional  to  the  inverse  of  the  Mach  number, 
provide  the  largest  contributions,  while  the  smaller  radial  component  is  0(1).  The  unsteady 
part  of  the  vorticity  in  region  III,  denoted  H,  decays  exponentially  away  from  the  sidewall, 
and  is  analogous  to  the  behavior  found  in  Zhao  et  al.  [9], 


Ofl  ~  exp(-a;V2  -  iu;ri)| , 

M  dri  M  [  dz  J 

- exp(-cx;^r2  -  iwri)!  , 

^  M  dri  M  \  dd  J 

a  ~  0(1), 
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where  (64)  and  (65)  have  been  employed. 

Figures  9  and  10  show  the  azimuthal  velocity  profiles  near  the  sidewall  at  several  values 
of  time.  The  graphs  reveal  the  multiple  scale  structure  of  the  boundary  layer  where  a  typical 
spatial  oscillation  wavelength  is  about  0.05  radial  units.  These  oscillations  in  V go  arise  from 
the  harmonic  variation  in  the  endwall  velocity  as  can  be  seen  from  the  iuri  term  in  (40).  The 
viscous  damping  is  sensitive  to  the  frequency  u.  For  example,  when  a;  =  1.0  the  boundary 
layer  thickness  is  about  18%  of  the  radius.  In  contrast,  when  u  =  0.8,  the  spatial  oscillations 
persist  to  about  25%  of  the  radius.  The  results  in  Figures  9  and  10  also  imply  that  the 
^-component  of  the  wall  shear  stresses  varies  significantly  in  amplitude  and  direction  during 
the  time  period  shown.  A  similar  result  is  found  from  the  axial  wall  shear  stress. 

G.  Satisfying  the  No-Slip  Boundary  Condition  on  the  Endwall 

The  radial  and  azimuthal  velocities  in  (39)  and  (40)  do  not  satisfy  the  no-slip  boundary 
condition  in  (8)  on  the  endwall  z  =  z  =  0.  One  might  expect  to  discover  a  classical 
“acoustic”  boundary  layer  between  the  wall  and  region  II  {z  =  0(1/5))  which  provides  a 
transition  from  the  irrotational  solution  in  (39)  and  (40)  to  the  no-slip  condition.  However, 
in  this  problem  with  “hard”  injection  from  the  endwall  viscous  effects  are  very  weak.  It  is 
found  that  the  no-slip  condition  can  be  satisfied  by  a  three-dimensional  rotational  solution 
to  an  inviscid  equation  (Cole  and  Aroesty  [10])  in  a  thin  transition  layer  of  axial  thickness 
z  =  0(M)  <0(1/5). 

The  fluid  dynamics  in  the  thin  layer  are  described  by  incompressible  Euler  equations  to  a 
first  approximation.  Radial  and  azimuthal  pressure  gradients,  derived  from  (35)  in  the  limit 
z  0,  drive  the  radial  and  azimuthal  momentum  equations  respectively.  Solutions  for  the 
radial  and  azimuthal  velocities  satisfy  matching  conditions  obtained  from  (39)  and  (40)  in  the 
limit  z  — )•  0  and  the  no-slip  condition  on  the  endwall.  These  solutions  are  derived  from  first- 
order  wave  equations  with  coefficients  that  vary  harmonically  in  time.  The  characteristics 
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(67) 


for  these  equations,  77  =constant,  are  described  by 

z  =  (1  -  cosut  -  77)  ■ 

u 

The  axial  location  of  the  vorticity  front,  77  =  0,  is  confined  to  a  region  z<2^  maxF(r,  d), 
given  the  harmonic  time-dependence  in  (67).  Beyond  the  front  the  flow  is  always  irrotational. 

Axial  gradients  of  the  radial  and  azimuthal  rotational  velocity  components  exhibit  non¬ 
uniformities  when  ut  =  0,  vr,  27r, . . ..  This  implies  that  a  thinner  fundamentally  viscous 
sublayer  is  needed  to  resolve  the  weak  singularity. 

The  rotational  analysis  near  the  endwall  shows  that  the  irrotational  results  in  Figure  6 
at  £  =  0.01  are  downstream  of  the  vorticity  front  as  long  as  MS  <  0.08.  There  are  similar 
implications  for  the  results  in  Figures  7-10. 

IV.  CONCLUSION 

Three-dimensional  flow  dynamics  in  a  cylinder  with  sidewall  mass  addition  have  been 
studied  to  examine  the  effect  of  a  time-harmonic,  non-axisymmetric,  axial  velocity  endwall 
boundary  condition  when  the  driving  frequency  is  close  to  those  of  the  first  few  axial  acoustic 
modes.  The  Navier-Stokes  equations  have  been  reduced  to  a  form  that  can  be  solved  ana¬ 
lytically.  An  asymptotic  analysis  based  on  a  small  axial  flow  Mach  number,  compatible  with 
a  large  aspect  ratio  cylinder  and  a  large  Reynolds  number,  is  used  to  derive  the  simplified 
equations.  The  non-axisymmetric  boundary  condition  induces  a  three-dimensional  flow  that 
is  confined  to  a  region  near  the  endwall  of  the  cylinder.  The  region’s  axial  length  scale  is  on 
the  order  of  the  cylinder  radius.  The  flow  in  this  core  region  is  incompressible,  inviscid,  and 
irrotational.  Due  to  the  incompressibility,  an  acoustic  flow  does  not  exist  in  this  region  for 
CO  =  0(1).  The  solutions  to  the  reduced  form  of  the  Navier-Stokes  equations  show  that; 

1.  The  unsteady  radial  and  azimuthal  velocities  vanish  exponentially  fast  and  the  flow 
becomes  planar  at  the  edge  of  the  region. 
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2.  The  time-dependent  behavior  of  the  axial  velocity  solution  at  the  downstream  edge  of 
the  three-dimensional  core  region  drives  the  planar  acoustic  waves  found  farther  down 
the  cylinder, 

3.  A  viscous  boundary  layer  exists  adjacent  to  the  sidewall.  Similar  to  the  flow  in  the  in¬ 
terior  core,  the  boundary  layer  is  incompressible.  It  is  also  weakly  viscous  and  contains 
all  three  components  of  vorticity. 

4.  A  very  thin  inviscid,  rotational  layer  exists  adjacent  to  the  endwall.  The  solution  for 
the  radial  and  azimuthal  velocities  satisfy  the  no-slip  boundary  condition. 

The  analysis  performed  here  is  similar  to  that  describing  compact  vortex  sound.  [12]  There 
is  an  analogy  between  region  II  and  the  incompressible  source  region  of  a  vortex,  where  the 
length  scale  of  the  source  region  is  much  smaller  than  that  of  the  acoustic  wavelength. 

Future  work  involves  studying  three-dimensional  flow  arising  from  a  transient  sidewall 
blowing  condition  that  is  0-dependent. 
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FIG.  1.  A  radial  cut  through  a  cylinder  of  length  L'  and  radius  R'.  There  is  a  (r',  t')-dependent 
cixial  velocity  distxurbance  at  the  endwcill  z'  =  0.  A  pressiure  node,  is  imposed  at  the  open  end, 
z'  —  L'.  On  the  sidewall  r'  =  R',  fluid  is  injected  at  a  constant  speed  VJ-V  The  aspect  ratio  is 


FIG.  2.  Flow  regions  within  the  cylindrical  vessel  investigated  in  this  work.  Zhao  et  al.[9]  studied 
region  I,  characterized  by  co-existing  rotational  and  planar  acoustic  flow.  Regions  II  and  III  are 
studied  in  the  present  work. 


FIG.  3.  A  graphical  representation  of  the  eigenfunctions  sin0  and  sin  20  in  the  region  II  of  the 
tube.  The  eigenfunction  sin0  is  not  symmetric  about  the  center  of  the  tube  because  no  diameter 
can  be  drawn  which  crosses  only  “-I-”  regions  or  only  regions.  The  eigenfunction  cos  9  is  also 
not  symmetric.  On  the  other  hand,  sin  20  is  symmetric,  as  are  sinn0,  and  cosn0,  n  >  2,  The  only 
flows  with  mass  across  the  centerline  as  those  with  a  nonzero  sin0  or  cos0  component,  (ami  or  bmi 
nonzero) . 


FIG.  4.  Example  endwall  condition:  Vz  =  r^{l  —  r)^.sin^(|)  sinwi,  for  a;  =  1  at  t  =  |. 

FIG.  5.  Axial  cross  sections  of  the  pressure  for  a;  =  1  and  f  =  f .  Only  the  decaying  part  of 
the  pressure  in  (35),  defined  as  Pd,  is  plotted  at  axial  locations  z  =  0.01,0.1,0.25  and  1.0.  The 
maximum  absolute  value  of  Pd  at  z  =  1.00  is  about  14%  of  the  analogous  value  at  z  =  0.01.  The 
parameter  values  are  6  =  20,  Re  =  10®,  and  M  =  0.01,  which  give  a  viscous  length  scale  at  the 
endwall  of  O(10~®). 


FIG.  6.  Two-dimensional  vector  field  plot  showing  only  the  radial  and  azimuthal  veloci¬ 
ties.  A  cross-section  is  taken  along  the  plane  z  =  0.01  for  the  endwall  velocity  condition: 

_  r)2sin^(|)sinc<;i  with  a;  =  1  and  t  =  The  symmetry  about  a  line  connecting 
0  =  0  and  0  =  TT,  corresponds  to  the  symmetry  in  the  endwall  velocity  condition.  There  is  net  flow 
firom  the  left  to  right  side  of  the  fine  connecting  0  =  f  and  0  =  -  f . 

FIG.  7.  Two-dimensional  vector  field  plot  showing  only  the  radial  and  axial  velocities.  A 
cross-section  is  taken  axially  with  0  =  0,  (for  values  y  >  0,  y  =  r),  and  0  =  tt,  (for  values 
y  <  0,  y  =  —f),  and  velocity  condition,  14  ==  ^^(l  —  r)^sin^(|)sina;t,  for  a;  =  1  and  t  =  -^ ■  There 
is  net  flow  from  the  bottom  to  the  top  of  the  plot,  representing  flow  across  the  centerline.  There  is 
a  region  of  high  velocity  near  y  =  -0.5,  which  is  due  to  the  high  flow  region  at  0  =  tt  and  r  =  ^  of 
Figure  4.  Nearly  planar  flow  is  found  near  z  =  1. 

FIG.  8.  Two-dimensional  vector  field  plot  showing  only  the  radial  and  axial  velocities.  The 
cross-section  shown  is  for  0  =  -f ,  (y  <  0,y  =  -r),  and  0  =  f ,  (y  >  0,y  =  r)  Again,  the  endwall 
velocity  condition  used  is  14  —  r^(l  —  r)^  sin^(^)  sinwt,  for  a;  =  1  and  t  =  ^.  Symmetry  with 
respect  to  the  centerline  in  this  plot  is  due  to  the  symmetry  of  the  endwall  velocity  condition  in 
Figure  4.  The  flow  near  z  =  1  is  nearly  planar. 

FIG.  9.  Azimuthal  velocity  profiles  near  the  sidewall,  r  =  1,  at  t  =  6,7.5,9,10.5,12,  for  a;  =  1, 
Re  =  10^,  S  =  20,  M  =  0.01,  z  =  0.01  and  0  =  f .  The  plot  shows  the  boundary  layer  structure 
through  almost  a  full  cycle  of  the  velocity  boundary  condition  in  7. 

FIG.  10.  Azimuthal  velocity  profiles  near  the  sidewall,  r  =  1,  at  t  =  6, 7.5, 9, 10.5, 12,  for  uj  =  0.8, 
Re  =  10^,  5  -20,  M  -  0.01,  z  =  0.01  and  0  =  f .  The  plot  shows  the  boundary  layer  structure 
through  three-quarters  of  a  cycle  of  the  velocity  boundary  condition  in  (7).  It  is  noted  that  the 
boundary  layer  thickness  is  larger  than  that  in  Figure  9,  where  w  =  1. 


Figure  2;  Staab  and  Kassoy 


Figure  3:  Staab  and  Kassoy 
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Figure  4:  Staab  and  Kassoy 


Figure  5:  Staab  and  Kassoy 


Figure  6:  Staab  and  Kassoy 
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Abstract 

A  mathematical  model  is  formulated  to  describe  the  initiation  and  evolu¬ 
tion  of  intense  unsteady  vorticity  in  a  low  Mach  number  (M),  weakly  viscous 
internal  flow  sustained  by  mass  addition  through  the  side  wall  of  a  long,  nar¬ 
row  cylinder.  An  0(M)  axial  acoustic  velocity  disturbance,  generated  by  a 
prescribed  harmonic  transient  endwall  velocity,  interacts  with  the  basically  in- 
viscid  rotational  steady  injected  flow  to  generate  time  dependent  vorticity  at 
the  side  wall.  The  steady  radial  velocity  component  convects  the  vorticity  into 
the  flow.  The  axial  velocity  associated  with  the  vorticity  field  varies  across  the 
cylinder  radius  and  in  particular  has  zm  instantaneous  oscillatory  spatial  distri¬ 
bution  with  a  characteristic  wave  length  0(M)  smaller  than  the  radius.  Weak 
viscous  effects  cause  the  vorticity  to  diffuse  on  the  small  radial  length  scale  as 
it  is  convected  from  the  wall  toward  the  axis.  The  magnitude  of  the  transient 
vorticity  field  is  larger  by  than  that  in  the  steady  flow. 

An  initial-boundary  value  formulation  is  employed  to  find  nonhnear  un¬ 
steady  solutions  when  a  pressure  node  exists  at  the  downstream  exit  of  the 
cylinder.  The  complete  velocity  consists  of  a  superposition  of  the  steady  flow, 
an  acoustic  (irrotational)  field  and  the  rotational  component,  all  of  the  same 
magnitude. 
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^Mailing  address:  Office  of  Academic  Affairs  B-40;  University  of  Colorado,  Boulder,  CO  80309 
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1  Introduction 

Intense  transient  vorticity  can  be  generated  in  a  tubular  internal  flow  by  an  interaction 
between  a  forced  acoustic  fleld  and  fluid  injected  normally  from  the  cylinder  sidewall. 
At  a  given  axial  location,  the  transient  axial  gradient  of  the  acoustic  pressure  drives 
time-dependent  wall  shear  stress  variations.  The  resulting  radial  gradient  in  the 
axial  speed  is  convected  into  the  cylinder  by  the  injected  flow  fleld  so  that  one  finds 
coexisting  irrotational  and  rotational  disturbances  of  the  same  magnitude. 

The  spatial  distribution  and  time-history  of  the  vorticity  depend  upon  the  cha.rac- 
teristic  amplitude  of  the  wall  injection  speed  (F/o),  the  length  {L')  and  radius  {R  )  of 
the  cylinder,  the  frequency  of  the  acoustic  forcing  (a;'),  and  the  fluid  properties.  It  fol¬ 
lows  that  the  crucial  nondimensional  parameters  include,  the  flow  Reynolds  (Re)  and 
Mach  (M)  numbers  along  with  the  aspect  ratio  (6)  and  a  frequency  (u),  all  defined 
below. 

The  intense  transient  vorticity  is  confined  to  a  viscous  acoustic  boundary  layer, 
small  in  transverse  dimension  with  respect  to  the  cylinder  radius,  when  the  wall 
injection  speed  is  sufficiently  small.  As  the  injection  rate  increases,  the  boundary 
layer  thickness  grows  and  the  importance  of  viscous  forces  is  reduced,  relative  to  the 
axial  pressure  gradient  eflfect.  Eventually,  the  boundary  layer  concept  is  invalid,  the 
flow  is  only  weakly  viscous  and  transient  vorticity  is  present  throughout  the  cylinder. 
The  objective  of  the  present  work  is  to  describe  a  mathematical  formulation  based 
on  perturbation  methods,  valid  for  wall  injection  rates  sufficiently  large  to  preclude 
the  viability  of  the  viscous  acoustic  boundary  layer  model.  Solutions  to  the  model 
describe  the  time-history  of  the  coexisting  acoustic  and  rotational  flow  fields. 

Flandro  (1974)  provides  an  early  assessment  of  the  importance  of  vorticity  in  an 
acoustic  boundary  layer.  He  studies  the  impact  of  a  small  axial  pressure  gradient, 
varving  harmonically  in  time,  on  the  viscous  processes  occuring  adjacent  to  a  surface 
from  which  a  steady,  spatially  uniform  transverse  injection  occurs.  A  linear  equation 
for  axial  velocity  contains  a  balance  of  convection,  pressure  gradient  forces  and  viscous 
diffusion.  The  solution  describes  a  shear  wave  convecting  away  from  the  wall,  with 
an  amplitude  that  is  damped  by  viscous  effects.  One  finds  intense,  transient  vorticity 
in  the  boundary  layer,  relative  to  the  weaker  steady  vorticity  associated  with  the 
inviscid,  rotational  Culick  (1966)  solution  valid  beyond  the  boundary  layer.  The 

solution  is  valid  only  when  the  small  injection  Mach  number  =  0(R^  ^  )  where 

>  1  is  the  appropriate  acoustic  Reynolds  number  for  the  chamber.  Related  work 
has  been  described  by  Tien  (1972)  and  Flandro  (1986). 

Important  extensions  of  Flandro ’s  concepts  have  been  developed  by  Zinn  and 
coworkers  (  Hegde  et.  al.,  1986,  Hegde  and  Zinn,  1986,  Sankar  et.  al.,  1988a,b,  Chen 
et.  al.,  1990,  Matta  and  Zinn  1993)  in  the  context  of  acoustic  boundary  layers  that  are 
thin  relative  to  the  transverse  dimension  of  the  internal  flow.  These  research  efforts 
are  motivated  by  the  need  to  understand  how  energy  is  transferred  from  the  axial 
acoustic  field  to  the  fluid  injected  from  the  sidewall  as  the  latter  is  turned  toward 
the  axial  flow  direction  from  its  initially  transverse  motion  (  flow  turning).  Hegde 
et.  al.  (1986)  recognized  explicitly  that  for  sufficiently  large  injection  rates,  “...the 
boundary  layer  may  encompass  a  significant  portion  of  the  duct...”  and  that  in  this 
case  “...viscous  effects  must  then  be  included  in  the  analysis  of  the  (entire  chamber)” . 
However,  there  was  no  specific  modeling  of  this  particular  situation.^ 

The  pervasive  presence  of  rotational  disturbances  throughout  an  injected  internal 
flow  was  first  demonstrated  in  the  experiments  of  Brown  et.  al.  (1986a,b),  Brown 
(1986)  and,  Brown  and  Schaeffer  (1992).  They  injected  gas  through  the  porous  side- 
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wall  of  a  cylinder/nozzle  configuration.  A  periodic  mass  injection  technique  is  used 
to  induce  single  frequency  disturbances  into  the  system.  Hot  wire  measurements 
of  the  time-averaged  axial  velocity  field  at  numerous  axial  and  radial  locations  are 
used  to  show  that  large,  local  radial  gradients  of  the  time-averaged  axial  velocity  are 
present  across  the  entire  cylinder  cross  section,  with  a  characteristic  length  scale  far 
smaller  than  the  radius.  The  associated  radial  spatial  oscillations  in  the  apdal  speed 
are  not  compatible  with  profiles  predicted  by  a  traditional  acoustic  analysis,  (Culick 
and  Yang  1992),  although  associated  pressure  variations  appear  to  be  purely  acoustic 
in  character.  The  experimental  observations  suggest  that  the  need  for  a  mathematical 
model  of  the  disturbed,  sidewall  injected  flow  system  that  can  deal  with  coexisting 
acoustic  and  rotational  flow  processes  throughout  the  chamber  geometry,  as  well  as 
resolve  transverse  flow  processes  on  radial  length  scales  short  with  respect  to  the 
overall  transverse  dimension  of  the  chamber  geometry. 

Vuillot  and  Avalon  (1991)  and  Vuillot  (1995)  have  repeatedly  emphasized  the 
importance  of  vorticity  in  these  injected  internal  unsteady  flows.  They  point  out 
that  the  assumptions  built  into  the  acoustic  stability  theory  reviewed  extensively  by 
Culick  and  Yang  (1992)  have  the  effect  of  “. . .  cancelling  all  trace  of  vorticity  of  the 
flows”.  In  particular,  the  velocity  perturbation  is  proportional  to  the  gradient  of 
the  pressure  perturbation.  Clearly,  an  irrotational  formulation  cannot  account  for 
the  highly  rotational,  unsteady  flow  field  observed  in  experiments,  and  seen  in  the 
computational  results  described  below. 

Flandro  and  Roach  (1992)  describe  an  initial  attempt  at  developing  an  analytically 
based  model  of  the  Brown  and  coworker  experiments.  A  more  complete  version  is 
given  in  Flandro  (1995a)  where  a  theory  is  developed  for  coexisting  transient  vorticity 
and  acoustic  waves  throughout  a  cylindrical  chamber.  The  steady,  inviscid  rotational 
Culick  (1966)  solution,  associated  with  a  uniform  injection  Mach  number  Mj,  <  1, 
is  disturbed  by  a  smaller  0(e)  acoustic  velocity  that  varies  harmonically  in  time. 
Perturbation  methods  valid  for  Af),  — >  0  and  a  linear  stability  approach  are  used  to 
derive  an  inviscid,  linear,  small  disturbance  equation  for  the  rotational  part  of  the 
axial  velocity,  which  is  assumed  to  have  quasi-steady  time  dependence. 

The  solution  satisfies  the  no-slip  condition  on  the  sidewall,  and  symmetry  con¬ 
ditions  on  the  axis.  The  equation  itself  can  be  used  to  show  that  the  amplitude  of 
the  vorticitv  generated  at  the  sidewall  surface  is  0(e/iVfj )  relative  to  the  vorticity 
associated  with  the  steady  Culick  profiles.  Hence  for  sufficiently  large  values  of  e  the 
transient  vorticity  can  be  more  intense  than  is  the  steady  field  vorticity.  The  rota¬ 
tional  axial  velocity  solution  is  characterized  by  shear  waves  of  small  radial  length 
scale  that  are  convected  into  the  cylinder  by  the  steady  Culick  velocity  components. 
The  time-averaged  axial  velocity  variation  with  radius  is  qualitatively  similar  to  the 
spatial  oscillations  observed  experimentally  by  Brown  and  co-workers. 

Flandro(  1995a)  notes  that  viscous  effects  will  have  a  minor  impact  on  the  inviscid 
rotational  solution  for  the  vorticity  distribution,  using  an  argument  based  on  his 
earlier  viscous  acoustic  boundary  layer  theory,  Flandro(1974).  That  work  is  valid 
mathematically  only  adjacent  to  the  injection  surface  because  the  transverse  speed  is 
assumed  to  be  constant.  Hence  it  appears  unlikely  that  the  results  can  be  applied  to 
the  entire  cylinder,  where  the  radial  speed  must  vanish  at  the  centerline. 

A  more  systematic  effort  is  made  to  consider  the  impact  of  viscosity  in  Flandro 
(1995b),  in  the  context  of  small  disturbance,  linear  stability  theory.  As  in  the  previous 
paper  the  asymptotic  methods,  valid  for  Mf,  — >  0,  are  applied  in  an  intuitive  manner. 
It  is  not  always  apparent  why  terms  in  equations  are  included  or  neglected.  The 
results  of  the  linear  analysis  suggest  that  viscous  effects  are  most  important  near  the 
centerline  of  the  cylinder,  a  result  quite  different  from  conclusions  of  the  present  work. 
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Majdalani  and  Van  Moorhem  (1996)  also  describe  a  small  disturbance,  linear  sta¬ 
bility  theory  that  includes  the  impact  of  viscosity  on  the  vorticity  distribution.  Their 
formulation  is  based  on  a  limit  of  large  acoustic  Reynolds  number  with  the  injection 
Mach  number,  Mb  fixed.  Solutions  are  assumed  to  have  quasi-steady  time  depen¬ 
dence.  The  results  can  be  interpreted  to  mean  that  vorticity  is  weak  but  pervasive 
throughout  the  cylindrical  flow. 

Significant  efforts  have  been  made  to  develop  multidimensional  coniputational 
models  for  wall  injected  internal  flow  including  the  resolution  of  the  identifiable 
layers  containing  rotational  flow.  Baum  and  Levine  (1987)  used  the  Navier-Stokes 
(N.S.)equations  to  evaluate  the  internal  flow  response  to  imposed  disturbances.  Baum 
(1989,  1990)  has  used  the  Reynolds  averaged  compressible  Navier-Stokes  equations, 
including  k  —  e  model,  to  carry  out  initial  value  solutions  for  the  transient  flow  in  a 
cvlindrical  geometry.  Sidewall  injection  is  steady  and  uniform  and  disturbances  are 
created  by  a  prescribed  harmonic  variation  of  the  axial  speed  on  the  endwall  (piston 
effect).  Results  are  obtained  for  Ra  =  3(10^)  and  Mb  =  2.2(10-3).  Acoustic  bound¬ 
ary  lavers  adjacent  to  the  injecting  surface,  containing  significant  radial  gradients  of 
the  axial  velocity,  appear  to  be  quite  thin,  usually  confined  to  a  few  percent  of  the 
cylinder  radius.  In  one  case  vorticity  is  seen  as  far  as  about  20%  of  the  radius  from 
the  sidewall.  These  results  are  quite  different  from  the  experimental  observations  of 
Brown  and  co-workers  which  appear  to  include  coexisting  vorticity  and  acoustic  waves 
across  the  entire  cylinder.  The  difference  likely  rises  from  (a)  the  distribution  of  grid 
points  across  the  cylinder  (most  are  packed  close  to  the  sidewall  in  anticipation  of 
traditional  acoustic  boundary  layer  behavior),  and  (b)  short  run  times  (not  enough 
time  has  elapsed  after  the  introduction  of  the  disturbance  to  convect  the  vorticity 
generated  at  the  sidewall  very  far  out  into  the  cylinder).  The  former  condition  im¬ 
plies  that  the  computation  can  resolve  the  short  length  scale  radial  gradients  only 
in  the  vicinity  of  the  sidewall.  Even  if  the  vorticity  convects  beyond  the  region  with 
sufficient  grid  resolution,  its  presence  cannot  be  discriminated  by  the  larger  grids  in 
the  central  portion  of  the  cylinder.  .  . 

Vuillot  and  Avalon  (1991)  use  laminar  Navier-Stokes  equations  to  develop  an  ini¬ 
tial  value  study  for  flow  in  a  planar  rectangular  chamber  where  a  prescribed  hamionic 
disturbance  in  pressure  is  applied  on  the  exit  plane.  The  calculation  is  carried  out 
for  Ra  =  3(10^)  and  Mb  =  0.0098,  corresponding  to  a  relatively  viscous  system.  Here 
again  the  transverse  gridding  is  packed  near  the  wall,  although  a  finer  resolution  is 
present  further  out  into  the  field  than  in  the  Baum  work.  The  computation  tiines  are 
long  enough  for  the  vorticity  generated  at  the  wall  to  reach  the  centerline.  Significant 
transverse  gradients  in  the  axial  velocity  (vorticity)  are  found  out  to  about  50%  of 
the  half  height  of  the  rectangle. 

Smith,  Roach  and  Flandro  (1993)  also  find  vorticity  present  in  a  large  portion  a 
cylindrical  geometry.  Their  computation  is  done  to  simulate  the  Brown  and  co-worker 
experiments.  Significant  radial  gradients  in  the  axial  velocity  ^e  seen  about  half  way 
out  toward  the  centerline.  Here  again,  the  run  times  are  sufficiently  long  to  move  the 
vorticity  well  away  from  the  injection  surface,  and  the  gridding  distribution  enables 
it  to  be  resolved,  at  least  part  way  out  into  the  cylinder.  The  authors  suggest  that 
the  spatial  resolution  may  not  be  adequate  further  out  into  the  cylinder. 

Acoustic  processes  in  a  thermally  active  internal  flow  with  combustion  have  been 
studied  computationally  by  Tseng,  et.  al.(1994),  based  on  the  use  of  the  compressible 
N.S.  equations.  Steady,  spatially  uniform  injection  of  a  propane-air  mixture  occurs  at 
the  porous  sidewall  of  a  planar,  rectangular  geometry.  A  small  (2%,)  time-dependent 
harmonic  pressure  disturbance  is  applied  at  either  the  head  end  (traveling  wave  so¬ 
lutions)  or  the  exit  plane  (standing  wave  solutions)  of  the  chamber.  Vorticity,  as 
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represented  by  large  transverse  gradients  in  the  axial  velocity,  is  found  in  a  thin  layer 
near  the  injecting  surface,  on  the  order  of  10-15%  of  the  channel  half  height.  This 
confinement  of  the  rotational  fiow  distribution  is  due  in  part  to  short  run  times  and 
in  part  to  a  coarse  grid  distribution  in  the  central  portion  of  the  rectangle.  It  is 
important  to  note  that  flame  resolution  requires  a  significant  number  of  points  near 
the  injection  surface,  and  not  surprisingly  the  vorticity  is  seen  most  strongly  in  this 
highly  resolved  region. 

Roh  and  Yang  (1995)  have  done  a  similar  computation  for  combustion  processes 
associated  with  double  base  propellants.  Longer  run  times  and  better  spatial  res¬ 
olution  leads  to  the  appearence  of  vorticity  through  75%  of  the  half  height  of  the 

rectangular  height.  j.  •  i  x-  i 

The  modelling  in  the  present  paper  is  described  in  terms  of  a  quasi-analytical, 
asymptotic  analysis  for  an  initial-boundary  value  problem  with  imposed  boundary 
disturbances  of  significant  magnitude.  In  contrast  to  the  previously  cited  small  dis¬ 
turbance,  linear  stability-based  theories  with  quasi-steady  time  dependence,  we  study 
an  evolving  fully  transient  flow  including  the  complete  acoustic  field  compatible  with 
the  cylindrical  geometry  and  imposed  boundary  conditions. 

Our  work  focuses  on  the  fluid  dynamics  occuring  in  the  finite  length  {L  )  cylinder  of 
radius  R'  with  one  open  end.  Steady  radial  mass  addition  from  the  sidewall  creates 
a  primarily  inviscid  rotational  internal  flow  which  is  affected  weakly  by  viscosity 
(Taylor  1956,  Culick  1966).  The  characteristic  axial  fiow  Reynolds  number,  and  the 
axial  flow  Mach  number  are  large  and  small  respectively.  The  “large”  or  “m^sive” 
injection  velocity  needed  to  diminish  the  significance  of  viscosity  near  the  sidewall 
has  been  considered  in  the  context  of  injected  boundary  layer  theory  by  Cole  and 

Aroesty  (1968).  j  j  j  x 

Imposed  time-dependent  axial  velocity  disturbances  on  the  closed  end  add  tran¬ 
sient  energy  to  the  internal  flow  and  generate  an  acoustic  field  present  throughout 
the  cylinder.  The  characteristic  magnitude  of  the  imposed  disturbpce  is  chosen  to 
be  the  same  as  that  of  the  steady  injection  induced  axial  velocity  in  order  to  study 
a  relatively  large  transient  response  of  the  system.  Axial  acoustic  waves  interact 
with  injected  fluid  particles  to  create  intense  transient,  axially  distributed  vorticity 
on  the  sidewall,  far  larger  than  that  of  the  primarily  inviscid  steady  rotational  flow 
produced  by  the  sidewall  injection  alone.  The  vorticity  is  convected  into  the  cylinder 
along  pathlines  associated  with  the  internal  flow. 

The  transient  vorticity  is  confined  to  a  weakly  viscous  “transition  layer”  adjacent 
to  the  wall  for  sufficiently  small  values  of  the  wall  injection  speed.  This  layer  thickness 
is  large  compared  to  a  viscous  acoustic  layer,  but  smaller  than  the  cylinder  radius. 
The  convected  vorticity  is  diffused  on  a  transverse  scale  that  is  small  compared  to  the 
transition  laver  dimension.  However,  over  the  latter  scale,  the  accumulated  impact  of 
weak  difi'usion  damps  out  the  intense  transient  vorticity.  Beyond  the  transition  layer 
one  finds  a  “core”  flow  consisting  of  the  irrotational  acoustic  field  and  the  less  intense 
steady  vorticity. 

Transient  vorticity  is  present  throughout  the  cylinder  when  the  wall  injection  speed 
is  sufficiently  large,  as  defined  explicitly  by  the  model.  In  this  case  the  transient  flow 
field  is  weakly  viscous  across  the  entire  cylinder.  Again,  vorticity  is  diffused  on  a 
short  length  scale,  but  the  accumulated  viscous  damping  is  not  sufficient  to  prevent 
the  eventual  appearence  of  vorticity  at  all  radial  locations  except  on  the  axis,  where 
symmetry  requires  a  zero  vorticity  value. 

The  mathematical  model  is  formulated  in  terms  of  an  initial  value  problem  with  ex¬ 
plicit  time-dependent  forcing  conditions  on  the  closed  end  of  the  cylinder.  A  multiple 
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scale  approach  is  used  to  describe  coexisting  phenomena  (steady,  inyiscid  rotational 
flow  field;  planar,  irrotational  acoustic  wave  field;  transient,  weakly  viscous  rotational 
flow  field)  evolving  simultaneously  on  two,  disparate  transverse  dimensions. 

Solutions  for  the  transition  layer/core  model  are  given  in  analytical  terms,  based 
on  asymptotic  expansions  in  the  small  axial  flow  Mach  number  (M).  The  planar 
acoustic  pressure  and  axial  velocity  solutions  are  eigenfunction  expansions  appro¬ 
priate  to  the  geometry  and  prescribed  boundary  conditions.  Both  nonresonant  and 
resonant  cases  are  included.  The  axial  speed  in  the  transition  layer  depends  upon 
two  transverse  variables  of  disparate  size.  A  small  scale  variable  is  used  to  describe 
relative  short  wave  length  spatial  oscillations  embedded  within  the  transition  layer. 
The  amplitude  of  the  oscillations,  dependent  on  the  larger  scale  variable,  vanishes 
exponentially  fast  as  the  transition  layer  edge  is  approached.  Asymptotic  properties 
of  the  solution  are  used  to  define  the  parameter  conditions  for  which  the  tpnsition 
layer/core  concept  fails,  and  for  which  vorticity  can  be  present  across  the  entire  cylin¬ 
der.  .  . 

A  multiple  scale  approach  is  used  to  formulate  the  model  for  the  co-existmg  acous¬ 
tic  and  rotational  flow  fields  that  evolve  simultaneously  in  the  cylinder  when  vorticity 
may  be  present  at  all  radial  locations.  Planar  acoustic  solutions,  composed  of  a  forced 
mode  and  eigenmodes,  are  derived  from  a  linear  wave  equation  driven  by  a  forced 
endwall  boundary  condition.  The  lowest  order  rotational  part  of  the  axial  speed  field 
is  described  by  an  invscid,  linear  first  order  wave  equation.  The  latter  implies  that 
vorticity  generated  at  the  sidewall  by  an  axial  pressure  gradient/injected  fluid  inter¬ 
action  IS  convected  toward  the  cylinder  axis  by  the  radial  component  of  the  injected 
flow  field.  For  sufficiently  small  times  a  sharp  front  separates  the  intense  transient 
vorticity  initiated  at  the'wall  from  the  much  weaker  steady  vorticity  of  the  Culick 
(1966)  solution.  Eventually,  the  front  location  asymptotes  to  the  cylinder  axis  and 
vorticity  is  present  everywhere. 

Although  the  lowest  order  vorticity  transport  process  is  described  by  an  inviscid 
equation,  a  higher  order  analysis  is  used  to  prove  that  weak  viscous  and  nonlinear 
effects  are  pervasive  in  the  flow  field  for  useful  values  of  the  significant  pararneters, 
including  the  relatively  large  boundary  disturbance  considered  here.  In  particular, 
vorticity  is  diffused  by  viscosity  on  a  length  scale  short  compared  with  the  cylinder 
radius.  The  complete  initial  value  solution  for  the  rotational  part  of  the  axial  speed  is 
derived  from  a  nonlinear  diffusion  equation  using  both  a  truncated  dynamical  system 
(Wang  and  Kassoy  1990  a,b,c,  1992a,b,  1995)  and  direct  numerical  computations. 
Results  are  given  for  several  parameter  values  and  at  various  locations  in  the  cylinder 
In  particular,  one  may  understand  how  the  energy  input  at  the  endwall  is  partitioned 
between  the  acoustic  and  rotational  components  of  the  flow  field. 

Evaluation  and  interpretation  of  the  results  show  that  a  complex  vorticity  dis¬ 
tribution  is  present  throughout  the  cylinder  sufficiently  long  after  the  disturbance  is 
initiated  at  the  endwall.  In  part  the  spatial  variations  result  from  the  inclusion  of 
numerous  Fourier  modes  in  the  acoustic  solutions  that  are  responsible  for  the  ap- 
pearence  of  the  vorticity.  Fully  computational  methods  are  used  by  Kirkkopru  et. 
al.  (1995,  1996a,b)  to  provide  supporting  evidence  for  the  solutions  found  here  by 
quasianalytical  means. 
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2  Mathematical  Formulation 

An  internal  flow  arising  from  time-invariant  side  wall  mass  addition  in  a  cylindrical 
tube  of  length  L'  and  diameter  D'  is  shown  schematically  in  Figure  1.  The  oscillatory 
end  wall  disturbance  in  the  axial  speed  K  is  the  source  of  acoustic  waves  in  the 
cylinder.  A  pressure  node  boundary  condition  is  assumed  at  the  downstream  end  of 
the  tube. 

The  complete  non-dimensional  equations  describing  the  fluid  dynamics  and  acous¬ 
tics  for  an  axisymmetric  system  can  be  written  in  the  form 


dt 
DVr 
^  Dt 


DV, 

’  Dt 


pC, 


DT 

Dt 


+  M 


IdjprVr)  djpV.) 
r  dr  dz 


-6 


dr  Re\dz^ 


=  0, 

1  dVr 


_ r  ^ 

(5^  dz  dr 


-  d 


aVr 

dr 


1 

■  3 

.,M 


'1  a(rv;)  ^ 

r  dr  dz 


1  dP 
')M  dz  Re 


M  d 

^^Re  dz^ 


-(7  -  l)MP 
7 


P 
r 

\ 

dV,  1 
dz  3 

\ 

1  djrVr) 
r  dr 


1  dVr  dV, 
dz  dr 
IdjrVr)  dv; 
r  dr  dz 


2a 

+  — 
r 

d 


aK  _K 

dr  r 
1  dVr 


_ r  ^ 

62  dz  dr 


+ 


dz 


Re  Pr 


J.£  (kT?T\  +  11  kr^ 

Prdz[  dz  Tdr[  dr. 


_ 


P  =  pT 


(1) 


(2) 


(3) 


(4) 

(5) 


where 


D 

Dt 


^  d  d^ 

L  uT  dz  j 


and  $  is  the  viscous  dissipation  function.  The  non-dimensional  variables  are  defined 
in  terms  of  dimensional  quantities  (with  a  prime)  by 


o  o'  T'  V  V 

^  "  P—  ^  T  —  T/—  —H  V  —  — 5- 

p  —  ~ri  r  —  —Ti-L  —  ,  ^  Vr  —  1  V z  —  -.r!  1 

PO  PO  -‘O  '^rO  ^zO 

cL 


,-L.r--t--k--a=^C=-^ 


(6) 


The  reference  value  is  the  initial  static  pressure  in  the  cylinder,  while  the  analogous 
density  and  temperature  values  Tg  respectively  represent  properties  of  the  injected 
fluid.  The  known  characteristic  injection  speed  VIq  is  related  to  the  derived  charac¬ 
teristic  axial  speed  V^'g  by  the  approximate  mass  conservation  relationship  V^g  =  6V^. 
Here,  the  large  aspect  ratio  6  =  >  1  and  i?'  is  the  tube  radius.  Characteristic 
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length  scales  for  the  axial  and  radial  variables  are  defined  by  L'  and  R'  respectively. 
Time  is  nondimensionalized  with  respect  to  the  axial  acoustic  time  =  ^,  where 

is  the  characteristic  sound  speed.  The  reference  material  properties 
fco,  Hq  and  C'^q  are  defined  at  temperature  The  parameter  7  is  the  ratio  of  specific 
heats  and 


Re  = 


pW  ^ f^'pCpo 


Po 


k'. 


,M  = 


Cn’ 


(7) 


where  typically  the  Prandtl  number  Pr=  0(1),  the  axial  Mach  number  M  <  1  and 
the  axial  flow  Reynolds  number  Re  It  is  noted  that  the  Reynolds  number  used 
here  is  0(M)  smaller  than  the  acoustic  Reynolds  number.  .... 

Initially,  a  steady  flow  exists  in  the  cylinder,  driven  by  spatially  distributed  normal 
injection  from  the  wall  where  the  no-slip  condition  is  satisfied.  Symmetry  prevails 
along  the  axis.  The  mathematical  form  of  the  steady  flow  boundary  conditions  may 
be  written  as 


r  =  0;  K  =  ^  =  0,  r  =  l;  K  =  -V;.(^),  V;  =  0,T=1  (8) 

dr 

Z  =  0;  y^  =  0,  Z  =  l;  P  =  l.  (9) 

The  steady  flow  is  disturbed  at  z  =  0  by  imposing  a  harmonic  end  wall  axial 
velocity  variation  that  is  independent  of  the  radial  coordinate; 

2  =  0;  =  A  sin  u)t,  t  >  0;  0  <  r  <  1,  (10) 

where  the  amplitude  A=0(1). 

It  should  be  noted  that  the  imposed  end  wall  disturbance,  of  the  same  order 
of  magnitude  as  that  of  the  steady  axial  speed,  is  the  source  of  mechanical  and 
thermodynamical  disturbances  of  like  magnitude  in  the  gas.  These  relatively  large 
variations  are  described  by  a  weakly  nonlinear  theory  that  differs  from  the  small 
disturbance  theory  used  by  Flandro  (1995).  ^ 

The  sidewall  injection  is  strong  in  the  sense  that  V^q  '>  (Cole  and  Aroesty 

1968),  which  implies  that  the  parameter  combination  seen  in  (2)  and  (3),  5^ /Re  <  1. 
The  hard  blowing  condition  implies  that  the  flow  is  basically  inviscid,  even  near  the 
injecting  surface,  so  that  no  acoustic  boundary  layer  is  expected. 


3  Steady  State  Flow 

The  steady  state  flow  generated  by  time  independent  mass  addition  on  the  side  wall 
can  be  described  in  terms  of  the  asymptotic  expansions: 

(P,p,T)  ~  1  +  M^{Pqs,P03,Tqs)  +  o{M^),  (14,  v;)  ~  (V;oi,Ko^)  +  o(l);(ll) 

valid  in  the  limit  M  0.  Equation  (11)  can  be  used  in  (1)— (5)  to  find  the  leading  or¬ 
der  equations  describing  an  incompressible,  inviscid,  rotational  flow  that  satisfies  the 
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no-slip  and  injection  boundary  conditions  on  the  side  wall  and  symmetry  conditions 
on  the  axis,  given  in  (8)  and  (9) 


1  a(rKo.)  dVa.  _ 

(12) 

T  dr  dz 

Pos  =  ■Po^(^) 

(13) 

,,  dV^Os  ,  dV,os  1  dPo. 

Vk,.  +V;0.  ^  g^. 

(14) 

^2 

The  transport  terms  are  excluded  from  the  leading  order  equations  because  <  1- 
Equation  (13)  arises  because  the  aspect  ratio  Solutions  for  the  radial  and 

axial  velocity,  as  well  as  the  pressure  distribution  can  be  written  in  the  form 

Vki,  =  Ko,  =  (>r  j’  V„(T)d?j  cos(|r2),  (15) 

Fo,  =  7”-^  j'  [vr«,(i)  V;u,(7)<iTj  dz,  (16) 

where  -Vrw{z)  7^  0  is  an  arbitary  time-independent  side  wall  injection  distribution. 
Related  solutions  can  be  found  in  Culick  (1966).  It  should  be  noted  that  Balakrishnan 
et  al.(1991)  obtained  a  fully  compressible  solution  valid  for  M  =  0(1)  <  1. 


4  Core/Transition  Layer  Solutions 

Flandro’s  (1974)  viscous  acoustic  boundary  layer  theory  describes  intense,  transient 

vorticity  generation  and  evolution  in  a  layer  of  nondimensional  thickness  0{R^^) 
where  the  acoustic  Reynolds  number  Ra  =  RcfM  ^  1.  The  solution  is  valid  formally 

for  a  small  injection  Mach  number  Mb  =  0(72^^). 

It  is  of  interest  to  develop  a  theory  for  larger  injection  rates,  when  the  transverse 
dimension  of  the  layer  containing  vorticity  remains  smaller  than  the  radius  of  the 
cylinder,  but  is  larger  than  that  permitted  by  Flandro’s  (1974)  model.  The  conceptual 
approach  focuses  first  on  a  central  ‘‘core” region  containing  the  weak  vorticity  of  the 
steadv  solutions  in  (15)  and  (16)  and  irrotational,  linear  acoustic  disturbances  of 
the  same  magnitude,  driven  by  the  prescribed  end  wall  disturbances  in  (10).  The 
thinner  transition  layer  contains  the  intense,  transient  vorticity.  A  multiple  length 
scale  asymptotic  analysis,  used  to  develop  the  solutions,  describes  how  weak  but 
pervasive  viscosity  affects  the  flow  physics  in  the  transition  layer. 

The  asymptotic  expansions  for  the  unsteady  core  flow  can  be  written  as 

{P,p,T)^l  +  M^M^iPn,Pn,Tn\  (V., K)  ~  ^ M"(K„, Kn);  (17) 

n=0  71=0 

in  the  limit  M  ->  0.  Equation  (17)  can  be  used  in  (1)— (5)  to  derive  the  lowest  order 
equations,  valid  in  the  limit  M  — »•  0,  with  0; 

dpo  1  djrVro)  d{V,o)  ^ 

dt  r  dr  dz  '  ^  ^ 
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(19) 


f  =  (7-l)f;  (20) 

fX,=  Po-To.  (21) 

The  velocity  components  in  (18)  axe  composed  of  both  steady  state  and  a  transient 

parts  of  the  same  magnitude;  (14o?^ro)  =  (14o«jKo3)  +  (KojKo)-  Subtraction  of 
the  steady  state  equations  (12)-(14)  from  (18)— (21)  provides  the  transient  acoustic 
mathematical  problem.  The  boundary  condition  in  (10)  implies  that  the  radial  speed, 

Ko  =  0. 


4.1  The  Planar  Acoustic  Solution  in  the  Core 

The  transient  part  of  the  leading  order  equations  can  be  combined  into  a  planar  wave 
equation  for  the  axial  velocity  component: 

^  =  ^  (22) 

dz^ 

subject  to  the  initial  and  boundary  conditions; 


t  =  0, 

O 

11 

O 

o 

II 

o 

(23) 

z  =  0, 

Vzo  =  A  sin  ujt; 

(24) 

z  =  1, 

f  =  0. 

az 

(25) 

where  (25)  is  obtained  from  (9).  The  simplicity  of  the  equation  can  be  attributed  to 
the  large  aspect  ratio  conditmn  6  1. 

The  general  solution  for  V^q  is  : 


yzoiz,t)fA  =  sinoit 


+  E  l-K 


n=0»n^n* 


hi  \  b„oj  . 

sm{bnt)  -  75 — —  sm{ut) 


n  I  \''n 


bl-u^ 


hi  -hP- 


-  I  sin(6„.t)  + 1  cos(6„.t)|  sin(6„-z), 


sm{bnz) 

(26) 


where  6„  =  (n  +  ^)7r.  The  last  term  describes  a  resonant  eflfect  present  only  when 
u>  =  bn-  and  cannot  be  found  from  a  quasi-steady  analysis.  The  solution  provides 
insight  into  the  properties  of  the  acoustical  field  compatable  with  the  cylindrical 
geometry  and  prescribed  boundary  conditions. 

•  The  first  term  itself  and  the  second  part  of  the  nonresonant  Fourier  series  rep¬ 
resent  quasi-steady  motion  at  the  driving  frequency.  The  other  Fourier  series 
terms  can  each  be  decomposed  into  two  counter-propagating  planar  travelling 
waves. 
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•  If  a;  is  very  close  to  one  of  the  natural  frequencies,  then  beats  will  appear  due 
to  the  interaction  between  the  quasi-steady  motion  and  one  pair  of  travelling 
waves. 

•  Resonance  occurs  when  a;  =  6„,  and  the  amplitude  of  one  mode  grows  linearly 
with  time. 

Table  1  contains  results  for  a  system  where  =  10”^  s,  so  that  dimensional 
frequencies  can  be  considered.  When  J  «  159  Hz,  the  response  shown  in  Figure  2 
for  t4o  at  z  =  0.5  is  bounded  and  the  contributions  are  primarily  from  the  first  few 
forced  modes  and  the  first  few  axial  travelling  modes.  A  beat  is  observed  in  Figure 
3  when  u  «  238  Hz.  The  period  of  the  beat,  about  90  time  units,  arises  from  the 
interaction  between  the  driven  frequency  a;  =  1.5  and  the  first  eigenfunction  6o  =  7r/2. 
Linear  monotonic  amplitude  growth  seen  in  Figure  4  is  primarily  from  the  resonant 

axial  mode  in  (26)  when  J  —  250  Hz  (cj  =  6o  =  ’r'/2).  ,  .  ,  , 

The  pressure  solution  Pq{z,  t)  can  be  obtained  from  a  first  integral  of  the  unsteady 
part  of  (18)  and  the  isentropic  relationship  Pq  =  7Po- 

4.2  Transition  Layer  Solution 

The  leading  order  core  acoustic  solution  in  (26)  does  not  satisfy  the  no-slip  boundary 
condition.  Under  certain  conditions  to  be  defined  quantitatively,  the  transition  to 
zero  axial  velocity  at  the  wall  occurs  in  a  relatively  thin  transition  layer  which  has  a 
multiple  scale  structure  that  differs  fundamentally  from  a  traditional  viscous  acoustic 
boundary  layer  (Flandro,1974).  In  particular  the  overall  radial  thickness  of  the  layer 
is  defined  by  weak  viscous  considerations.  But  within  it  there  is  a  smaller  length  scale 
associated  with  the  distance  traveled  by  an  injected  fluid  particle  on  the  time  scale 


u  j 

The  hard  injection  condition  >  Ko/Rei  implies  that  the  transition  layer  is 
inviscid  and  rotational  in  the  first  approximation.  Viscous  stresses  appear  in  a  higher 
order  description,  but  are  essential  to  finding  the  complete  solution,  as  might  be 
expected  in  a  multiple  scale  analysis. 

The  multiple  scale  structure  is  defined  in  terms  of  stretched  variables  that  measure 
distance  from  the  tube  wall; 


e  = 


1  —  r 
M  ’ 


1  —  r 


(27) 


where  /?  =  M'^l{6^/Re)  if  the  core/transition  layer  concept  is  valid.  In  order  for 
the  total  layer  thickness  to  be  large  compared  to  the  smaller  scale  feature  but  small 
compared  to  the  tube  radius,  M  P  1.  The  partial  derivatives  with  respect  to  r 
must  be  replaced  by 


_L 

M  [df 


j 


0 


+ 


dr))' 

2  /  92  \ 
MP  \d7)di J 
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(28) 

(29) 


The  variables,  represented  by  the  asymptotic  expansions 

(30) 

(31) 

valid  in  tie  limit  jW  -»  0,  are  used  with  (28)  and  (29)  in  (l)-(5)  to  find  the  first  two 
approximate  equation  systems  for  the  transition  layer. 

The  lowest  order  version  is, 

aKo.,,  8Ko_  la^’o.  p_p,,  fwi 

Po-Po{z,t).  (32) 

where  V;^(z)  is  known  from  (8)  and  Po{z,t)  is  the  acoustic  pressure  field  obtained 
from  (18)  and  (26).  Equation  (32)  describes  an  inviscid  rotational  flow  which  can 
satisfy  the  no-slip  boundary  condition  on  the  wall.  In  particular,  an  evaluation  of 
(32)  on  the  wall  ^  =  77  =  0  shows  that  the  transient  vorticity  distribution  created 
there, 

(dV,o\  _  1  dPQ{z,t)  V  V 

depends  on  both  the  local  pressure  gradient  time  variation  and  the  local  injection 
magnitude.  This  transition  layer  vorticity  is  0(M“^)  larger  than  that  ^sociated 
with  the  steady  solution  in  (15)  and  (16),  given  the  stretching  transformation  in  the 

first  of  (27).  .  .  . 

The  convective  transport  equation  for  the  relatively  intense  transient  vorticity, 
dV^o/d^,  can  be  obtained  from  a  ^-derivative  of  (32).  In  this  case,  the  right  hand 
side  vanishes  and  one  finds  that  vorticity  is  convected  invariantly  by  the  radial  wall 
injection  velocity  Vrw  along  well  defined  characteristic  lines,  ip  =  t  — 

The  second  order  momentum  equation  is  obtained  from  terms  of  0(y); 


(P,p,T)  ~  1  +  53M"+'(P„,p„,T„), 

n=0 

v;  -  V^o  +  jV.l  +  0{j),  Vr  ~  -VrM  +  0{l), 


dV,i  ,  ,,  ^  ,,  dV,o  ,  d^V,o 

'W  ^  ~  drf  de  ' 


where  a  viscous  stress  term  associated  with  I4o  is  present,  and  the  pressure  gradient 
is  absent  since  p 

The  acoustic  solution  in  the  core  must  match  with  the  transition  layer  solutions  at 
the  outer  edge  (^  ^  00,77  —>•  00),  and  the  no-slip  condition  on  the  side  wall  provides 
an  inner  boundary  condition  for  (32)  and  (34).  The  acoustic  core  solution  in  (26) 
shows  that,  all  thejberms  can  be  classified  into  the  following  two  forms:  V^o(z)e‘^' 
with  n  =  07  or  6„,  I4o(^)  =  sin6„z,  and  -tcos(6„-f)sin(6„.z).  It  follows  that; 

^  =  77  =  0,  V".o  =  0;  (35) 

^,77 -.00;  (36) 


with  the  latter  from  (26). 
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Equations  (32) — (36)  are  used  first  to  find  quasi-steady  solutions  to  each  relevant 
frequency  in  the  core  solution.  For  any  of  the  nonresonant  modes  =  a;  or  6„  but 
u  ^  bn  for  any  integer  n,  the  transition  layer  solutions  can  be  written  as 

Ko  =  n?,').zy"';  (37) 

These  solution  forms  can  be  substituted  into  (32)  and  (34)  to  determine  F  and  G. 
The  former  found  from  (32)  ,  (35)  and  (36),  is 

V,  z)  =  Civ,  z)  exp(-— 0  +  Ko  (38) 

Vrw 


where  the  undetermined  coefficient  function  CiT],z')  must  satisfy  the  conditions 


7?  =  0;  C  =  -V^o{z), 

7]  — ^  oo;  C  =  0. 

Equation  (34)  can  then  be  rewritten  in  terms  of  G  and  C  as 

id 


dG  id  , 

^rw 


{) 


?£  i!lr 

Sri*  V,\,  ^ 


(39) 

(40) 


(41) 


where  the  second  term  in  brackets  arises  from  viscous  effects. 

In  order  to  avoid  secular  growth  of  G  with  respect  to  the  variable  the  quantities 
in  the  square  bracket  must  be  set  to  zero.  Therefore, 


dv  Ki, 


together  with  (39)-(40)  are  solved  to  find 


Civ,z)  =  -I4oexp( 


v)- 


(42) 


(43) 


It  follows  that  the  axial  velocity  variation  in  the  transition  layer  for  each  frequency 
d  has  the  form: 


Vzoi^,V,z,t)  =  -sm{bnz) 


d^  id  ; 


(44) 


where  —Vrwi^)  is  the  steady  side  wall  injection  velocity.  The  product  of  the  expo¬ 
nential  terms  in  (44)  yields  that  part  of  the  axial  velocity  component  containing  the 
intense  transient  vorticity  of  the  transition  layer; 


(45) 
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where  ^  =  i  -  :j/-  is  the  characteristic  line  for  vorticity  transport.  The  radial  traveling 
speed  for  a  constant  (p  line  can  be  described  by: 


dr 

dt 


(46) 


This  shows  explicitly  that  the  vorticity  is  convected  in  the  transition  layer  by  the 
steady  wall  injection  speed. 

The  first  factor  in  (45)  describes  amplitude  damping  arising  from  viscous  effects 
because  the  r?- variable  defined  in  (27)  is  scaled  with  respect  to  Re,  in  part.  The  second 
part  describes  harmonic  spatial  oscillations  associated  with  the  acoustic  solution  in 
the  core. 

When  resonant  driving  is  present  Cl  =  u  =  b„.,  and  the  resonant  mode  represen¬ 
tation  of  14o  is  found  in  a  similar  way  to  be; 


=  -tsm{bn^z)sm{bn^t) 

+  {t  [sin(A:^)  sin(6„.t)  +  6„*  cos{k^)  cos(6„.t)] 

r) 


•  cos{k^)  -I- 


■  sin(A:^) 


sin(6n*<) 


'  2P(1  +  6„.) 


u 


2(1 


1 

cos(6n-t)}  7-  sm{bn-z)  exp(- .  .3”.*  ;^) 

On*  ^rw\^) 


(47) 


where  k  = 

When  ^  =  T]  =  0,  the  solutions  satisfy  the  no-slip  boundary  condition  on  the  wall. 
On  the  other  hand,  when  ^  and  77  00,  the  core  solution  is  recovered  in  an  oscillatory 

manner  since  the  amplitude  of  the  exponential  term  goes  to  zero  harmonically.  The 
effective  thickness  of  the  transition  layer  depends  strongly  on  ft  and  A  large 
value  of  Q  promotes  relatively  rapid  exponential  decay,  implying  that  a  high  frequency 
disturbance  is  associated  with  a  thinner  transition  layer.  Alternatively,  low  frequency 
forcing.fosters  thick  transition  layers.  Thus,  higher  order  modes  tend  to  be  associated 
with  effectively  thinner  transition  layers.  The  same  type  of  argument  demonstrates 
that  increasing  the  value  of  V^(z)  enhances  the  overall  transition  layer  thickness. 

A  complete  solution  for  the  axial  velocity  in  the  transition  layer  consists  of  an 
infinite  sum  of  terms  obtained  from  (44)  and  (47);  one  for  each  frequency  u  and  6„ 
in  (26).  The  spatial  structure  of  such  a  solution  will  be  quite  complex,  given  the 
oscillatory  dependence  on  the  value  of  fl.  It  is  perhaps  more  illustrative  to  look  at 
the  results  for  a  single  frequency. 

The  reduced  axial  velocity  inside  the  vortical  layer,  is  plotted  against  ^ 

in  Figure  5  with  M  =  0.01,  (3  =  0.1  and  Ku,  =  1  for  fi  =  2^5  and  Q  =  3.0.  The  core 
solution  is  recovered  at  about  ^  =  10  for  =  2.5  which  coixespondes  to  r  =  0.9  . 
In  contrast,  the  transition  layer  thickness  is  a  little  smaller  for  the  higher  frequency 
Q  =  3.0.  Of  course  the  overall  transition  layer  thickness  is  determined  by  the  lowest 
mode  in  the  system. 

The  viscous  factors  in  (44)  and  (47)  decay  exponentially  at  the  edge  of  the  tran¬ 
sition  layer  when  r/  -*■  00.  In  dimensional  terms,  the  layer  thickness  can  be  charac¬ 
terized  by  the  decay  length  I'p  =  (ydV;^^/fi2)i?'  obtained  from  the  dimensional  form 
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of  the  argument  of  the  exponential  in  (45)  or  the  analogous  term  in  (47).  In  order 

to  assure  the  existence  of  a  thin  transition  layer,  IpfR  =  ^  Given  the 

definition  of  below  (27),  and  that  the  characteristic  injection  Mach  number  can 
be  defined  by  Mb  =  M/6,  it  follows  that  /?  =  M^Ra,  where  the  acoustic  Reynolds 
number  Ra  =  Re/M.  This  shows  explicitly  that  an  increase  in  the  characteristic  wall 
injection  Mach  number  will  eventually  cause  the  transition  layer  to  be  as  large  as  the 
cylinder  radius,  I'p  =  0{R')  ov  p  =  0(1),  so  that  the  core/transition  layer  concept 
fails.  Then  a  new  multiple  scale  perturbation  technique  is  needed  to  find  solutions 
where  rotational  effects  coexist  with  an  acoustic  field  throughout  the  cylinder. 


5  Co-existing  Acoustic/Rotational  Flow 


The  failure  of  the  core/ transition  layer  asymptotic  model,  described  in  Section  4, 
when  P  =  0(1)  implies  that  one  must  develop  a  mathematical  model  for  coe^dsting 
acoustic  and  rotational  disturbances  of  equal  magnitude.  Flandro(1995)  describes  a 
theoretical  formulation  for  such  a  situation  when  the_  ampUtude  of  the  transients  is 
smaller  than  that  of  the  steady  Culick(1966)  profiles  in  (15)  and  (16).  Perturbation 
methods  valid  for  Mb  0  are  used  to  derive  an  inviscid,  linear  equation  for  the 
rotational  part  of  the  transient  axial  velocity  component.  Although  the  importance 
of  a  shorter  radial  length  scale  is  recognized,  a  formal  multiple  length  scale  analysis 
is  not  employed.  Further,  an  intuitive  approach  is  used  to  determine  which  terms  in 
the  full  equations  are  retained  in  the  lowest  order  asymptotic  analysis.  The  solution 
driven  by  a  quasi-steady  acoustic  field,  satisfies  the  no-slip  condition  on  the  sidewall 
and  svmmetry  conditions  at  the  cylinder  axis.  It  is  characterized  by  harmonically 
varying  shear  waves  on  the  short  length  scale  that  are  convected  into  the  cylinder 
by  the  Culick(1966)  steady  velocity  components.  The  viscous  damping  of  Flandro’s 
(1974)  earlier  work,  like  that  observed  in  (44)  or  (45),  is  replaced  by  a  nonviscous 
attenuation  function  associated  with  the  axial  dependence  of  the  acoustic  velocity 
field. 

Here,  an  alternative  formulation  is  developed  based  on  a  systematic,  fully  defined 
multiple  scale  analysis  that  includes  the  effects  of  weak  viscosity.  The  asymptotic 
expansions  for  the  velocity  components  and  thermodynamic  variables  in  the  limit 
M  — »•  0  are 

K  ~  V,os(z,  r)  -I-  53  -^"^71(2,  r,  t) 

n=0 

Vr  ~  VrOs{z,r)  +  53  M"K„(2,r,t) 

n=0 

(P,P,T)  ~  l-f  M  53  M”(P„,Pn,^„) 

n=0 

where  the  axial  speed  transient  disturbances  are  as  large  as  the  Culick(1966)  profiles. 

It  is  recognized  that  two  disparate  length  scales  are  important;  the  tube  radius 
and  a  much  shorter  length  associated  with  the  radial  distance  traveled  by  a  fiuid 
particle  on  the  acoustic  timescale.  A  multiple  scale  analysis  will  be  carried  out  in 
terms  of  the  variables  r\  and  r2  defined  by 


(48) 

(49) 

(50) 


ri  =  1  -  r; 


L  -MVrQs{<y)^^' 


(51) 
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The  second  transformation  includes  an  integral  of  the  steady  radial  velocity  field  for 
the  case  of  constant  steady  wall  injection  V;^  =  1  which  simplifies  the  describing 
equations  considerably.  It  is  noted  that  when  the  center  line  is  approached  ri  — ^  1 
the  integral  diverges  and  r2—*oo. 

Each  of  the  dependent  variables  is  written  in  terms  of  ri  and  r2  instead  of  r  alone. 
The  partial  derivatives  with  respect  to  r  in  equations  (l)-(5)  must  be  replaced  by 


_)2 

■MVro/  \drh 


dVr 

MKi  dr, 


vOs 


(52) 


(53) 


5.1  Lowest  order  mathematical  model 


The  relations  (48)— (50)  can  be  substituted  into  (1)— (5)  to  find  the  leading  order 
equations  in  the  limit  M  0.  First,  the  spatially  homogeneous  boundary  forcing  in 
(10)  and  the  condition  (5  1  imply  that  Vro  =  0.  Then, 


dRp 

dt 


dRo 

dV^o  (  1  \  dVri 

(54) 

dr2 

dz  VVh)./  dr2  ’ 

dV,p  dV,p  _  1  dPp 
dt  dr2  7  dz  ’ 

(55) 

dPo  _dPo 
dr,  dr2  ’ 

(56) 

dOo  ddo  _  i'y-l)dPo 
dt  dr2  7  dt  ’ 

(57) 

Fo  =  jRq  +  ^0- 

(58) 

Following  a  procedure  related  to  that  described  by  Lagerstrom(1964),  and  siniilar 
to  that  employed  by  Flandro  (1995)  the  variables,  except  for  Pq,  are  divided  into 
coexisting  irrotational  planar  and  rotational  nonplanar  parts  of  equal  magnitude. 


Ko  =  IFop(z,t)  +  Wo(z,t,ri,r2), 

(59) 

Rq  —  Rppi^Zj t)  “1“  Rpi^^j t^r^^ ^2)) 

(60) 

Op  =  Sqp{z,  t)  +  9p(z,  t,  n ,  rs). 

(61) 

Equations  (59) — (61)  can  be  used  in  (54) — (58)  to  show  that  the  planar  functions  are 
described  by  an  irrotational  acoustic  system 


dWop 

dt 


dRop  _  dWop 

dt  dz  ’ 

Po  =  Poiz^t), 


(62) 

(63) 
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(64) 

(65) 


dOpp  _  7-1  dPa 
dt  dt  ' 

Pq  =  Rqp  +  dop, 

nearly  identical  to  (18) — (21). 

The  initial/boundary  conditions  are; 


t  =  0, 

Wo,  =  0, 

(66) 

2  =  0, 

Wop  =  Asinwt; 

(67) 

2=1, 

_ 

dz 

(68) 

in  analogy  to  (23) — (25).  .... 

The  nonresonant  acoustic  solution  for  the  planar  contribution  is 

Wop{t,  z)lA  =  ( —  sm{ujt)  -  sin(A„t)  j  sin(A„z),  A„  ^  u,  (69) 

n=l  \ ^  / 

00 

Po(t,  z)/A  =  7  ^  On  (-  cos(a;t)  +  cos(A„t))  cos(A„^),  A„  #  u,  (70) 

n=l 

Po  =  7^0p 

where  o„  =  -jr^  and  A„  =  (n  -  ^tt.  Equation  (69)  is  equivalent  to  (26)  for  the 

nonresonant  case.  The  first  term  in  the  sums  of  (69)  and  (70)  arises  frorn  forcing 
at  frequency  u>,  and  the  second  term  describes  the  eigenfunction  response.  Only  the 
nonresonant  case  will  be  considered  in  the  present  work. 

The  equations,  for  the  rotational  components  are 


5^0  ^-^0 

dt  dr^ 

dWo  f  1  \  dVri 
dz  VKoJ  dr2  ’ 

(72) 

dWo  ,  dWo  ^ 
dt  '  dr2 

(73) 

d§o  dOo 
dt  dr2 

(74) 

Rq  +  ^0  =  0- 

(75) 

Equations  (74)  and  (75)  can  be  combined  to  show  that  the  leading  order  vortical 
is  incompressible: 

flow 

dRo 

dt 

dr2 

(76) 

Therefore,  (72)  can  be  rewritten  as 

dWo  ( 
dz  \ 

.VrOs)  dr2  ’ 

(77) 

which  can  be  used  to  find  V^i  once  Wq  is  known. 

The  relevant  initial  and  boundary  conditions  are 

dWo 

f  =  0;  Wo  =  0,  -^  =  0, 

(78) 

II 

0 

II 

0 

(79) 

II 

1— ‘ 

II 

0 

(80) 

,  awo  ak  „ 

r.  =  l,  r,-oc;  =0,  =  0, 

(81) 

n  =  r2  =  0;  Wq  =  -WQp{t,  z),  Oq  =  - 

(82) 

The  first  of  (81)  can  be  combined  with  (73)  and  the  initial  condition  (78)  to  prove 
that  =  0  on  the  axis  ri  =  0  for  all  t.  Equation  (82)  corresponds  to  the  no-slip 
condition  and  isothermal  fiow  injection.  Equations  (73),  (74)  and  (76)  show  that  Wq, 
6q  and  Rq  are  invariant  on  a  characteristic  line  defined  by 

rj  =  t-r2,  (83) 

but  vary  across  the  rj  lines.  On  the  sidewall  (r2  —  0),  the  Tj  =  0  line  appears  at  t  =  0'*’ 
and  subsequently,  att  =  c>0,  77  =  0  appears.  At  a  particular  time  T ,  constant  rj 
lines,  which  range  in  value  from  0  to  T,  are  transported  toward  the  axis  by  convection 
at  the  local  radial  steady  velocity,  as  found  from  a  time  derivative  of  (83)  after  using 
(51). 

The  inviscid  equation  in  (73)  can  be  combined  with  the  first  of  (82)  and  (63)  to 
show  that  vorticity  is  produced  on  the  sidewall  by  the  transient  axial  gradient  of  the 
acoustic  pressure  field, 

dWojt,  z,  0, 0)  _  dWp  ^  aWop(t,  z)  ^  IdPp 
dr2  dt  dt  7  dz 


where  Wop  Pq  are  given  in  (69)  and  (70).  Equation  (84)  is  analogous  to  (33)  in  the 
core/transition  layer  description.  It  is  noted  that  the  largest  unsteady  nondimensional 

vorticity  term  is  given  by  Qg  =  The  parameter,  arises  from  large 

gradients  occuring  in  the  spatially  oscillatory  velocity  profile  on  the  short  length  scale 
r2.  Equation  (73)  also  shows  that  the  vorticity  generated  at  the  wall  is  convected  into 
the  cylinder  by  the  steady  radial  velocity  field  V^a(r). 

It  should  be  noted  that  the  inviscid  equation  for  Wq  in  (73)  differs  from  Flan- 
dro’s(1995)  analogous  equation  which  includes  an  axial  convection  term  proportional 
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to  The  latter  is  retained  on  the  basis  of  an  intuitive  rather  than  a  formal 

asymptotic  argument.  . 

In  general,  solutions  to  the  inviscid  first  order  hyperbolic  equations  in  (73)-(75} 
can  be  written  symbolically  as, 


WQ  =  WQ{T],ruz),  eQ  =  eQir],ruz)  =  -Ro,  T]  =  t-r2  (85) 

If  the  no-slip  and  isothermal  boundary  conditions  (see  (8)  and  (82))  are  satisfied, 
then  one  finds  results  on  ri  =  0; 

Wo{r],  0,  z)  =  -Wopiv,  z),  eoiv,  0,  z)  =  -^^^Po(r7,  z),  (86) 

where  the  quantities  on  the  right  hand  side  of  the  equality  signs  are  given  in  (69) 
and  (70).  The  results  in  (86)  are  essentially  boundary  conditions  for  higher  order 
equations,  which  are  used  to  find  explicit  functional  dependence  of  the  variables. 
Once  Wo  is  found,  then  the  mass  conservation  equation  (77)  can  be  integrated  with 
respect  to  r2  to  find  the  radial  velocity  Ki.  The  rotational  temperature  and  density 
fields  can  be  found  using  related  methods. 


5.2  Higher  order  consideration 

Equations  (48)— (50)  can  be  combined  with  (1)— (5)  to  find  the  0(M)  equation  set  in 
the  limit  M  0.  The  procedure  used  to  find  the  leading  order  solution  is  employed 
so  that  the  variables,  except  for  Pi,  are  divided  into  irrotational  planar  and  rotational 
nonplanar  parts. 


Ki  =Wip{z,t)  +  Wi{z,t,ri,r2), 
Ri  =  Rip(z,t)  -H  Ri(z,t,ri,r2), 
01  =  0ip(z,t)  +  Si(z,t,ri,r2). 


The  planar,  acoustic  equations. 


dRip 

dt 

dWip 

dt 

dOip 

dt 


o 

-j^[W,p  +  RopWop], 


dz 

dt 


K 


'  I-  p  p  1  4. 

--(P:  -  -Po.)  +  -2 - ^ 

,,p  ,(7-2)(7-1) 

(7  -  IjRip  H  -  -itQp 


-R^ 


Pi  =  Pip  +  0ip  +  Rop0op 


(87) 

(88) 
(89) 


(90) 

(91) 

(92) 

(93) 


containing  quadratic  driving  terms  associated  with  lower  order  acoustics  are  not  con¬ 
sidered  further  here,  although  they  may  be  important  for  studying  acoustic  streaming 
effects. 
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The  largest  possible  viscous  effect  occurs  when  /?  =  ReM‘^f6^  =  <^{1)  (see  (27)),  in 
which  case  the  higher  order  axial  momentum  equation  for  Wi  has  the  nonhomogeneous 
form 


dWx  dWx 
dt  dr2 


d^Wp 


drl 


r 


fVri\dV,o  ^  ^ 
VKoJ  dr 2  dr,  • 


(94) 


Equation  (94),  the  higher  order  analogue  to  (73),  provides  additional  inforihation 
about  the  behaviour  of  the  leading  order  axial  speed  solution. 

The  corresponding  energy  equation  for  9,  analogous  to  (74)  contains  a  conduction 
term.  Thus,  transport  effects  are  important  conceptually  in  the  distribution  and 
evolution  of  the  rotational  variables. 

If  the  transformation  of  the  coordinate  system  from  (t,ri,r2,z)  to  (r7,ri,r2,z)  is 
made,  then  the  derivatives  with  respect  to  t  and  r2  must  be  replaced  by 


It  follows  that  (94)  can  be  written  as 
dW, 


dr2 


1  a^Wo  d{V,os  +  Wo) 

-  VzO- 


Ki  dr,^ 

^dWp  - 
-^0^-  -  TT- 


dz 

dV,p 


dz 

djVrlWo)  d{Vr,Wp) 

dr2  dt] 


>^'zu  z\r  d^Qp  I  Y  dWp  1  -  dPp 
-  W'O—  +  +  -fio-57. 


(96) 


An  integration  of  (96)  with  respect  to  r2,  holding  t],  r,  and  z  fixed  will  generate 
secular  growth  in  r2  unless  certain  terms  are  suppressed.  In  considering  the  impact 
of  each  term,  it  is  important  to  remember  that  the  harmonic  t-dependence  of  the 
planar  acoustic  solutions  in  (69)-(71)  must  be  rewritten  in  terms  of  77  and  r2  by  using 
(83).  When  written  in  the  coordinate  system  (z,t,ri,r2)  the  suppressed  terms  take 
the  form; 


1  d^Wo 

VX  dri 


ari  dz 


=  0 


(97) 


which  is  a  nonlinear  diffusion  equation  for  the  rotational  axial  velocity  Wp  with  a 
time-like  variable  r^.  The  solution  for  Wp  must  satisfy  an  “initial”  condition  from 
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WQ{t,z,n=^,r2)lA  =  -WQp{r],z)  rj  >  0 


=  V  a„  f  —  sinfwT;)  -  siii(A„r7)  ]  sin(A„2:),A„  ^  u), 

J 


Woit,z,ri=0,r2)lA  =  0  t?  <  0 

and  a  boundary  condition  at  the  center  line  from  (81) 


fi  =  0. 

dr2 


In  addition  a  condition  must  be  specified  on  ri  >  0,  r2  =  0  which  is  computable  with 
(98)  at  the  point  n  =  r2  =  0.  This  is  necessary  because  ri  and  r2  are  treated  as 
independent  variables  in  (102).  The  reasonable  choice  is  given  by 


Wo{t,z,rur2  =  0)  =  -Wop{t,z). 


(100) 


The  nonlinear  term  in  (97),  {W^)z  is  present  in  our  problem  becpse  the  0(M)  bound- 
ary  disturbance  is  larger  than  that  used  in  earlier,  basically  linear  studies  (Flandro 
1974,  1995).  Its  presence  suggests  that  wave  steepening  and  other  forms  of  insta¬ 
bility  may  occur  in  the  evolving  flow  field.  If  the  imposed  endwall  disturbance  is 
smaller,and/or  axial  variations  are  ignored,  then  a  linear,  viscous  diffusion  equation 
is  derived,  which  is  related  to  that  used  by  Price  and  Flandro  (1995). 

The  linear  convection  term  in  the  diffusion  equation  (97),  includes  the  axial  con¬ 
vection  effect,  1403(1^0)^1  retained  somewhat  arbitrarily  by  Flandro  (1995)  in  his 
analogue  to  (73).  In  the  present  multiple  scale  formulation,  the  asymptotic  analysis 
itself  leads  to  the  conclusion  that  the  effect  properly  belongs  in  the  higher  order  dif¬ 
fusion  equation,  rather  than  in  the  lower  order  inviscid  axial  momentum  equation  in 
(73). 

One  solution  approach  is  based  on  a  finite  difference  approximation  to  (97)-(100). 

Solutions  for  Wo{z,  t,  n ,  7-2)  can  be  found  by  employing  a  second  order  accurate  Adam- 
Bashforth/Crank-Nicolson  scheme.  Most  of  the  results  presented  here  (see  Section  6) 

have  been  found  in  this  way.  ;  ,  .  .  ^ 

Given  the  forcing  condition  in  (98),  it  is  also  possible  to  find  solutions  in  terms  ot 

the  eigenfunction  set  {sin(A„z)},n  =  1, 2,  •  •  •; 


Wo{t,  z,  ri ,  ra)  =  53  ’  ^2)  sin(A„2) 


(101) 


Coupled  partial  differential  equations  for  the  Fourier  coefficients  A„,  are  found  by 
using  (101)  in  (97)  and  invoking  orthogonality  conditions  for  the  eigenfunction  set  on 
the  interval  [0,1].  The  results  are; 


1  d^An  .  dAn  1  dV,os  ,  2 


KL  dri  VrOs  dz 


rOs  Vni  =  l 


^  ...  f  Vz0s\  ,  4  1\  _ 

/  ^  0>finin2^rii^n2  I  ^  J  I 

%2  —  l  J  / 


(102) 
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and  are  subject  to  conditions  obtained  from  (98)  and  (99). 
(a)  Initial  Condition; 


Anit.ri  =  0,r2)M 


o„  (  —  sina;(t  -  r^)  -  sin  A„(t  -  r^) 
\  ^  / 

0  r2  >  t 


0  <  r2  <  t 


(103) 


(b)  Boundary  Conditions: 


An{t,rur2  =  0)/Al  =  o„ 


T2 


dAn  _ 


'A  > 

—  sin(a;t)  —  sin(A„t) 

UJ  ) 


(104) 

(105) 


where 


Onninj  =  2A„2  /  sin(A„iZ)  cos(A„2z)  sin(A„2:)ci2  (106) 

J  0 

6„„1  =  A„1  /  zcos(A„jZ)sin(A„z)<iz  (107) 

J  0 

Equation  (102)  is  a  coupled  system  of  quasi-linear  diffusion  equations  with  a  time  like 
variable  ri,  and  nonlinear  source  terms.  The  physical  time  t  is  a  parameter  of  the 
differential  equations,  appearing  explicitly  only  in  the  boundary  conditions.  Solutions 
to  (102)-(107)  are  described  in  Section  7.  A  truncation  approach  is  used  to  reduce 
(102)  to  a  finite  “dynamical”  system  for  a  finite  number  of  coefficients  A„. 


6  Finite  Difference  Solutions  for  the  Nonlinear  Sys¬ 
tem 

Solutions  to  (97)-(100)  for  have  been  found  by  using  a  finite  differ¬ 

ence  method  based  on  the  second  order  accurate  0(^6T‘f,  ^^2)  Adam-Bashforth/Crank- 
Nicolson  scheme.  This  scheme  is  a  semi-implicit  and  neutrally  unstable  in  the  sense 
that  it  works  well  if  the  nonlinear  effect  is  moderate  in  comparison  with  the  viscous 
effect.  For  example,  instability  results  if  the  amplitude  of  the  initial  condition  for  a 
given  u  is  larger  than  a  threshold  value. 

The  far  end  boundary  condition  for  r2  — >  00  is  implemented  by  providing  a  sufii- 
ciently  large  number  of  grid  points  between  the  convected  outer  edge  of  the  rotational 
layer  and  the  finite  location  of  the  computational  boundary  with  respect  to  r2.  A 
total  of  1000  grid  points  in  the  r2  direction  with  <5r2=0.1  is  chosen.  The  function  and 
derivatives  must  remain  zero  at  a  significant  number  of  nodes  in  order  to  ensure  that 
conditions  at  the  computational  boundary  do  not  constrain  the  solution. 

At  each  value  of  the  “parameter”  t,  the  integration  is  initiated  with  the  initial 
conditions  in  (98),  subject  to  the  boundary  conditions  in  (99)  .  The  spatial  distribu¬ 
tion  of  the  solution  with  respect  to  r2  evolves  as  the  “time-like”  variable  ri  increases. 
Integration  is  carried  out  to  a  sufficiently  large  value  of  ri  to  ensure  that  adequate 
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data  fields  WQ{z,t,Ti,r2)  axe  available  on  the  locus  curve  relating  ri  and  ra  defined 
by  (51).  Then  the  physical  solution  WQ{z,t,r)  is  found  from  the  intersection  of  the 

surface  defined  by  WQ{z,t,Ti,r2)  and  the  vertical  plane  from  the  locus  curve  relat¬ 
ing  ri  and  ra-  In  general  this  curve  does  not  coincide  with  the  computational  grid 
points.  Hence  cubic  spline  interpolations  in  ra  are  employed  at  every  chosen  Xi  value 
to  obtain  the  desired  real  solution.  The  amplitude  parameter  in  (26),  is  A=1  in  our 
computation  unless  otherwise  noted. 

The  first  case  studied  is  for  a;  =  1.0,  which  is  a  nonresonant  frequency  smaller 
than  the  first  natural  frequency  Ai  =  f.  This  particular  case  allows  us  to  develop  a 
relatively  simple  solution  with  minimal  computational  time.  The  initial  condition  is 
obtained  from  (98)  by  using  the  first  20  Fourier  modes. 

It  is  important  to  resolve  the  solution  in  the  axial  direction  by  choosing  a  suffi¬ 
ciently  large  number  of  grid  points  in  the  z-direction,  Kmax-  Solution  comparisons  for 
i^max  =  9,21  and  28  at  t  =  40,  M=0.01  and  Z=0.25,  0.5  and  0.75  show  considerable 
variations  between  the  first  two  values.  Excellent  comparisons  for  Kmax  —  21  and  28 
suggest  that  the  former  is  adequate  for  a;  =  1.0  . 

The  evolution  of  the  vorticity  generated  at  the  sidewall,  defined  in  (84),  can  be 

described  by  showing  how  the  axial  rotational  velocity  component  Wq  varies  with 
the  radial  variable  xj  for  a  sequence  of  time  values  and  at  different  axial  locations. 
Figures  6,  7b  and  8b  give  results  at  z  =  0.5  when  t  =  20, 30  and  40. 

The  profile  at  t  =  20  contains  a  little  more  than  three  complete  spatial  oscillations, 
comparable  with  the  number  of  completed  cycles  of  forcing  at  the  endwall  when  ui  —  \ 
and  t  =  20.  These  quasi-periodic  changes  occur  because  fluid  eating  the  sidewall  is 
driven  by  the  time-varying  local  axial  gradient  of  the  acoustic  pressure  (see  70), 
as  described  by  (84).  During  periods  of  negative  (positive)gradients  the  particles 
are  accelerated  downstream  (upstream).  As  a  result,  near  the  wall  one  will  observe 
alternating  periods  of  positive  and  negative  axial  velocity.  The  steady  radial  velocity 
field  carries  these  alternating  regions  of  forward  and  reverse  flow  away  from  the  wall 
toward  the  axis.  Part  of  the  fluid  particle  response  is  purely  acoustic.  The  remainder 
is  given  by  Wq.  In  this  sense  the  spatial  pattern  of  the  axial  rotational  velocity  at 
fixed  z  reflects  the  historical  behaviour  of  the  local  pressure  gradient  on  the  sidewall. 

The  0(M)  length  scale  of  the  transverse  spatial  oscillations  can  now  be  explained 
easily  since  the  approximately  harmonic  pressure  gradient  variation  occurs  on  the 
acoustic  time  scale  (for  a;=0(l))  during  which  only  limited  radial  motion  is  pos¬ 
sible.  The  large  local  shear  stresses  occur  on  the  short  X2-length  scale,  and  represent 
the  intense,  transient  vorticity  as  explained  below  (84). 

The  oscillations  are  terminated  in  the  vicinity  of  the  undiffused  vorticity  front, 
defined  by  r;  =  0,  or  X2e  =  t,  where  the  subscript  e  implies  the  existence  of  an  “edge” . 
One  may  employ  (51)  and  (15)  to  show  that  the  edge  is  located  at 

r,.(()  =  l-^[to-'(e-'''')]’  (108) 

with  respect  to  the  xi-coordinate  in  Figure  6  and  is  invariant  to  axial  location  for  spa¬ 
tially  uniform  sidewall  injection.  The  value  for  the  conditions  in  Figure  6,  xie(20)  = 
0.2lb,  is  marked  by  a  dash.  It  compares  very  favorably  with  the  diffused  front  loca¬ 
tion  obtained  from  the  complete  numerical  solution  to  (97),  thus  helping  to  verify  the 
accuracy  of  the  latter. 

The  undiffused  front  speed  %\  =  -MVrOsir),  obtained  from  the  definition  of  77 
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in  (86)  and  the  second  of  (51),  defines  the  nondimensional  radial  speed  of  the  “edge”, 
which  asymptotes  to  zero  as  the  axis  is  approached,  given  the  result  in  (15). 

At  t  =  30  and  40,  in  Figures  7b  and  8b,  one  may  observe  that  the  front  has 
moved  further  into  the  cylinder.  Here  again  the  undiffused  edge  locations  rie(30)  = 
0.312,  rie(40)  =  0.406  are  in  excellent  agreement  with  those  from  the  computational 
solution.  The  growing  number  of  spatial  oscillations  is  compatable  with  the  number 
of  completed  cycles  of  the  endwall  forcing. 

One  notes  that  the  spatial  oscillations  are  somewhat  irregular  in  shape  and  ampli¬ 
tude,  a  combined  result  of  the  driving  frequency  and  eigenvalues  found  in  the  “initial” 

condition  in  (98).  . 

The  amplitude  of  a  given  oscillation  becomes  smaller  as  is  convected  deeper  into 
the  cylinder.  Local  viscous  and  nonlinear  effects  have  some  influence  on  the  amplitude 
reduction  which  must  occur  because  the  vorticity  vanishes  near  the  front  and  certainly 
at  the  axis  ri  =  1.  Spatial  oscillation  wave  lengths  decrease  as  ri  increases  toward 
the  axis  because  the  vorticity  front  speed  declines  as  ri  increases. 

The  scaled  vorticity  distribution  corresponding  to  conditions  in  Figure  8b,  calcu¬ 
lated  from  is  given  in  Figure  9.  The  dimensionless  vorticity  defined 

below  (84)  is  0(M“^).  One  should  note  the  significant  magnitude  of  the  spatial  van- 
ations  in  vorticity  given  the  scaling  factor  The  large  amplitude  is  associated  with 

the  0(M)  length  scale  of  the  axial  speed  gradient  and  the  factor  M“L 

These  results  are  quite  different  from  those  given  by  Flandro  (1995)  for  a  single 
forcing  frequency  in  an  assumed  axial  acoustic  field.  In  particular,  the  present  so¬ 
lutions  are  obtained  from  a  nonlinear,  diffusion  equation  where  viscous  effects  cause 
the  local  shear  stresses  to  diffuse  on  the  short  r2-length  scale  as  the  injected  fiuid  is 
transported  into  the  cylinder  and  convected  downstream.  Flandro ’s  (1995)  analogous 
result  is  entirely  inviscid.  The  envelope  of  his  spatial  oscillations  can  be  shown  to  be 
related  directly  to  the  axial  dependence  of  the  acoustic  mode  chosen  and  so  has  a 

characteristic  shape  not  seen  in  the  present  H^o'Profiles. 

A  comparison  of  Wq  profiles  at  three  axial  locations  z  =  0.25,0.5  and  0.75  in 
Figures  7  and  8  shows  considerable  variation  with  the  z  variable,  a  result  of  the  ax¬ 
ial  and  time  dependence  of  the  wall  vorticity  defined  in  (84)  with  (70).  The  radial 
dependence  of  Wq  at  a  specified  (z,  t)  combination  arises  from  the  time-history  of 
many  fiuid  particles  that  leave  the  sidewall  from  locations  upstream  of  z  and  arrive 
at  z  at  the  specified  t  value.  Each  of  these  particles  comes  from  a  unique  starting 
point  and  has  experienced  a  unique  time-history  as  it  convects  away  from  the  initial 
location.  Among  the  6-pius  spatial  oscillations  in  Figures  8a-c  one  may  note  uniquely 
large  negative  amplitudes  at  z  =  0.25  and  relatively  smaller  amplitudes  at  the  down¬ 
stream  locations.  The  envelopes  of  the  oscillations  vary  considerably  among  the  axial 
locations.  Flandro’s  (1995)  analytical  result  predicts  similar  shapes  at  every  axial 
location. 

The  role  of  the  nonlinear  term  in  the  diffusion  equation  in  (97)  has  been  assessed 

by  carrying  out  a  computation  with  Wq  reduced  by  a  factor  of  10  The  results  in 
Figure  10,  corresponding  to  conditions  in  Figure  8,  shows  that  the  nonlinear  term  has 
a  quantitative  effect  on  the  spatial  distribution  of  Wq,  but  does  not  fundamentally 
control  the  qualitative  spatial  oscillations.  The  nonlinear  effect  is  more  important  in 
the  fore  end  at  z  =  0.25  than  in  the  rear  end  at  z  =  0.75  near  the  the  exit  where 
nonlinear  effect  disappears  because  of  the  pressure  node  condition. 

Figure  11  is  the  counterpart  to  Figure  8  with  a  reduced  viscous  effect.  In  this 
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case  (97)  is  solved  with  the  viscous  term,  yi  multiplied  by  a  factor  of  0.25. 

The  basic  patterns  of  the  complete  solution  in  Figure  8  persist.  One  notes  that  the 
maximum  oscillation  amplitudes  in  Figure  lla,c  are  considerably  larger  than  their 
analogues  in  Figure  8a,  c,  particularly  away  from  the  wall.  Smaller  differences  are 
seen  at  z  =  0.5  in  Figure  11b.  In  general,  the  impact  of  viscosity  is  greater  at  an 
axial  location  where  the  maximum  oscillation  amplitudes  are  relatively  large. 

The  results  presented  for  M  =  0.01  show  that  intense  transient  vorticity  has  filled 
a  little  more  40%  of  the  cylinder  radius  at  t  =  40.  Extended  computational  times 
at  the  small  characteristic  axial  flow  Mach  number,  are  required  to  show  further 
intrusion  of  the  rotational  flow  into  the  cylinder.  When  M  is  larger,  implying  larger 
wall  injection  rates,  the  filling  process  is  faster,  so  that  less  computational  time  is 
required. 

Figures  12  and  13  are  the  counterparts  of  the  nonlinear  result  in  Figure  8b  when 
M  =  0.05  and  0.1  respectively,  and  t  =  40.  The  vorticity  has  filled  nearly  the  entire 
cylinder  for  M  =  0.05.  The  value  of  the  undiffused  front  location  from  (108)  is 
7’ie(40)  =  0.951.  This  is  expected  because  radial  convection  of  vorticity  occurs  more 
quickly  for  a  relatively  larger  steady  radial  velocity.  At  M  =  0.1,  where  rie(40)  = 
0.998,  vorticity  is  present  everywhere  in  the  cylinder,  the  value  at  the  axis  is  zero,  as 
explained  below  (82).  It  should  be  noted  that  the  local  velocity  gradients  are  smaller 
in  Figures  12  and  13  so  that  the  magnitude  of  the  unsteady  vorticity  is  similarly 
reduced  for  higher  Mach  number  systems  as  predicted  by  the  definition  of  fie  below 
(84). 

The  complete  transient  axial  velocity  response  at  a  spatial  location  (z,ri)  in  the 
cylinder  arises  from  the  superposition,  Wop  +  Wq.  Figure  14  provides  results  at  z  = 

0.5,  n  =  0.2  for  the  time-variation  of  Wop,  Wq  and  their  sum  V^o,  defined  in  (59)  with 
Kmax  =  21  and  M=0.01.  The  acoustic  signal  in  Figure  14a  is  initiated  at  about  t  =  0.5 
to  account  for  the  wave  travel  from  the  endwall  to  the  location  z  =  0.5.  At  ri  =  0.2 
the  rotational  response  appears  after  a  delay  of  almost  18  axial  acoustic  time  units, 
the  time  needed  for  the  vorticity  wave  front  initiated  at  the  wall  to  convect  out  to  the 
specified  radial  location.  At  the  location  n  =  0.2,  phase  differences  between  Wop  and 

Wq  are  relatively  small  and  the  sum  in  Figure  14c  shows  a  total  response  of  significant 
amplitude.  This  amplitude  actually  increases  as  ri  decreases  until  locations  very  close 
to  the  wall  are  reached,  where  the  impact  of  the  no-slip  condition  at  ri  =  r2  =  0  forces 

Ko  0. 

At  higher  driving  frequencies  one  will  find  additional  small  scale  structure  in  the 
Wq  profile  arising  from  the  shorter  time  scale  for  sign  changes  in  the  axial  gradient  of 
the  acoustic  pressure.  Results  for  uj  =  2.5,  M  =  0.01,  Kmax  —  21,  A  =  0.5  are  given 
in  Figures  15a-c  for  t  =  40.  In  this  case  there  are  about  10  spatial  cycles,  compa¬ 
rable  with  the  number  of  completed  cycles  associated  with  the  first  eigenfrequency 
in  (70),  Ai  =  7r/2,  rather  than  the  forcing  frequency  u  =  2.5.  The  result  points 
out  the  importance  of  retaining  eigenfunctions  in  the  acoustical  theory.  The  results 
show  that  the  spatial  distribution  curves  for  cj  =  1.0  and  2.5  have  similar  charac¬ 
teristics  although  the  smaller  scale  structure  is  much  finer.  Here  again,  one  observes 
considerable  variations  in  the  axial  direction. 

The  relative  solution  complexity  for  u;  =  2.5  suggests  that  a  more  complex  acoustic 
field,  arising  from  multiple  driving  frequencies  or  perhaps  sidewall  injection  oscilla¬ 
tions,  may  initiate  a  relatively  irregular  rotational  flow  time-response.  In  this  sense, 
one  could  ask  whether  “turbulent”  responses  observed  in  similar  situations  such  a£ 
solid  rocket  chamber  models  are  caused  in  part  by  wall  generated  vorticity  that  is 
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convected  into  the  chamber  by  the  injected  field. 


7  Modal  Solutions  to  the  Nonlinear  System 

The  accuracy  of  finite  difference  solutions  to  (97)  can  be  assessed  in  part  by  pmparing 
results  with  those  found  using  the  modal  analysis  described  earlier.  Solutions  found 
from  (101)-{107)  enable  one  to  demonstrate  how  the  energy  is  distributed  among  the 
Fourier  modes.  The  coefficients  A„(ri,r2),  n=l-N  for  specified  N,  have  been  found 
by  using  a  finite  difference  method  based  on  the  Adam-Bashforth/ Crank-Nicolson 

scheme  described  in  Section  6.  The  procedure  used  previously  to  find  oJi  the  real 
locus  is  applied  to  each  A„(ri,r2).  Once  the  A'„s  are  known,  the  solution  for  Wq  is 
found  by  summing  up  N  modal  contributions  according  to  (101).  Careful  attention 
must  be  given  to  the  value  of  N  in  order  to  assure  that  the  solutions  are  suificiently 

accurate.  In  particular,  solutions  for  Wq  based  on  N  and  N  +  L  modes,  L  >  0, 
are  compared  until  the  results  exhibit  little  appreciable  change  for  an  incremental  L 
value.  Valuable  insights  into  the  solution  development  for  this  problem  have  been 
found  from  the  transient  solution  to  a  Fisher  equation  (Fisher,  1936)  in  terms  of  a 
Galerkin  expansion.  Details  are  given  in  Appendix  A. 

Figures  16-18  show  Wq  results  for  M  =  0.01  and  u)  =  \  aX  z  =  0.5,  t  =  40  when 
N  =  6, 8, 10  respectively.  The  Wq  profile  in  each  graph  is  obtained  by  using  the  sum  of 
the  last  6  modes,  even  though  8  and  10  modes  were  used  in  the  numerical  computation 
associated  with  Figures  17  and  18,  respectively.  A  comparison  of  individual  modes 
in  the  partial  sum  implies  that  the  energy  is  concentrated  primarily  in  the  first  two 
modes  for  =  1.  A  comparison  of  results  in  Figures  16-18  with  those  in  Figure 
8b  is  striking,  including  the  appearance  of  some  irregular  small  scale  structure  in 
the  second  and  fourth  spatial  waves  above  the  sidewall.  There  is  little  difference 
between  the  best  result  in  Figure  18  and  that  from  a  direct  finite  difference  solution 
with  Kmax  =  21.  It  is  noted  that  the  grid  size  in  the  axial  direction  for  Ar„,ax=21 
is  0.05,  just  small  enough  to  resolve  the  first  six  axial  Fourier  modes  according  to 
{£^z)max  =  Sts*  where  Ae  =  Hence  the  most  meaningful  comparisons  should  be 
carried  out  with  N  =  6. 

The  six  mode  partial  sum  from  the  ten  mode  computation  is  closer  to  the  finite 
difference  result  than  the  six  mode  summation  from  the  six  mode  computation.  A 
reasonable  explanation  of  this  observation  may  be  based  on  the  restricted  enerp^ 
transfer  for  modes  near  the  truncation  limit.  Adding  a  few  more  modes  permits 
realistic  exchange  between  the  lower  modes.  Hence  a  six  mode  partial  sum  from  an 
N  =  10  calculation  provides  better  results  than  the  N  =  6  calculation  alone.  This 
effect  occurs  in  related  work  by  Wang  and  Kassoy  (1995). 

The  smaller  amplitude  radial  rotational  velocity  can  be  calculated  by  integrating 

(77), 


Vri{z,t,ri,r2)  =  -Vrosiri) 


'•2  gWo(z,t,ri,f2) 
dz 


dro 


(109) 


where  Wq  =  0,  for  r2  >  r2e{t)  and  r2e  is  found  from  (52)  and  (108).  The  physical 
solution  is  found  by  intersection  of  V^i  with  the  locus  curve  relating  ri  and  r2.  One 
may  note  that  for  r2  >  r2e(t),  the  upper  limit  on  the  integral  is  fixed  at  r2e,  so  that 
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the  primary  radial  variation  arises  from  the  factor  K05  defined  in  (15).  The  result 
in  Figure  19  for  M  =  0.01, u;  =  l,z  =  0.5,  t  =  40  is  a  six  mode  partial  sum  for  an 
jy  —  g  computation.  For  0  ^  r  ^  V2e  one  observes  spatial  oscillations  resulting  from 

those  in  the  Wq  profiles.  The  radial  gradients  in  that  region  are  far  l^ger  than  those 
beyond  the  velocity  front  at  r2e.  This  point  can  be  understood  by  using  the  multiple 
scale  derivatives  in  (52)  to  find  the  physical  radial  gradient  of  Ki; 

^  =  ^  +  (110) 
dri  dri  M  dz 

where  (77)  has  been  employed.  The  latter  O(^)  term  prevails  between  the  sidewall 
and  the  vorticity  front.  Beyond  the  front,  the  second  term  in  (110)  is  identically  zero 
so  that  one  should  find  the  0(1)  radial  derivative  observed  in  Figure  19. 

The  satisfying  comparison  between  finite  difference  and  modal  solutions  provides 
strong  confidence  in  the  characteristic  solution  properties.  It  is  noted  that  CPU 
time  requirement  for  direct  finite  diffence  computations  is  considerably  less  than  that 
for  modal  solutions,  given  equivalent  resolution  requirements.  However,  the  modal 
solutions  can  be  used  to  obtain  insights  to  the  energy  distribution  at  various  length 
scales,  not  easy  to  find  from  finite  difference  calculations. 


8  Energetics  of  the  Internal  Flow 

The  prescribed  axial  speed  disturbance  imposed  on  the  endwall  in  (10)  causes  tran- 
sicnt  work  to  be  done  on  the  flow  system.  Acoustic  disturbances  originating  at  the 
end  distribute  the  energy  into  the  flow  field.  Simultaneously,  energy  is  transferred 
from  the  acoustic  field  into  the  rotational  flow  field  as  vorticity  is  generated  at  the 
sidewall  and  redistributed  in  the  internal  flow.  This  partition  of  transient  energy 
between  the  acoustic  and  rotational  flows,  is  of  interest  in  understanding  the  flow 
dynamics.  It  has  been  considered  in  terms  of  the  conce^pt  of  “flow  turning”  used  in 
the  solid  rocket  motor  stability  literature  (Flandro,  1995,  for  example). 

The  endwall  work  input  rate  can  be  written  in  nondimensional  form  as 

We{t)  =  P {0,  t)  sin utdt  (111) 

where  P{0,t)  is  obtained  from  (50)  and  (70)  to  0(M).  It  follows  that 


=  i(l  -  cos(wt)) 
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1  —  cos{2ut) 
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describes  the  time-history  of  the  work  input  to  0{M).  The  long-time  average, 
W,  =  \im^  Wedt  =  MA  -  +  MAJ2  7T2 - ^ 
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is  positive  definite  and  the  series  converges  rapidly.  This  added  energy  must  now  be 
partitioned  into  the  acoustic  and  rotational  fields. 

One  may  write  the  nondimensional  total  energy  per  unit  mass  of  a  fluid  particle 
in  the  form 


E  =  E'/i: 


c'^ 


:) 


'7(7-1) 

=  +  (yL  + 
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zQs  ^2  T'05^ 


+M9q 


+M"  js,  +  {2V,o.(W„,  +  ty„)  +  (Wo,  +  Wof  +  0(M,  i)]  |114) 


The  first  two  terms  (in  curly  brackets)  represent  steady  flow  energy,  while  the  third 
includes  both  acoustic  and  rotational  components  defined  in  (61).  The  0{M)  ^o,term 
arises  directly  from  the  endwall  disturbance  and  is  larger  than  the  biggest  kinetic  en¬ 
ergy  term  of  O(M^)  in  this  low  Mach  number  flow.  Energy  in  this  therma,!  term  and 
the  analogous  ^i-term  cannot  be  evaluated  until  solutions  are  developed  in  a  future 
paper.  However,  it  is  clear  from  the  present  formulation  that  a  thermal  accomoda¬ 
tion  layer  will  be  present  in  order  to  satisfy  an  imposed  wall  temperature  boundary 
condition  (i.e.  (8)),  like  those  studied  by  Roh  and  Yang  (1995). 

The  largest  component  of  the  unsteady  kinetic  energy.  A,  can  be  written  in  the 

nondimensional  form; 


=  +  +  +  (115) 

which  includes  both  acoustic  and  rotational  flow  contributions.  Equations  (63)  and 
(73)  can  then  be  employed  to  derive  an  expression  for  the  rate  of  change  of  A  for  fluid 
particles  entering  the  cylinder  from  the  sidewall; 

~+^^=-M\-,-l){V,o.+Wo,  +  Wo)?^  (116) 

Then  a  variable  transformation  employing  t]  =  t—r2  can  be  used  to  write  a  Lagrangian 
equation  for  A{t,  t],  ti  ,  z) 


^  =-M^(j-l)(V,os  +  Wo,  +  Wo)-^  (117) 

n 

It  follows  that  on  a  constant  T^line  the  kinetic  energy  is  altered  by  an  interaction  be¬ 
tween  the  complete  0(1)  axial  velocity  and  the  axial  gradient  of  the  acoustic  pressure. 

One  should  note  that  the  rotational  field  itself  (Wq)  affects  the  change  in  A. 

One  can  integrate  (117)  by  following  a  convecting  fluid  particle  on  a  given  7j-line 
from  the  time  it  exits  the  side  wall  (t  =  tj)  to  any  larger  value  of  time.  It  follows  that 


7(7-l)M^(Wop(t,z)-Wop(r,,z)) 


\r  ^  Wop(t,z)  +  Wop(T},z) 
^ zOs 


+  Wo 


+Ao 


(118) 
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whereAo  s  ^.{r],'q,Tl,z)  is  obtained  from  (115).  Equation  (118)  describes  the 
evolution  of  the  fluid  particle  kinetic  energy  on  a  given  t]  line.  It  is  perhaps  more 
illustrative  to  find  the  time-average  of  (118),  in  order  to  integrate  away  harmonic 
function  variations.  The  result  is  that 

lim  ^  /  Mt  =  7(7  -  1)M^  J  lim  -  /  —^dt  -t-  V.osWq  +  —  \  (119) 

T—^oo  T  Jo  ►oo  I  Jr]  Z  ^  ) 


where  the  value  of  Aq  has  been  used. 

The  first  term  on  the  right  side  of  (119)  describes  the  average  acoustic  kinetic 
energy  and  is  positive  definite.  One  can  observe  a  form  of  long-time  kinetic  energy 
partitioning  between  the  acoustic  and  rotational  fields. 

It  is  interesting  to  note  that  the  long-time  average  of  (117)  on  a  constant  ry-line 

vanishes; 


lim 

r—00 


T 


r — 

rj  dt 


dt  =  0 


V 


(120) 


This  result  and  (117)  imply  that  the  kinetic  energy  increases  in  some  intervals 
and  decreases  in  others,  with  the  average  value  on  a  constant  7j-line  given  by  (119). 

These  issues  are  worthy  of  additional  consideration  in  the  future  because  the  flow 
is  fundamentally  rotational  in  character.  As  a  result,  traditional  acoustic  intensity 
arguments  cannot  be  employed  to  elucidate  the  fundamental  energy  partitioning  pro¬ 
cesses. 


9  Conclusions 

Systematic  asymptotic  methods  have  been  employed  to  formulate  an  initial-boundary 
value  model  for  coexisting  acoustic  and  rotational  flow  fields  in  a  long,  narrow  cylin¬ 
der.  Boundary  driven  axial,  planar  acoustic  waves  interact  with  an  inviscid,  weakly 
rotational,  injection  induced  steady  flow  to  produce  intense  time  dependent  vorticity 
at  the  sidewall  of  the  cylinder.  The  intense  vorticity  is  convected  into  the  entire  cham¬ 
ber  by  the  steady  radial  velocity  field  for  appropriate  ranges  of  Reynolds  and  Mach 
number  and  frequency.  The  amplitude  and  distribution  of  the  vorticity  is  impacted 
by  weak  viscous  and  nonlinear  effects. 

It  is  also  demonstrated  that  there  are  parameter  ranges  of  Mach  number  (as  it 
relates  to  injection  rate),  driving  frequency  and  Reynolds  number  for  which  vorticity 
is  really  confined  to  weakly  viscous  acoustic  boundary  layers,  thin  compared  to  the 
radius  of  the  cylinder,  but  larger  than  those  discussed  by  Flandro  (1974),  Baum 
and  Levine  (1987).  These  structures  can  appear  for  relatively  small  injection  rates, 
relatively  high  driving  frequency  and  low  Reynolds  numbers,  so  that  viscous  damping 
of  the  vorticity  amplitude  is  profound.  Then,  the  cylinder  core  will  contain  the 
relatively  weak  vorticity  of  the  steady  Culick  (1966)  solution  and  irrotational  acoustic 
waves  driven  by  the  boundary  forcing. 

There  is  now  a  considerable  body  of  evidence  in  support  of  the  presence  of  an 
unsteady  vorticity  distribution  within  an  appropriately  high  Reynolds  number  wall 
injected" flow  in  a  cylinder.  The  experiments  of  Brown  et  al. (1986a, 1986b),  the  small 
disturbance,  linear  stability  modeling  of  Flandro  (1995a, 1995b)  as  well  as  Majdalani 
and  Van  Moorhem  (1996),  the  computational  solutions  of  Vuillot  and  Avalon  (1991), 
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Smith  et.  al.(1993),  and  that  of  Kirkkopru  et  al.  (1995, 1996a, b)  as  well  as  the  current 
work  show  unequivocally  that  unsteady  vorticity  is  generated  at  the  cylindrical  surface 
and  is  convected  away  by  the  injected  fluid.  The  core  of  the  cylinder  is  free  of  intense 
unsteady  vorticity  only  during  the  very  early  phases  of  the  transient  process,  prior  to 
the  arrival  of  a  well  defined  unsteady  vorticity  front. 

Unlike  Flandro’s  recent  work  (1995a,  1995b)  and  that  of  Majdalani  and  Van 
Moorhem  (1996),  which  employs  quasi-steady,  linear,  small  disturbance  stability  the¬ 
ory  for  explaining  the  observed  presence  of  rotational  flow  throughout  the  cylin¬ 
der,  we  have  formulated  an  initial-boundary  value  theory  for  a  weakly  nonlinear  and 
viscous  flow  process.  A  multiple  length  scale  analysis,  which  is  essential  in  forming  a 
rational  mathematical  model,  is  used  to  demonstrate  to  the  first  order  that  the  vor¬ 
ticity  is  generated  at  the  surface  by  a  fundamentally  inviscid  interaction  between  the 
acoustic  pressure  axial  gradient  and  the  injected  fluid  at  the  wall,  and  is  convected 
away  by  a  steady  radial  velocity  field.  Then,  a  higher  order  theory  is  used  to^  prove 
that  the  basic  vorticity  is  nonlinearized  in  the  axial  direction  and  viscously  diff’used 
on  a  small  radial  length  scale.  The  latter  result  demonstrates  that  the  weak  viscosity 
is  pervasive,  although  smaller  in  magnitude  than  the  driving  effect  of  the  axial  pres¬ 
sure  gradient,  and  confirms  the  conjecture  of  Hedge  et  al.(1986).  These  results  are  a 
generalization  of  those  by  Flandro  (1995b)  and  Majdalani  and  Van  Moorhem  (1996). 

The  amplitude  of  the  transient  vorticity  distributions  described  by  Kirkkopru  et 
al.(1995),  and  in  the  present  work  are  0(M"^)  larger  than  that  of  the  Culick(1966a) 
steady  solution.  It  follows  that  there  will  be  a  relatively  large  transient  axial  shear 
stress  on  the  cylinder  surface,  which  can  be  calculated  from  equation  (84),  particularly 
for  smaller  M  values.  This  result  is  important  for  applications  of  the  theory  to  solid 

rocket  motors.  .  .  i.  i  • 

One  can  speculate  that  the  large  tr2insient  shear  stresses  \dll  impact  the  burning 
rate  of  a  propellant  which  is  the  source  of  the  “injected”  fluid  used  in  the  present 
model.  Perhaps  there  is  a  direct  relationship  .between  the  effect  of  surface  shear  stress 
transients,  predicted  in  the  present  work,  and  erosive  burning  concepts  used  in  the 
solid  rocket  engineering  literature  (Williams,1985). 

The  linear  acoustic  pressure  field  in  our  theory  is  found  independently  of  any 
vorticity  distribution  present  in  the  cylinder.  It  is  mathematically  decoupled  from 
the  vorticity  subsequently  generated  by  the  inviscid  interaction  between  the  axial 
pressure  gradient  and  the  fluid  injected  from  the  wall.  As  a  result,  the  pressure 
field  is  determined  from  an  irrotational  formulation,  using  a  homogeneous  wave  equa¬ 
tion  with  nonhomogeneous  boundary  conditions.  The  solution,  composed  of  a  forced 
(Helmholtz)  response  and  eigenfuctions  (traveling  waves)  resembles  what  one  mea¬ 
sures  in  rocket  motor  models.  However,  the  total  axial  velocity  response  arises  from 
the  coexisting  acoustic  and  rotational  flow  fields  of  equal  magnitude.  The  latter  in¬ 
cludes  the  “shear  waves”  or  vorticity  distribution.  The  associated  radial  gradient 
cannot  be  predicted  from  acoustic  stability  theory. 

The  conceptual  approach  used  here  has  been  extended  by  Kirkkopru  et.  al.(1996b) 
to  disturbances  driven  by  sidewall  injection  transients,  rather  than  those  applied  at 
the  closed  endwall  (Zhao(1994),  Kirkkopru  et  al.(1995,  1996a)).  The  former  type  of 
disturbance  emulates  the  effects  of  propellant  burning  rate  variations  in  solid  rocket 
motors.  These  methods  have  also  proved  effective  for  studying  three  dimensional 
flow  responses  to  nonaxisymmetric  boundary  disturbances,  Kassoy,  et.  al.  (1997) 
and  Staab  and  Kassoy  (1996). 


10  Acknowledgement 

The  authors  would  like  to  thank  the  Air  Force  Office  of  Scientific  Research  for  con¬ 
tinuing  support  through  AFROSR  89-0023.  A  substantial  discussion  with  Professor 
N.  Riley  of  the  University  of  East  Anglia  is  much  appreciated. 


11  REFERENCES 

Balakrishnan,  G.,  Lindn,  A.,  and  Williams,  F.,(1991)  AIAA  J.  29,  2149-2154. 

Baum  J.D.(1989),  “  Investigation  of  Flow  Turning  Phenomenon;  Effects  of  Fre¬ 
quency  and  Blowing  Rate,”  AIAA-89-0293  27th  Aerospace  Sciences  Meeting, 
Reno,  NV.,  January  1989. 

Baum  J.D.(1990),  “Energy  Exchange.  Mechanisms  Between  the  Mean  and  Acous¬ 
tic  Fields  in  a  Simulated  Rocket  Combustor,”  AFOSR  Contractors  Meeting, 
Atlanta,  GA,  June. 

Baum,  J.D.  and  Levine,  J.N.(1987)  AIAA  J.  25,1577-1586 

Brown,  R.S.,  Blackner,  A.M.,  Willoughby,  P.G.,  and  Dunlap,  R.(1986a) ,  J.  Propul¬ 
sion  and  Power,  2,428-437. 

Brown,  R.S.,  Blackner,  A.M.,  Willoughby,  P.G.,  and  Dunlap,  R.(  1986b)  “Coupling 
Between  Velocity  Oscillations  and  Solid  Propellant  Combustion,  AIAA  Paper 
86-0531,  24th  Aerospace  Sciences  Meeting,  Reno,  NV.,  January  1986. 

Brown,  R.S.  and  Shaeffer,  C.W.  (1992)  “  Oscillatory  Internal  Flow  Field  Studies,” 
AFOSR  Contractors  Meeting  in  Propulsion,  LaJolla,  California,  June  1992. 

Chen  T. ,  Hedge,  U.,  and  Zinn,  B.  (1990)  “  Driving  of  axial  acoustic  fields  by  sidewall 
stablized  diffusion  flames,”  AIAA-90-0037,  28th  Aerospace  Science  Meeting, 
Reno,  NV.,  January  1990. 

Cole,  J.D.  and  Aroesty,  J.  (1968)  “  The  Blowhard  Problem—  Inviscid  Flows  with 
Surface  Injection,” Int  J.  Heat  Mass  Transfer,  11,  1167-1183  . 

Culick,  F.E.C.  {196d)AIAA  J.  4,1462-1463. 

Culick  F  E  C.  and  Yang,  V.  (1992)  “  Prediction  of  the  Stability  of  Unsteady  Motions 
in’ Solid-Propellant  Rocket  Motors,”  Chap.  18,  719-779,  in  Nonsteady  Burning 
and  Combustion  Instability  of  Solid  Propellants,  eds.,  L.  DeLuca,  E.W.Pnce 
and  M.  Summerfield,  Prog,  in  Aero,  and  Astro.,  AIAA,  Wash.  D.C.  . 

Culick,  F.E.C.  {m6)AIAA  J.  4,1462-1463. 

Culick,  F.E.C.  (1966)A/AA  J.  4,1462-1463. 

Fisher,  R. A. (1936)  Ann.  Eugen.,  7,  355-369. 

Flandro,  G.A.  (1974)  J.  Sound  and  Vibration,  36,  297-312. 


31 


Flandro,  G.A.  (1986)  J.  Prop.  Power,  2,  206-214. 

Flandro,  G.A.  (1995a)  J.  Prop.  Power,  11,  607-625. 

Flandro,  G.A.  (1995b)  “  On  Flow  Turning  ” ,  AIAA  95-2730, 31st  AIAA/ ASME/ ASEE 
Joint  Propulsion  Conference,  San  Diego,  CA.  July  1995. 

Flandro,  G.A.  and  Roach,  R.L.  (1992)  Effects  of  Vorticity  Production  on  Acoustic 
Waves  in  a  Combustion  Chamber.  Final  Technical  Report  AFOSR-90-0159 

Hegde,  U.G.,  Chen,  T.,  and  Zinn,  B.T.  (1986),  AIAA  J.  24,  1474-1482. 

Hegde,  U.G.  and  Zinn,  B.T.  (1986),  21st  Symp.  (int’l.)  Combust.  1993-2000 

Kassoy,  D.R.,  Staab,  P.L.,  Chang,  T.Y.  and  Hegab  A.M.  (1997)  “  Co-Existing  Acous¬ 
tic  Rotational  Disturbances  in  a  Cold  Flow  Model  of  a  Solid  Rocket  Motor”, 
AIAA  97-0697,  35th  Aerospace  Sciences  Meeting,  Reno,  NV.,  January  1997. 

Kirkkopru,  K.,  Kassoy,  D.R.  and  Zhao,  Q.,  (1995)  “Unsteady  Vorticity  Generation 
and  Evolution  in  a  Model  of  a  Solid  Rocket  Motor:  Sidewall  Mass  Addition 
Transients”  AIAA-95-0603,  33rd  Aerospace  Sciences  Meeting,  Reno,  NV.,  Jan¬ 
uary  1995. 

Kirkkopru,  K.,  Kassoy,  D.R.  and  Zhao,  Q.,  (1996a)  “Unsteady  Vorticity  Generation 
and  Evolution  in  a  Long  Narrow  Cylinder  with  Sidewall  Injection  ” ,  submitted 
to  Physics  of  Fluids. 

Kirkkopru,  K.,  Kassoy,  D.R.  and  Zhao,  Q.,  (1996b)  “Unsteady  Vorticity  Generation 
and  Evolution  in  a  Model  of  a  Solid  Rocket  Motor:  Sidewall  Mass  Addition 
Transients”,  J.  Propulsion  and  Power,  12,  646-654. 

Lagerstrom,  P.A.  (1964)  Theory  of  Laminar  Flows,  Section  B,90-92,  Moore,  F.K., 
ed.,  Princeton  University  Press,  Princeton,  NJ.  . 

Matta,  L.M.  and  Zinn,  B.T.  (1993)  “Investigation  of  Flow  Turning  Loss  in  a  Simu¬ 
lated  Unstable  Solid  Propellant  Rocket  Motor,”  AIAA  93-0115,  31st  Aerospace 
Sciences  Meeting,  Reno,  NV.,  January  1993. 

Price,  E.W.  and  Flandro,  G.A.  (1995)  Combustion  Instability  in  Solid  Propellant 
Rockets.  Book  manuscript  in  preparation. 

Roh,  T.S.  and  Yang,  V.  (1995),  “Transient  Combustion  Responses  of  Solid  Pro¬ 
pellants  to  Acoustic  Disturbances  in  Rocket  Motors  ”,  AIAA  95-0602,  33rd 
Aerospace  Sciences  Meetings,  Reno,  NV.,  January  1995. 

Sankar,  S.V.,  Hegde,  U.G.,  Jagoda,  J.L,  and  Zinn,  B.T. (1988a),  22nd  Symp.  (int  1) 
on  Combustion,  1865-1873 

Sankar,  S.V.,  Jagoda,  J.L,  Daniel,  B.R.,  and  Zinn,  B.T. (1988b),  AIAA  88-0541,  26th 
Aerospace  Sciences  Meeting,  Reno,  NV.,  January  1988. 

Smith,  T.M.,  Roach,  R.L.,  Flandro,  G.A.(1993),  “Numerical  Study  of  the  Unsteady 
Flow  in  a  Simulated  Rocket  Motor”,  AIAA  93-0112,  31st  Aerospace  Sciences 
Meeting,  Reno,  NV.,  January  1993. 


32 


Staab,  P.L.  and  Kassoy,  D.R.  (1996),  “Three  Dimensional,  Unsteady,  Acoustic-Shear 
Flow  Dynamics  in  a  Cylinder  with  Sidewall  Mass  Addition  ” ,  submitted  to  The 
Physics  of  Fluids. 

Taylor,  G. I. (1956),  Proc.  Royal  Soc.  Lond.  A  234,  456-47o. 

Tien,  J.S.  (1972)  Comb.  Science  and  Tech.5,  47-54. 

Tseng,  C.,  Tseng,  I.S.,  Chu,  W.  and  Ypg,  V.(1994),  “Interactions  Between  Acons- 
tic  Waves  and  Premixed  Flames  in  Porous  Chambers”,  AIAA  94-3328,  Joint 
Propulsion  Conference,  Indianapolis,  IN.,  June  1994. 

Vuillot,F.  (1995)  J.  Propulsion  and  Power  11,  629-639. 

Vuillot,F.  and  Avalon,G.  (1991)  J.  Propulsion  7,  231-239. 

Wang,  M.  and  Kassoy,  D.  R.  (1990a)  J.  Acoust.  Soc.  America  87,1466-1472 

Wang,  M.  and  Kassoy,  D.  R.  (1990b)  J.  Fluid  Afec/i.220,  267-292. 

Wang,  M.  and  Kassoy,  D.  R.  (1990c)  J.  Fluid  Mech.221,  23-52. 

Wang,  M.  and  Kassoy,  D.  R.  (1992a)  J.  Fluid  Mech.238,  509-536. 

Wang,  M.  and  Kassoy,  D.  R.(1992b)  AIAA  J.30,  1708-171o. 

Wang,  M.  and  Kassoy,  D.  R.(1995)  SIAM  J,  Appl.  Math.55,  924-951. 

Williams,  F.A.(1985)  Combustion  Theory,  Benjamin/Cummings,  Menlo  Park. 

Zhao,  Q.  (1994)  “Nonlinear  Acoustic  Processes  in  Solid  Rocket  Motors”,  Ph.D. 
Thesis,  Mechanical  Engineering  Department,  University  of  Colorado.  . 

Zhao  Q.  Kassoy,  D.R.  (1994)  “The  Generation  and  Evolution  of  Unsteady  Vorticity 
in  a  Model  of  a  Solid  Rocket  Engine  Chamber”,  AIAA- 94-0779, 32nd  Aerospace 
Sciences  Meeting,  Reno,  NV.,  January  1994. 


12  Solution  to  a  Related  Model  Problem 

The  nonlinear  coupled  system  in  (109)  is  sufficiently  complex  to  require  a  computa¬ 
tional  solution.  In  order  to  develop  an  effective  numerical  approach,  it  is  desirable 
to  consider  the  solution  to  an  elementary  model  problem  with  related  properties.  A 
simple  Fisher  equation  (Fisher,1936)  with  appropriate  periodic  initial  and  boundary 
conditions  can  be  used: 


Initial  Condition: 


y  >  0,t  >  0 

(121) 

sin(f  -  y) 

for  0<y<t-, 

(122) 

=  0 

for  y>t 

(123) 
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Boundary  Condition: 


(124) 


U{y  =  0)  =  -sm{t) 

When  the  parameter  t  is  increased,  the  nonzero  portion  of  the  initial  condition  is 
spread  farther  into  the  y-domain.  In  the  spirit  of  (109),  the  multiple  scale  independent 

variables  are  related  by  y  =  Cl^z  and  ^  1. 

An  analytical  solution  for  linear  diffusion  (u  =  0)  is  constructed  for  the  odd  ex¬ 
tension  of  (118)  and  (119)  for  the  domain  0  <  y  <  oo: 


(125) 


A  quasi-steady  solution  form  U{y,z)  =  —  sin(t  —  y)e  y  >  0  can  be  recovered  by 
taking  the  limits  (0|)  ^  ±oo  and  2:  0+  simultanously.  Physically,  this  means 

that  the  solution  has  a  quasi-steady  form  at  a  specific  value  of  t  if  y  lies  between 
y=0  and  the  inner  edge  of  a  diffusive  boundary  layer  centered  at  y  =  i  which  is 
needed  to  smooth  the  discontinuous  slope  of  the  initial  condition  (118)  and  (119) 
at  that  location.  Inside  the  diffusive  layer,  the  solution  is  given  by  the  full  form  of 

(121).  The  diffusive  layer  thickness  is  (5  ~  O(^).  This  linear  result  suggests  that  the 
assumed  quasi-steady  approximation  employed  by  Price  and  Flandro  (1993)  is  not 
uniformly  valid  in  space.  , 

The  solution  to  (117)-(120)  along  the  locus  y  =  for  1/  =  1  and  «  66,has 
been  found  from  a  computational  analysis  based  on  an  elementary  explicit  finite 
different  method.  The  boundary  condition  (120)  is  enforced  at  y  =  0  for  each  in¬ 
tegration  step  in  z  direction.  The  integration  of  U  with  respect  to  z  is  carried  out 
for  0  <  z  <  2.25  with  step  size  6z  =  0.0015.  The  far  end  boundary  condition  is 
implemented  in  such  a  way  that  there  are  a  sufficient  number  of  grid  points  with  zero 
value  lying  between  the  furthest  grid  point  with  nonzero  value  and  the  finite  location 
of  the  computational  boundary  with  respect  to  y  after  each  integration  in  z  direction. 
The  dashed  line  in  Figure  6  describes  the  linear  solution  when  t  =  100  obtained  from 
(121).  An  analogous  numerical  result  {v  =  0)  is  indistinguishable  from  the  analytical 
solution  on  the  scale  of  the  graph,  thus  verifying  the  numerical  code.  The  linear  solu¬ 
tion  shows  regular,  nearly  harmonic  spatial  oscillations  that  decay  until  the  diffusive 
layer  is  reached  near  z  1.5.  There  the  solution  makes  a  rapid  transition  to  a  van¬ 
ishingly  small  value  for  z  >  1.5.  In  comparison  the  solid  line  represents  the  nonlinear 
numerical  solution  for  =  1.  The  frequency  is  nearly  identical  fy  the  linear  solution. 
However,  the  drift  of  the  solution  toward  positive  values  of  U  is  due  to  the  positive 
definite  source  effect,  vU‘^.  Again  the  deviation  from  the  pattern  of  oscillations  near 
z  «  1.5  is  associated  with  the  diffusive  layer  behavior.  Given  the  paranieters  used  in 
the  calculation,  the  diffusive  layer  thickness  with  respect  to  the  z  coordinate  is  about 
0.1.  The  analogous  results  for  z/  =  —  1,  corresponding  to  a  nonlinear  sink,  are  given 
in  figure  7  .  There  is  no  expectation  of  symmetry. 

The  basic  properties  of  the  model  problem  solution  can  be  used  to  develop  an 
effective  numerical  method  for  the  solution  of  (109). 
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Table  1:  Table  1;  Acoustic  Response  Properties  for  Several  Driving  Frequencies 


LJ 

u;'(Hz) 

Properties 

Primary  Response 

m 

stable 

axial  +  quasi-steady  modes 

1 

beats 

quasi-steady  modes 
with  axial  wave  modulation 

axial  amplification 

linear  growth 
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CAPTIONS 


Figure  1:  The  cylindrical  rocket  engime  chamber  model  of  length  L  ,  diameter  D  , 
with  endwall  oscillations  of  frequency  a;. 


Figure  2:  The  time  response  of  the  axial  acoustic  velocity  14o 


Figure  3:  The  time  response  (beats)  of  the  axial  acoustic  velocity  Ko/SO  at  z=0.5 
and  a;  =  1.5. 


Figure  4:  The  time  response  of  the  axial  acoustic  velocity  at  z=0.5  and  a;  = 
7r/2, linear  growth. 


Figure  5:  The  axial  velocity  in  the  boundary  layer  as  a  function  of  the  variable  of 
I  fo  M=0.01,/3  =  0.1  when  =  2.5  and  3.0  .  The  boundary  layer  is  thicker  for  the 
smaller  frequency  value. 


Figure  6:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  with 
the  radial  variable  t\  at  t— 20.  It  can  be  seen  that  the  front  is  about  239^  of  the  way 
to  the  centerhne  and  nearly  4  spatial  oscillations  have  entered  the  cylinder. 


Figure  7a,b,c;  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  at 
t=30  for  (a)z=0.25,(b)z=0.5  (c)z=0.75  with  the  radial  variableri.  The  front  is  about 
35%  of  the  way  to  the  centerline  and  nearly  5.5  spatial  oscillations  have  entered  the 
cylinder.  The  amplitude  of  the  oscillations  near  the  front  at  this  moment  is  noticably 
smaller  those  at  t=20,  an  accumulative  effect  of  viscosity  on  M  scale. 


Figure  8a:  The  spatial  variation  of  the  rotational  axial  velocity  component  I'V'o  with 
the  radial  variable  ri  at  t=40,  z=0.25.  The  front  is  about  45%  of  the  way  to  the  cen¬ 
terhne  and  nearly  7.5  spatial  oscillations  have  entered  the  cylinder.  Strong  nonhnear 
effects  alter  the  overall  pattern. 


Figure  8b:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wq  with 
the  radial  variable  ri  at  t=40,  z=0.5.  The  front  is  about  45%  of  the  way  to  the 
centerhne  and  nearly  7.5  spatial  oscillations  have  entered  the  cylinder.  The  amplitude 
of  the  oscillations  near  the  front  at  this  moment  is  substantially  smaller  those  at  t=20, 
an  accumulative  effect  of  viscosity  on  M  scale. 


Figure  8c:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wq  with 
the  radial  variable  ri  at  t=40,  z=0.75  .  It  has  the  generic  features  as  in  Figure  8b. 


Figure  9:  The  spatial  variation  of  unsteady  vorticity  0^/100,  with  the  radial  variable 
Ti  .  The  magnitude  of  Qg  is  0(1/M)  bigger  than  the  steady  vorticity  and  therefore 
dominant  in  the  cylinder.  The  shear  stress  on  the  wall  imposed  by  the  unsteady 
vorticity  is  significant. 


Figure  10a, b,c:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wq  at 
t=40  for  (a)z=0.25,(b)z=0.5,(c)z=0.75,  with  the  radial  variable  ri  when  the  nonlinear 
term  is  suppressed.  A  comparison  of  these  with  Figures  8a,b,c  demonstrates  nonhnear 
effects  are  strong  near  the  fore  end,  moderate  at  the  middle,  small  at  the  rear  end. 


Figure  lla,b,c:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  at 
t=40  for  (a)z=0.25,^)z=0.5,(c)z=0.75,  with  the  radial  variable  ri  with  the  viscous 
term  reduced  by  50%.  A  comparison  with  Figures  8a,b,c  demonstrates  that  local 
structure  is  altered  by  the  reduction  of  viscosity. 


Figure  12:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wq  with 
the  radial  variable  ri  at  M=:0.05,  z=0.5,  C4;=1.0  and  t=40.  The  larger  M  corresponds 
to  stronger  injection  rate  on  the  cylinder  wall.  As  a  result,  cdmost  all  the  cylinder 
has  been  filled  with  the  rotational  flow  compared  to  only  45%  in  the  case  of  M=0.01 
in  Figure  8c. 


Figure  13:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  with 
the  radial  variable  ri  at  M=0.1,  z=0.5,  a;=1.0  and  t=40.  The  larger  M  corresponds 
to  a  stronger  injection  rate  on  the  cylinder  wall. 


Figure  14  a,b,c  (from  top  to  buttom):  The  time  response  of;  (a)  the  axial  acoustic 


speed  W^op,(b)  the  rotational  axial  speed  Wo  and  (c)  the  complete  axial  speed  Ko  = 
(Wop  +  Wo)  for  ri=0.2,z=0.5,  M=0.01  and  a;  =  1.0. 


Figure  15a, b,c:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo 
with  the  radial  variable  t\  bX  u)  —  2.5,t=40  for  (a)z=0.25,(b)z  0.5,  (c)z  0.75  with 
the  amplitude  of  the  disturbance  reduced  by  a  half.  More  spatial  oscillations  are 
present  in  the  structure  due  to  the  higher  driving  frequency,  in  comparison  F igures 
8a,b,c. 


Figure  16:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  with 
the  radial  variable  vx  based  on  a  6  mode  summation  from  a  6  mode,  nonlinear  com¬ 
putation  (N=6). 


Figure  17:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  with 
the  radial  variable  t*i  based  on  a  6  mode  partial  summation  from  an  8  mode,  nonlinear  • 
computation  (N=8). 


Figure  18:  The  spatial  variation  of  the  rotational  axial  velocity  component  Wo  with 
the  radial  variable  ri  based  on  a  6  mode  partial  summation  from  a  10  mode,  nonlinear 
computation  (N=10). 


Figure  19:  The  spatial  variation  of  the  rotational  radial  velocity  component  Vri  with 
the  radial  variable  tx  based  on  the  6  mode  partial  summation  from  an  8  mode  com¬ 
putation. 


Figure  20:  Solution  U  vs  z  for  the  nonhnear  model  problem  on  the  locus  curve  y  =  Q^z 
with  «  66  and  u  =  1  The  dashed  line  is  the  plot  of  U  vs  z  from  (A-5)  on  the  same 
locus  curve. 


Figure  21:  Solution  U  vs  z  for  the  nonlinear  model  problem  on  the  locus  curve  y  -Q?z 
with  ^  66  and  v  =  -\  The  dashed  line  is  the  plot  of  U  vs  z  from  (A-5)  on  the 
same  locus  curve. 


AIAA  95-0603 

UNSTEADY  VORTICITY  GENERATION  AND 
EVOLUTION  IN  A  MODEL  OF  A  SOLID  ROCKET 
MOTOR: 

SIDEWALL  MASS  ADDITION  TRANSIENTS 


K.  Kirkkopm,  D.R.  Kassoy  and  Q.  Zhao 
University  of  Colorado  at  Boulder 
Boulder,  CO 


33rd  Aerospace  Sciences 
Meeting  and  Exhibit 

January  9-12, 1995  /  Reno,  NV 


For  pormlssion  to  copy  or  ropubtlsh,  contact  tho  Amorkan  instltuta  of  Aoronautlcs  and  Astronautics 
370  L'Enfant  Promonado,  S.W.,  Washington,  D.C.  20024 


"  AiAA-'gs-oeoa 


UNSTEADY  VORTICITY  GENERATION  AND  EVOLLTION 
IN  A  MODEL  OF  A  SOLID  ROCKET  MOTOR: 
SIDEWALL  MASS  ADDITION  TRANSIENTS 

Kadir  Kirkkoprii’.  David  H.  Kas.soy^  Qiiii;  '/liao* 

Department  of  Mf'diaiiical  Engiii«“«‘riiig 
University  of  Colorado  at  Boulder 
Boulder,  Colorado  80309 


A!)Stra<:t 

I  Id*  t  wo-(lini(Misioiial,  axisyininetric  Navicr-Slokcs 
equations  an?  solved  nuiiH^rically  to  study  the  ef¬ 
fect  of  simulated  propellant  burning  transients  on  the 
generation  and  (wolution  vorticity  in  a  finite  rylimler. 
A  steady  internal  flow-field  driven  by  constant  side¬ 
wall  injection  is  perturbed  by  nonnegative  axially  dis- 
tribiitt'd  unsteady  injection  from  sid(?vvall,  whicli  sitnu- 
lat(‘s  the  unst(?ady  mass  input  from  propellant  burning 
transients.  The  unsteady  injection  amplitude  is  chosen 
to  be  the  same  order  of  magnitude  as  that  of  the  steady 
sidewall  injection  so  that  nonlinear  tdfects  have  impact 
on  the  evolution  of  tlie  vorticity  field.  Solutions  to  an 
initial  value  problem  are  used  to  show  how  vorticity 
is  generated  at  the  sidewall  and  then  is  converted  into 
the  chamber  flow.  The  flow  fields  contain  large  instan¬ 
taneous  shear  stress  transients  that  are  not  considered 
ill  the  traditional  acoustic  stability  analyses. 


1,  Iiitrodiietioii 

Solid  prof)el!anl  combustion  in  a  rocket  motor  g<*ner- 
at(‘s  gaseous  products  that  induce  a  low  axial  Mach 
numlxT  (M  =  O(10“~  —  10“^)),  large  Re  number 
=  0(10'*  —  10^))  internal  shear  flow  in  a  long, 
narrow  rocket  motor  chamber  where  the  aspect  ratio 
^  1-  The  complete  time-dependent  shear  flow  is 

now  known  to  include  vorticity  distributions  (\hiiIlot 
and  Avalon^,  Flandro*®,  Kirkkoprii  et  al.**,  Tseng  et 
al.*'".  and  Zhao  and  Kassoy*®)  as  well  as  the  more  fa¬ 
miliar  acoustic  disturbances  studied  by  many  investi¬ 
gators  in  the  past  (Grad*.  Culick^,  Hart  and  McC’lure*^ 
and  Williams'^). 

Brown  (*t  ah'"  and  Brown  and  Sliaeffer"  conducted 
laboratory  experiments  in  a  cold  flow  rocket  motor 
chamber  analogue.  Velocity  measurements  taken  along 
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and  across  the  cylindrical  •  hamlnT  >}n)W  ihat  tln-rf  ;i 
significant  unsteady  rolatiunal  lli>w  compom'nt  pr»  ni 
everywdiere.  1  hi.s  typr  oj  vorin  iiv  i.'n  >»rn  also  in  ih** 
study  l)y  Vuillut  and  Avahjii^  whu  ust  d  <  ompiitatiuiial 
methods  to  solve  tin*  romprr.s.sibh-  .\a\ n  r  .Sttjke.s  *‘qin. 
lions  in  a  clianiu*!  with  ctuLstani  sidewall  m4'Ls.s  iniectioii 
The  numerical  results  of  Vuillut  and  Avalon^  demun- 
strate  that  unsteady  vorticity  is  not  always  confined  to 
thin  viscous  acoustic  boundary  layers  adjacent  lo  the 
injecting  w’all.  suggested  in  numerical  studies  of  Ihium 
and  Levine*'  and  Baum*'*  and  m  llif  analytical 
of  Fiandro*°.  Flandro  and  lioacli*  *  ami  in  tin*  rel.urd 
study,  Smith  et  al .  *  ‘  at t em])t ed  l .siimiia t e  nu mencall  v 
the  Brown  et  ah'"  experiments  They  <  aj)tur<  d  tlie 
sential  features  of  the  vortical  structures  ub.served  l»y 
Brown  et  ah^’^",  in  sfiite  of  a  numerical  ilifficuity  wuli 
the  radial  velocity  distribnlnin  m*ar  tin*  centerline  of  the 
chamber.  Tseng  ami  \ang**"  and  i'seiig  <‘t  al.*''  includr.l 
propellant  combustion  in  tlie  comphue  numencai  solu¬ 
tion  of  Navier-Stokes  equations  ami  studied  the  effect  of 
combustion  on  the  unsteady  plu'iiumena  m  an  analogue 
of  a  rocket  motor  cliamIxT.  Flandro  and  Roacli*  *  dewh 
oped  an  approximate  mod('l  and  analyiical  .solution  lo 
describe  vorticity  generation  at  the  inje<  ting  wall.  Fin* 
model  is  based  on  |)urely  invLscid.  linear  eipiations  1  his 
work  implies  that  there*  are*  two  h  ngtii  scah*s  for  rota¬ 
tional  effects,  the  tube  radius  ami  0(.\/)  smaller  iengih 
where  significant  local  velocity  variations  occur.  One 
may  draw  the  conclusion  from  these  <’Xp*Timeiitah  nu¬ 
merical  and  analytical  ri’sults  that  stability  pre'dict iejiis 
based  on  the  traditional  acoustic  analysis  shouhl  be*  re*- 
examined.  Clearly,  the  pre.sence  of  vortical  siructuns 
in  the  internal  flow  field  lias  significant  conse*(|u<*m*es  for 
the  conceptual  validity  of  traditional  irroi  at lonal  acous¬ 
tic  stability  models  when*  it  is  a.ssiimed  that  acouslic 
waves  propagate  through  a  quiesceiii  chamber,  and  do 
not  interact  with  sidewall  ga.s  injection. 

Recently,  Zhao  and  Kas.soy*^  and  Zhao  et  ah'*  pro¬ 
vided  an  initial  step  in  formulaimg  a  rational  math¬ 
ematical  model  for  internal  flow  dynamics  which  in¬ 
corporates  both  acoustic  phenoim'iia  ami  vorticity  dis¬ 
tributions.  Perturbation  methods  are  us<‘d  lo  derive 
systematic  approximations  to  tlu*  ciimplete  rompre.s.s- 
ible  Navier-Stokes  equations.  An  iniiial-l^oiindary  value 


1 


( 


is  ns<‘tl  to  forrintlate  a  generalized  unsteady 
inaihe  rnattral  iiiod(‘l  rapa[)le  of  describing  both  non- 
rrs<inaiit  aiul  resonant  time  history  of  solutions.  The 
boundary  disturl>anre  is  an  0(M)  axial,  harmonic  ve¬ 
locity  variation  on  the  closed  end  wall.  The  complete 
a.vial  velonty  is  found  from  a  superposition  of  three 
rniiipf »nrnis  of  e<|ual  magnitude.  First,  the  steady  com- 
jjonenf  arises  from  a  solution  to  inviscid.  rotational  Eu¬ 
ler  e<|uati()ns  known  by  C^ulick’.  Secondly,  there  is  a 
planar  irrotat iotial  acoustic  field,  derived  from  a  tra¬ 
ditional  linear  wave  e(|uation  wliich  satisfies  boundary 
conditions  at  tlie  closed  and  open  ends  of  the  cylinder. 
Finally,  when  Rc  zz  0((S-/A/“),  the  rotational,  weakly 
iKUilinear  viscous  component  varies  on  two  disparate 
length  scales,  similar  to  those  described  in  the  study 
by  Flandro  and  Roach  Analysis  shows  that  the  vor- 
ticity.  generated  at  the  wall  by  an  interaction  between 
the  injected  fluid  and  the  propagating  planar  acoustic 
disturbances,  is  convected  out  into  the  primarily  invis¬ 
cid  core  flow  by  the  radial  component  of  the  injection 
induced  flow  field. 

Fully  computational  methods  are  used  by  Kirkkopru 
et  al.^^  to  provide  qualitative  supporting  evidence  for 
the  solutions  described  in  Zhao  et  al.-"*.  In  this  case 
the  driving  disturbance  is  a  harmonic  pressure  transient 
a|)plied  on  the  downstream  exit  plane  of  the  cylinder, 
(irid  size  and  spatial  distribution  are  chosen  to  acco¬ 
modate  the  multiple  lengthscale  structure  known  from 
the  study  by  Zhao  et  al.*"*.  The  unsteady  rotational 
component  of  the  axial  velocity  is  extracted  from  the 
total  value  found  from  a  MacCormack  scheme.  The 
.solution  [)roperties  and  characteristics  are  identical  to 
thos(‘  found  previously  aiul  support  the  basic  concepts 
of  vortirity  generation  and  transport. 

A  closely  related  approach  has  been  used  in  a  new 
numerical  effort  to  compute  unsteady  vorticity  produc¬ 
tion  and  evolution  in  a  finite  cylinder  with  transient 
side  wall  injection  that  mimics  unsteady  burning  of 
.solid  [)ropellant  surface  in  the  rocket  motor  chamber. 
In  this  case  the  chamber  flow  disturbances  are  gener- 
ar*‘d  b\  a  s[)a!ially  distribute<i  im|)osed  harmonic  tran* 
>n*nt  c<Mn[)ouent  of  \  \w  sidt'wall  injection  velocity.  'The 
di.'-nirbancf  quantity  is  super-inqKJsed  on  a  steady  com- 
poiH'iif  of  the  same  magnitude. 

The  flow  field  is  described  by  axisymmet ric,  two- 
dmifn.sional,  laminar,  compressible  Navier-Stokes  ecpia- 
tioii"  rie-  .VavifT-Stokes  ecjuations  are  solved  by  using 
th«-  I  wo-Iour  metho(i'^  which  is  a  fourth-order  vari¬ 
ant  of  tin-  fullyo-xplicit  .MacTormack  method.  I'he  un- 
stf-ady  rotational  component  of  the  axial  velocity,  f\x- 
t  ra<  li  d  from  numerical  sol ut  ions,  is  used  to  describe  t  he 
^^oiierai  i'>n  and  evolution  of  the  nonlinear  unsteady  vor- 
iicii\  In  Id  111  the  cylinder.  'I  lie  |)resent  com|)utational 
result^  "Inav  that,  as  found  before  (Zhao  et  al.-*'*  and 
Kirkkopru  »*t  al  jM-  unsteady  vortirity  is  generated  at 
the  III!'-' ting ''tdewall  hy  an  interaction  lu'lwenn  the  in- 
j»r  ii  fl  fluid  and  an  axial  planar  acoustic  wave  induced 
b\  T  In- •'ideu  all  in|ection  iraiisieuis  In  tin*  present  c.xse. 


the  vorticity  is  convected  away  from  the  wall  into  the 
chamber  by  the  more  complicated  spatially  distributed 
unsteady  injected  flow  field.  In  previous  studies  by 
Zhao  et  al.^"*  and  Kirkkopru  et  al.^^  where  the  sidewall 
injection  velocity  is  uniformly  constant,  the  unsteady 
vorticity  is  convected  away  towards  the  centerline  of  the 
chamf)er  by  the  constant  radial  velocity  field.  The  core 
of  the  chamber  is  free  of  vorticity  only  during  the  early 
phases  of  the  transient  process,  prior  to  the  arrival  of  a 
well  defined  unsteady  vorticity  front.  The  radial  loca¬ 
tion  of  the  vorticity  front  varies  with  the  axial  location; 
unlike  that  in  the  previous  studies  for  constant  sidewall 
injection.  This  occurs  because  the  transient  injection 
distribution  is  axially  dependent.  The  arrival  times  and 
the  magnitude  of  vortical  axial  velocity  found  from  the 
present  computational  solution  agree  quite  well  witli 
predictions  found  from  generally  valid  concepts  devel¬ 
oped  in  a  parallel  analytical  study  by  Zhao  et  al.“^. 
There  is  also  an  associated  pressure  field  driven  by  the 
transient  injection  which  has  the  characteristics  of  a 
traditional  planar  acoustic  system. 

The  presence  of  rotational  flow  features  imply  that 
traditional  acoustic  balance  theories,  used  widely  to 
predict  solid  rocket  motor  chamber  stability,  must  be 
reevaluated. 


2.  Computational  Model 


The  flow  field  is  described  by  the  axisymmetric,  two- 
dimensional,  laminar,  compressible  Navier-Stokes  equa¬ 
tions.  for  a  perfect  gas,  written  in  nondimensional  con¬ 
servative  form: 


dt 
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'I’hr  <*(pja(ion  ofsiait-  for  a  p(‘rfcct  g<'i.s  is 


V  -  pT. 


(4) 


N(jri{|iiiH,‘nsioiial  variahlos.  <lefiiied  in  terms  of  <iimen- 
sional  <|ijantities  denoted  by  a  j)rime,  are  givani  by 

=  x'/lJ  r  =  r‘/R'  u  =  /U]^ 

=  v/V!^  pzzp^lf/^  pzzj//p[^ 

T  =  rrn  t  =  a  =  r:/r:.,  (5) 

(liaracl eristic  lengtl)  scales  for  the  axial  and  radial  di¬ 
rections  arc  chose*!)  to  be  the  length  of  the  tube*  //  and 
the  radius  of  the  tube  /?',  respe^ctively.  The  known  rhar- 
acteristic  sid(‘wall  injection  speed  of  the  fluid  1'^  is  re¬ 
lated  to  the  characteristic  mean  axial  speed  through 
the  global  mass  conservation  relationsliip 
where  S  =  / R'  is  the  aspect  ratio  of  the  lube.  IVes- 

sure  is  nondimensionalized  will)  respect  to  the  static 
pressure  compatible  with  tlie  injected  fluid  density  and 
pressure,  and  Tq,  respectively.  Time  is  tiondimen- 
sionalized  with  respect  to  the  tube  axial  acoustic  lime 
~  where  Uq  =  (tPo/P(j)*^“  is  the  characteristic 

speed  of  sound.  Here,  the  ratio  of  specific  heats  7  =  1.4 
is  used  in  the  present  computations.  The  viscosity,  spe¬ 
cific  heats  and  conductivity  are  treated  as  constants 
in  this  calculations  because  temperature  variations  are 
very  small. 

The  following  expressions 


Rc  zz 


Fr  zz 


M 


(6) 


d(?fine  the  Reynolds  number,  the  Prandtl  number  and 
the  mean  axial  flow  Mach  number,  respectively.  In  a 
typical  .solid  rocket  motor  chamber  Re  >>  I,  Fr  = 
0(1)  and  M  =  0(iO-“-  10-7. 

The  Navier -Stokes  equations  are  simplified  by  ignor¬ 
ing  th(‘  axial  transport  terms.  Justification  for  the  re¬ 
duction  is  based  on  the  tisymptotic  analysis  in  Zhao  and 
Ka.ssoy^^  and  Zhao  et  al.-"^  valid  for  M  <<  I,  6  >>  1 
and  Re  >>  1  provided  that  / Re  <<  1.  As  a  result 
the  computation  time  is  reduced  significantly  without 
sacrificing  flow  physics.  Furthermore,  the  dissipative  ef¬ 
fects  of  the  remaining  transport  terms  are  sufficient  to 
avoid  artificial  damping  terms  needed  in  other  similar 
computations^*^’^"'-^. 

The  .Mavier-Stokes  equations  are  solved  by  using  the 
Two- Four  explicit,  predictor-corrector  scheme’^  This 
method  is  higlily  phase-accurate  and  is  therefore  very 
suital)i(‘  for  wave  propagation  and  w’ave  interaction 
[>roblems. 

The  size  and  the  number  of  uniformly  spaced  grids 
are  chosen  to  accomodate  pro|)erly  the  local  variations 
of  flow  varial)lt‘s  in  the  axial  and  radial  directions  jis 
suggested  in  the  jusymptotic  analysis  !)y  Zhao  et  al.-'V 


Steady  and  Unsteady  Coniputatioas 


A  steady  state  flow'  solution  is  required  as  an  initial 
condition  for  the  transient  flow  computation.  Boundary 


conditions  include  an  impfTmeal>lf  head  end  at  r  =  0 
(li  =  0),  an  assumed  pre.ssure  node  at  the  t'Xit  plane 
X  =  1  (p  =  1),  a  specified  mjeriion  vt-hx  iiy  (r  =  ~1). 
temperature  (T  =  1),  and  no  .slip  eonditnui  for  the  axial 
flow-  speed  (u  =  0)  on  tin*  suh-wall  at  /  =  1  wr|l 
symmetry  conditions  on  the  lenierlme.  r  =  () 

I  he  analytically  calculaO’d  pri»hh*>  fop  nj. 

compressible,  rotaliCiiial.  invi><  jd  (h»vv  m  a  long.  narr‘»w 
cylindrical  tube  ((’ulick*)  ar»‘  u.s.-d  as  starting  prolihs 
for  the  steady,  compressilih*.  viscou.s  IIdw  ^  omput  at  ions 
This  approach  reduces  the  computat n>ii  time  re(|uirrd 
to  reach  the  final  ronverge«l  .sirad\  flow  coiifigurain ui 
relative  to  doing  a  comph  te  tran.sn  ni  s^.lutKJii  b\  ini¬ 
tiating  wall  injection  at  /  ^  f)  In  thi.s  .ahulatmn  tin- 
solution  conve*rges  to  a  sle.id\  stale  <jf  liiM  d  l.v  tin-  .i.n 
dition  that  the  total  injei  ted  m.us.^  i>  rqual  itj  the  luial 
exiting  mass.  Then  the  .dilution  run  h)r  an  addition. d 
0(10*^)  axial  acoustic  tune  to  en.Mirr  that  the  .^ifad\ 
state  solution  is  .stable.  Results  gi\»  ii  in  I  ig  I  -^how 
the  .steatiy  normalized  axial,  a s |  j  . /  )/ a s( x.  r  z:  ()).  .n,.! 
radial  velocity  i-s(j.r)  profile.^  at  .lilfermt  axial  hx  a- 
tions,  X  =  0.025,  O.T)  and  1.0.  when  M  =  0.00.  ^  :z  ‘jo 
and  Re  =  10^.  respectively.  In  the.sr  graphs,  (’iilnk- 
incornpressible  flow  profiles  which  are  iii\ariani  to  axial 
location  are  nearly  intlist mgmshable  from  the  coinpuied 
profiles.  Small  differences  arise*  from  t  he  Mnall  l>nt  finite 
axial  flow  Mach  nimib(‘r  n.sed  m  the  compnt at n)n  laav 
Mach  nnmber  compre.ssible  flow  1  henry  imj)lies  fJf  .\/ *  1 
differences  betw<‘en  ihe'C’nlick’  Nniiithni  Inr  >  1  .uni 
the  computational  result 

A  steady  state  flow  solution  fur  •'a(  h  .Mach  number 
and  Reynolds  number  is  obtained  initially  m  <»rder  itj 
prevent  introducing  unwanted  noise  into  the  uMsi<  ad> 
computations. 

Zhao  et  have  used  formal  a.sympt(U  ic  meU  lujds  to 
show  that  the  cliamber  flow  is  weakly  \  iscous  when  the 
condition  Re  =  0(S’ / M “ )  is  sat  i.'^lied  and  when  >l  rong 
injection  prevails.  The  lattiT  londition  implies  that 
Tin*  primary  vi>coiis  stresseh  are 
in  tlie  radial  direction.  Ib’iice,  it  is  u.selul  to  retain  tin* 
radial  transport  terms  in  the  Navier  Stokes  (*(]uat ions. 
The  steady  flow  solution  is  obtained  fasliT  and.  at  ilif* 
same  time,  the  largest  important  viscon>  effects  in  ra¬ 
dial  direction  are  responsibh*  for  |)hysically  m(‘aningl'ul 
damping,  similar  to  the  artificial  liampmg  terms  that 
have  been  introduced  in  some  earlier  studies^  * 

Once  a  converged  steady  flow  configuration  for  spec¬ 
ified  values  of  6,  M  and  Re  is  oblaineil.  the  flow  is  di.^- 
turbed  by  adding  an  axially  distributed  unsteady  side- 
wall  injection  component  to  t In*  steady  value,  i  he  tola! 
wall  injection  velocity  is  then  given  by 

v(x,  r  =  IJ)  zz  -[1  +  .4  rf;s(//Tj72)(  I  -  ro.sw/ )]( 7) 

which  can  also  be  w'ritten  in  li'rms  of  a  positive*  mean 
component  1  -l-  Acos(u7rx /2)  and  a  fluctuating  ('om|)o- 
nent  proportional  to  rosw/.  Mere  ^  is  tin*  ilimensionless 
angular  frequency,  A  =  0(1)  is  the  amplitude  of  the 
unsteady  wall  injection  and  11  is  the  sjialial  de[)endence 
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pararnrtrr.  'I'lio  mass  flow  from  the  wall  is  always 

pf>sitive  Tlje  other  l>oun(lary  conditions  are  the  same 
as  those  for  the  steady  flow  computations, 

rusleady  comf>ntalions  are  carried  for  several  differ¬ 
ent  axial  Macli  nnml>ers  and  spatial  dependence  param¬ 
eters  In  this  study  the  houndary  driving  frequency  is 
-  =  1 .  This  is  a  relatively  low  fretjuency  in  the  sense 
that  the  period  t  =  2t  is  larg(‘r  than  the  time  retjuired 
for  an  acoustic  wave  to  do  a  complete  circuit  of  the 
chamher.  /  2. 


3.  Rosnlts  and  Discnssion 

The  numerical  code  has  been  run  approximately  ten  cy¬ 
cles  after  the  injection  transient  is  turned  on  in  order 
to  check  if  spurious  numerical  oscillations  develop.  For 
exam|de.  Fig.  2  shows  the  time  variation  of  the  cen¬ 
terline  axial  velocity  at  the  midchamber  (x  =  0,5)  for 
flow  parameters  A/  =  0.1,  S  =  20,  Re  =  10^,  A  =  0.4, 
1}  =  1  and  wj  =  1.  It  is  noted  that  the  value  at  /  =  0 
corresponds  to  the  steady  state  value  of  the  centerline 
velocity  at  the  midchamber.  The  solution  appears  to  be 
(piasi-steady  almost  immediately.  This  solution  prop¬ 
erty  can  be  attributed  to  the  transient  pressure  field 
.seen  in  Fig.  3.  The  result  given  at  x  =  0.5  shows  that 
pressure  solution  is  almost  purely  planar  (x-dependent 
oidy).  For  exam|)le.  at  x  =  0.5  and  /  =  60,  for  three 
radial  locations,  r  =  0,  0.5  and  1,  are  p  =  1.1480096, 
l.l -179678  and  1.1479073,  respectively.  The  invariance 
to  radial  location  results  from  the  use  of  a  large  aspect 
ratio.  ^  =z  20.  It  should  also  be  noted  that  the  pressure 
deviation  from  the  base  value,  0(0.1),  is  fully  compat¬ 
ible  with  tin*  asymptotic  prediction  in  Zhao  et  al“^. 

Fhe  purely  harmonic  behavior  in  Fig.  3,  seen  in  all 
similar  comj)Utat  ional  results  is  cause  for  concern 

because  the  analytical  analogue  to  this  study  (Zhao  et 
al."  ')  shows  that  a  single  eigenfunction  of  substantial 
am[)litude  should  accompany  the  forced  response.  The 
eigf'nfunction  arises  from  a  solution  to  a  linear  acoustic 
erpi.ation  driven  by  transient  effects  on  the  boundary. 
Fhis  is  in  contrast  to  the  numerical  sobition  which  arises 
from  a  slightly  viscous,  weakly  nonlinear  mathetiiatical 
sysh-m.  It  a[)[)ears  that  there  are  at  least  two  possible 
sourres  for  the  difference; 

(a)  d  he  uotiliufMr  slightly  viscous  equations  will  not 
produrr  an  »  igetivalue-like  resf)onse.  or 

fb)  The  numeriral  boundary  conditions  at  the  (‘xit 
plane  f|(>  nnt  represent  wave  reflections  in  an  appropri- 
.ai<‘  wa\ 

I  hev,.  .are  the  sul>jert  of  the  ongoing  studies, 

h  ^h*‘n!d  !.♦  ii“t.'»l  that  .acoustic  wave  viscous  flamj)- 
iim  •'■-.  iirN  <»n  .a  tune  ^rale  f  >>  r^(lO-)  h)r  the 
He>n‘»Is  nunib*T''  ^nnsidered  here  Hence  on  tln‘  lime 
al«  /  -  Milii-’j  d.anipmg  f  annol  annihilate  an  eigen- 
fun-  !  I-  -ti  f'  -'p*  ai"'- 

I'  ll'-'Aing  a  poM  t  dure  .lescribed  by  bagerst  rf)m"". 


and  similar  to  that  employed  by  Flandro  and  Roach 
Zhao  and  Kassoy*®  and  Zhao  et  al.-*^,  the  total  un¬ 
steady  axial  flow  speed  may  be  divided  into  three  parts 

?i(x,  rj)  =  us(x,  r)  +  «p(x,  0  +  uv{x,  rj)  (8) 

where  U9  denotes  the  steady  flow  field  which  is  known 
as  an  initial  condit  ion  for  Unsteady  computations.  The 
second  term  tip  is  the  weakly  viscous,  slightly  nonlinear 
analogue  to  the  irrotational  planar  part  of  the  flow  field 
found  by  Zhao  et  al."’^  it  is  found  from  the  (lifference 
between  the  unsteady  axial  speed  and  the  steady  axial 
speed  on  the  centerline  of  the  tube.  The  remaining 
term  ny,  defined  as  the  vortical  (rotational,  nonplanar) 
part  of  the  unsteady  axial  flow  speed,  is  found  from 
Eqn.(8)  once  1/5  and  tip  are  calculated.  Once  again  it  is 
an  analogue  to  analytically  obtained  rotational  velocity 
field  described  by  Zhao  et  al.^"*’^^.  It  is  used  to  describe 
the  generation  and  evolution  of  the  nonlinear  unsteady 
vorticity  field  in  the  cylinder.  Following  the  asymptotic 
analysis  described  by  Zhao  et  al.”‘^  ‘^,  one  can  show 
that  the  vortical  part  of  the  unsteady  axial  flow  speed 
uv  vanishes  at  the  centerline  at  all  times. 

Figure  4  shows  the  radial  variation  of  the  instanta¬ 
neous  unsteady  axial  vortical  flow  speed  at  niidchamber 
(x  =  0,5)  at  three  time  values  after  the  injection  tran¬ 
sient  is  initiated  at  the  sidewall.  The  flow  parameters 
are  M  =  0.1,  6  =  20  and  Re  =  10^.  The  correspond¬ 
ing  injection  Mach  number  Mj  =  M/S  =  0.005.  The 
disturbance  frequency  is  a;  =  1.0  ,  a  non-resonant  fre¬ 
quency  smaller  than  the  first  fundamental  frequency  of 
the  tube,  uj\  =  7r/2. 

One  observes  a  strong  radial  velocity  gradient  extend¬ 
ing  out  about  0.35  units  from  the  wall  at  t  =  3.00  (.solid 
line).  The  unsteady  vortical  axial  velocity  field  extends 
out  to  0.65  radial  units  from  the  injecting  wall  when 
t  =  6.00  .  At  time  /  =  9.90  the  rotational  flow  field  has 
spread  throughout  the  chamber. 

The  spatial  distribution  of  the  vortical  part  of  the 
unsteady  axial  flow  velocity  at  each  time  may  be  ex¬ 
plained  in  physical  terms  by  considering  an  interaction 
between  the  total  unsteady  injected  flow  field  and  the 
axial  planar  acoustic  wave  induced  and  sustained  by 
sidewall  injection  transients.  Tlie  motion  of  a  fluid  par¬ 
ticle  injected  radially  into  the  tube  from  the  sidewall 
at  a  specified  axial  location  is  affected  by  the  harmonic 
variation  with  time  of  the  local  axial  [)lanar  pressure 
gradicuit.  For  instance.  Fig.  5  shows  the  time  variation 
of  the  axial  pressure  gradient,  ()p/()j\  at  a  [)oint  where 
X  =  0.5  and  r  =  0.95  for  the  case  being  discussed  above. 
As  a  result,  a  given  fluid  particle  emanating  from  tin" 
wall  will  be  accfderated  altfTiiately  in  tin'  positive  and 
negative  axial  (iir(*ctions  as  if  is  ronvected  toward  the 
axis  of  the  cylinder  l)y  the  unsteady  radial  flow  field. 
Part  of  the  fluid  partich^  response  is  associated  with 
irrotational  arr)ustic  e|ff*rts.  Flie  rest  is  rotati(;nal.  rf- 
sulting  from  vorticity  geiMTalifUi  at  the  wall. 

figure  1  shows  that  by  t  —  I0.imstea<ly  vr^rticiiv 
fills  tlie  ryliitd'T.  Hilt  Fig.  shows  no  f'hange  in  the 


1 


r-in(lrjjfji(l(‘ijt  })r<*.ss\]r(*  field  .'ls  vorticily  filih  tin*  sys¬ 
tem.  It  fcdlowsthal  vorl  icity  dynamics  dcj  not  affrct  the 
pressure  field,  as  predicted  hy  the  iLsym[>totic  analysis 
of  Zhac;  el  al.“'^  Ihis  provides  an  t*x[)lanatiuM  why 
traditional  acoustic  theory  yields  transit.uU  pressure  <*s- 
timates  that  compare  well  with  tlios(^  found  experimen¬ 
tally.  Of  course,  the  acoustic  field  will  (lifTer  consid¬ 
erably  from  the*  acoustic  theory  as  found  by  Brown  et 
al.^^. 

Figure  6  shows  the  instantaneous  spatial  oscillation 
of  vortical  axial  velocity  at  x  =  0.5  with  respect  to  the 
radius  when  t  =  2.9f5,  5.92  and  10,05  for  a  smaller  axial 
Mach  number  A/  =  0.06  (corresponding  to  the  weaker 
injection,  =  0.003)  and  for  the  same  Re  =  10^. 

The  forcing  fre(|uency  w  =  1.0  is  the  same  as  for  the 
previous  case.  Tlie  amplitude  of  the  nonresonanl  injec¬ 
tion  transient  disturbance  is  A  =  0.4.  The  sharply  <ie- 
fined  region  of  large  velocity  gradient  is  seen  in  Fig.  6  at 
0.23  units  from  the  wall  at  i  =  2.96  .  One  notes  that  at 
t  =  5.92  the  wavelength  of  the  spatial  oscillation  of  the 
vortical  axial  velocity  field  is  smaller  than  that  for  the 
case  wlien  A/  =  0.1.  This  is  an  expected  result  because 
the  total  unsteady  radial  velocity  field  for  A/  =  0.06, 
which  transports  the  fluid  particles  into  the  cylinder,  is 
charact(*rized  by  a  relatively  lower  speed  than  that  for 
the  A/  =  0.1  cast?.  Therefore,  injected  fluid  particles 
are  carried  a  shorter  distance  away  from  the  sidewall 
towards  the  axis  of  the  chamber  in  the  same  time  inter¬ 
val,  compared  to  that  for  the  stronger  injection  sp<*ed 
case,  M  =  0.1.  At  f  =  10.05  one  notes  spatial  oscilla¬ 
tions  fills  the  70  percent  of  the  cylinder. 

Solution  resolution  requires  41  grid  points  in  the  ax¬ 
ial  direction  and  101  grid  points  in  the  radial  direction 
in  the  two  cases  discussed  above.  Figure  6  shows  that 
near  the  injecting  wall  one  wavelength  of  the  spatial 
oscillation  of  the  vortical  axial  velocity  is  represented 
by  approximately  35-40  radial  grid  points.  In  contr:ist, 
near  the  centerline,  where  the  wavelength  is  smaller, 
fewer  but  enough  grid  points  per  wavelength  are  avail¬ 
able  to  resolve  the  velocity  gradients. 

The  tliird  case  studied  is  for  a  smaller  mean  axial 
flow  Mach  number  M  =  0.02  (A/,,,;  =  0.001),  6  =  20, 
slightly  larger  Reynolds  number  Re  =  3.10^  and  the 
forcing  frequency  sjj  =  1.0.  The  results  for  the  pre¬ 
vious  cases,  A/  =  0.1  and  A/  =  0.06,  imply  that  the 
number  of  radial  grid  points  should  be  doubled  for  this 
weak  injection  case.  There  are  201  equally  spaced  grid 
points  in  the  radial  direction  in  order  to  represent  the 
spatial  variation  of  unsteady  vortical  axial  velocity  ac¬ 
curately.  Figure  7  shows  the  instantaneous  unst^’ady 
vortical  axial  velocity  variation  with  respect  to  tlu*  ra¬ 
dius  at  X  =  0.5  when  /  =  2.99,  4.93  and  10.00.  It  can 
be  seen  from  this  figure  that  axial  velocity  gradients 
are  larger  than  those  for  larger  Mach  number  cases  pre¬ 
sented  previously.  This  implies  that  the  absolute  mag¬ 
nitude  of  the  unsteady  vorticity  generated  at  the  wall 
is  much  larger  tiian  that  of  the  higher  Mach  number 
flows.  This  unsteady  vorticity  field  is  convected  away 


from  tin*  wall  loward.s  tin*  i  »*ni»  r  <4  i  h»*  <  h;imb»*r  b\  .i 
relalivriy  shnvrr  ra<lial  vrlociiy  <  *uiqH uirnt  'l  h«T<f*<rt  , 
at  t  =  10.00  only  about  30  p«  r*'*’nt  '4  i  bi*  rhaml«*  r  t.*' 
filled  with  the  liu.steady  \orti‘it\ 

Figure  .shows  tin'  msiaut ain*« ui^  radial  variatnai  *4 
vortical  axial  v<4o(ity  at  x  —  I)  .*>  for  largf-r  tmn^  /  - 
10.00,  20.01.  3002  and  40  02  i  In*  unsteady  \orin  itv 
field  spr<*ad.s  oiti  towards  tin*  axi.>  tmn*  increa-N^*" 

One  should  note  here  again  that  tin-  wavf'h'ngth  .4 
the  oscillatory  structure  de(Te,L>»*>,  ;is  ih**  ceuif  rlim*  in 
approached.  This  occurs  herause-  of  th<*  Nit>w-d<)\vn  m 
the  convection  proce.ss  <lue  to  the  drrrn;isc  m  tin*  ra¬ 
dial  velocity  compoin'iit  ;us  the  axis  of  tin*  chambf-r  is 
approached.  'Fin*  implication  for  tinsb  disi ribut n fUs  is 
that  there  must  be  ade(|uat»*  s|)at lal  rrsolulnjii 
out  the  cylinder,  not  just  in  an  'acoustic  Ix^mnlarv 
layer’  near  the  injecting  surfacr  as  u.s<*d  m  a  varni\ 
of  earli(*r  compntalion.s^  Of  (ourv  t  his  . >rci]r>  br- 
cause  the  injt'ction  velocity  is  largt*  st;  that  no  thm  lo¬ 
calized  viscous  layer  can  nxist 

Figures  9-11  show  the  mslantatn‘ous  unsteady  vort ic¬ 
ily  distribution  throughout  the  chamber  for  ihret*  ca.Ne>. 
M  =  0.1,0.06  and  0.02.  <llscus.sed  above.  res|>ect  1  vely 
Corresponding  times  art*  /  =  30. 00.  29  56  and  3002. 
respectively.  Tin*  nnsteatly  vorticity  is  (omputed  from 
the  follow'ing  (*xpr(‘.ssion 


The  nondimensional  vorticity  is  ihlined  as  U  = 
where  is  tin*  liiineiisional  vorticity  As 
analysis  of  tlie  present  numerical  r(*sults  and  the  ;is\mp- 
totic  analysis  of  Zhao  et  al.*^  show,  tin*  mam  contnhii- 
tioii  to  the  unsteady  vorticity  is  brought  hy  the  first 
term  in  (9).  It  is  seen  from  Figs.  9-11  that  the  magni¬ 
tude  of  the  instantaneous  unsteady  vorticity  iiicr<  a.N»s 
with  decreasing  mean  flow  Mach  number.  Oin*  should 
notice  that  the  scales  for  i}  are  different  in  each  i)f 
Figs.  9-11.  (.Computation  for  the  M  =  0.02  c«'i.se  is  car¬ 
ried  until  and  after  the  un.st(*ady  vtirt icily  front  reaches 
the  centerline  of  the  chamlx-r. 

Figure  12  shows  the  vanaliun  of  tin*  instantaneous 
unsteady  vorticity  variation  with  radial  location  at 
X  =  0.5  w*hen  /  =  52.42.  I  he  presenct*  of  significant 
vorticity  and  hence  shear  stress  near  the  sidewall  is  to 
be  noted.  Tlie  comph'te  spatial  <iisirii)ut ion  of  tlie  un¬ 
steady  vorticity  in  the  neighborhood  of  tlie  centerline 
is  shown  in  Fig.  13  where  0  <  r  <  0.25,  0  <  x  <  1 
when  t  =  52.42.  Here,  it  is  slunvii  tliat  tin*  unsteady 
vorticity  fills  the  entire  chamber  ami  vorticity  from  has 
axial  dependence. 

Figure  14  provides  the  variation  of  tlx*  unsteady  pan 
of  the  radial  speed,  e  —  r\s,  with  radial  location  at  /  = 
30.02  and  x  =  0.5  for  A/  =  0.02,  d  =  20.  Rt  =  3  loV 
n  =  1,  A  =  0.4  and  -;  =  1.  Here,  is  tlie  steady  radial 
velocity  associated  with  constant  wall  injection.  Fins 
corresponds  to  the  axial  v<*locity  rt'sull  in  Fig.  8.  Our 
result  is  well  converged  througliout  tiie  cylinder,  unlike 
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that  fuiiiul  l>y  Flandrtj  and  Koach^  *  and  Snntli  ri  al.“‘ 
wluTr  unusual  solution  l)t’havior  occiirt^d  along  tlu‘  axis. 

Wlif-n  iIk’  sidt'wall  injection  transient  is  spatially  df- 
prndrnt  tin*  radial  location  of  the  vort  icily  front  ^c^*n  for 
cxaiii[)l»‘  in  Figs. 7  and  S  varit^s  with  tin*  axial  location, 
unlikt*  tliat  in  tin*  previous  studit's  for  constant  side¬ 
wall  injtMMion^'^  Figurt's  15- IS  show  tin*  total  spatial 
vanatnui  of  the  inst anten()us  unsteady  vorticity  distri- 
hui loll  t iiroiighout  the  cylindir  at  limes  /  =  T.  hs.  1  l.lhi, 
!i'JM  and  ‘JD  !)*J,  res[)ecnv(‘ly,  when  the  spatial  deptui- 
dence  parameif*r  n  =  5  in  (7).  In  this  r»'ust*,  .\/  =  0.01/. 

=  1/0.  ///  =  5. 10^.  =  I  and  A  =  1)  5.  d’lie  oh- 

serveil  s|>atially  dependent  front  configurations  imply 
that  there  will  he  much  more  complicateil  frcuit  mor¬ 
phologies  if  the  sidewall  injection  transients  have  suffi¬ 
cient  spatial  C(Mn[)lexity.  As  a  result,  one  may  find  in¬ 
termittent  regions  of  st rongly  rotational  unsteady  flow 
on  an  axial  travers<‘  at  a  fixed  radial  tiistanci'  from  the 
wall,  reminiscent  of  turhuh'iit  structures. 

The  amplitude  of  the  unstt*ady  vorticity  dist  rihutions 
IS  (){M~^ )  larger  tiian  that  of  tlie  (ailick~  steady  solu¬ 
tion  as  preilicted  hy  Zhao  et  al.’’^  'Fliis  im[)lies  that 
there  will  exist  a  r<*latively  large  transient  axial  shear 
stressf's  on  the  sidewall  surface*,  particularly  for  smaller 
M  values  One  can  sp(*culate  that  these  large  transi<*nl 
sh<^'i^  stresses  will  impact  tin*  burning  rate  of  a  solid 
j)ropellant  which  is  the  source  of  the  “  injected"  fluid 
usfd  ill  the  jires«*nt  model.  Ferha[)s  there*  is  a  din*ct  re¬ 
lationship  between  the  effect  of  the*  surface  slu*ar  stre‘ss 
iransients,  |jr<‘iii('ted  m  the  |)re’sent  work,  and  erosive* 
l)urmng  concepts  useil  in  the  solid  rocket  e‘ngin(*e*ring 
lit  era!  lire*  ' . 


4.  Suniiiiary  and  Conelusions 

Fiisie'ady  vorticity  g<*ne'ralion  and  e'volution  due*  to  sim- 
ulate'd  j>rope*llanl  burning  transi(*nts  in  an  id(*alized 
rocket  motor  chambe‘r  are*  studied  in  the  context  of 
an  initial  boundary  value*  problem,  d'ln*  ne^arly  com- 
p!e*i«*  compre*ssil)le*  Navie*r-Stoke*s  ei|uations  are*  .soIve*il 
niime'ncally.  An  axially  distribiile’d  harmonically  vary¬ 
ing  side*wall  mje‘clion  com[)one*nt  is  supe»rimpose*d  on  a 
similar  magnit  ude*  ste*ady  sidewall  injection  in  order  to 
simulate*  mass  addition  from  irregular  and  nomniiform 
soliel  [»roj)e*llant  burning. 

In  this  study,  instantaneous  values  of  flow  varial)Ie?s 
are*  use*d  ratht*r  than  time  averaged  values  as  presented 
in  stuelie*s  hy  rse*iig  and  5’ang^^,  Flandro  and  Roach ^  ^ 
Smith  e*i  al.^‘  and  'Iseng  e»t  al.^^.  Hence,  the  timee*vo- 
lution  of  unste*atly  vorticity  creation  and  i)ropagalion 
can  be*  invest igat(‘d  in  contrast  to  the  aforcm(*nt ioned 
st  mile's  whe-re*  inst  antant*f)iis  information  is  lost  due  to 
the*  tune*  ave  raging  process. 

I'lie*  computational  analysis  shows  that  axial  planar 
acoustic  wave's  lndnc(*d  and  sustained  by  tin*  sid(*wall 
mje'ction  transients  interact  with  the  sidewall  inj(*ction 


induced  How  m  the  chambe'r  to  gemrate*  unsteady  vor¬ 
ticity  on  the  side'wall.  'Ihis  t mu-depende'iit  vorticity 
is  sul)se*quenlly  conve*cle*el  into  the  e'luin*  chamber  by 
the*  nnstt*ady  radial  flow  fit'hl  I'iie  core  of  tin*  chambe'r 
is  frt*e  of  vorticity  only  during  the  t'arly  plnises  of  the* 
transient  proce*ss.  jirior  to  the  arrival  e)l  a  we‘11  de'lim'el 
vorticity  front  (  se*e*.  for  e-xamph*.  Figs.  7.15-18). 

I'he*  iinsteaely  vorticity  wave*  front  radial  location 
varn*s  in  tin*  axial  dire’clion  in  eontrast  to  that  in  the 
pre'vios  studies  with  constant  sidewall  inje*ction  How 
Held  subje'ct  to  e*ither  (*ndwall  or  e*xit  How  dist nrbance*.s 
(Figs.  15-18).  'I'liis  occurs  in‘cause*  tin*  inje‘ctiou  tran¬ 
sient  is  axially  dependent  in  this  work,  a  r(*<*Lsonal)le 
mode*lling  effort  that  r<*He*cts  tin*  transi(»nt  and  nonnni- 
form  pro[)ellant  burning  in  solid  rockt*!  motors.  More¬ 
over.  tin*  ('iihanced  sidt*wall  inje’Ction  dm*  to  the  sii- 
perimpo.s(*d  compoin*nt  causes  the  uns!e*ady  vorticity 
to  s[)read  more  rapidly  into  tin*  chambe*r  than  that 
for  the  constant  sich'wall  injt*ction  cjise*s  studie'd  in*- 
fore.  The  absolute  magnitude  of  the  iinste*aily  vortic¬ 
ity  is  0{\/M).  This  implies  that  large  transient  sln'ar 
stresses  impact  on  the  solid  i)ropellant  surface,  |)rol)a- 
bly  influencing  the  burning  rate  directly. 

These  restilts  and  the  jusymi)totic  analysis  by  Zhao 
et  al.-"*  suggest  that  the  How  pattern  is  fundamentally 
viscous  when  the  condition  Rc  —  / M  '^)  is  satisHt*d. 

d’his  condition  is  also  satisfied  by  tlie  numericcil  solu¬ 
tions  of  Smith  et  al.*'  and  Tseng  et  al.**‘.  in  contrast, 
Flandro  and  IU)ach^*^  descrilx's  a  (iu?usi-stt*ady  analyt¬ 
ical  result,  deriv('d  from  a  fully  iiiviscid  modt*!,  which 
cannot  he  a|)pli(*d  directly  to  the  weakly  viscous  |)rol)- 
lems. 

It.  is  noted  that  the  prt'.ssnrc*  field  is  indep<Mident  of  t he 
unst(*ady  vorticity  distribution  in  the  chamber.  'Flien*- 
fore,  one  may  imagine  tliat  the  acoustic  pn*ssun‘  predic¬ 
tions  obtained  from  traditional  acoustic  stability  tlu*o- 
ries.  us(*d  wididy  for  sci(‘ntilic  and  (‘iigineering  pnrpos<*s, 
yield  reasonable  estimates.  However,  it  is  unlikely  that 
V('locity  and  shear  stress  pn'dictions  ar(*  accuratt*,  given 
the  irrotational  basis  of  acoustic  tli(*ori(‘s. 

d  liere  is  now  a  considerable  body  of  (*vidence  (Brown 
et  al.^'^,  Vuillot  and  Avalon^,  Kirkkopru  <*t  al.’^  Flan¬ 
dro  and  Roach 'Fseng  and  Vang*''*,  and  Zhao  (‘t 
a|  'i-1.25)  jjj  y,]pport  of  the  presence  of  an  unsteady  vor¬ 
ticity  distribution  within  a  physically  r(*asonal)le  iiUKlel 
of  a  solid  rocket  motor  cliamber.  d'lie  pr<*s<'nce  of  un¬ 
steady  vorticity  throughout  the  domain  suggests  that 
traditional  irrotational  acoustic  tln‘ori<’s.  used  larg<’ly 
to  predict  solid  rocket  motor  How  stability,  should  lx* 
reexamim*d. 
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Fii;nr<“  1  Nnrinaliz(‘il  sl(*a<iy  axial  vrlooity  (a)  and 
-stt  ady  radial  vrlonty  (h)  |)rulilrs  al  j*  ^  O.D'JT)  (solid 
liiir),  0  ')  (d()iic<i  hiifl  and  1  (daslifil  linr)  for  M  —  ().()(). 
Ht  zz  ID'  and  ^  =  -JO 
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I*ii;ur<*  2:  I  hr  linir  liislory  of  I  hr  crntrrlinr  axial  v(‘- 
hx'ity  at  j-  —  1)  5  for  M  =  (i.l.  =  20.  R(  =  lO*^.  ~  I. 

A  =  0.1,  and  ti  = 
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yo  40 


I'iguri*  I;  d'lir  ra<iial  variation  of  a,  al  x  ~  (l.a  whrn 
/  =  d  (solid  linr),  /  =  (>  (daslird  liin*)  and  /  —  !).ii 
(dotted  linr)  for  M  -  01.  d  =  20.  Rt  ~  l()\  =  1, 

A  =  O.'l,  aiul  7/  =  I . 


0  'Oi 


Figure  ■):  Flit*  lime  liislory  of  axial  pressiin-  gradient. 
()p/Ux.  at  j-  -  r  -  ().!).',  for  M  -  0.1,  =  20, 

Re  =  10^  .J  =  1,  .1  =  0.1,  and  n  =  1. 


-2-10  1  2 
U, 

Figure  ():  d'lir  radial  variation  of  a,  at  .r  =:  O  f)  whtai 
/  =  2.00  (solid  line),  /  =  a.i)2  (dash<‘d  line)  and  /  = 
10. Of)  (dotted  line)  for  M  =  0.0(i,  /»  =  20.  Rt  =  l()^ 
^  zz  1 .  J  =:  0.1.  and  //  =  I . 


Figiir(‘  d;  riir  time  history  of  pressure  at  x  zz  0.0  for 
M  zz{)  \.^  =  20.  R(  =  10^  ^  =  I,  .1  =  0.1.  and  //  =  I. 


Figtirf'  7:  The  radial  variation  of  Uv  at  x  =  0.5  wlicn 
/  =  2.09  (solid  line),  /  =  4.93  (dashed  line)  and  t  = 

10. 00  (dotted  line)  for  M  =  0.02,  S  =  20,  Re  =  3.10^ 
w  =  1,  .4  =  0.4,  and  n  =  1. 

Figure  9:  Spatial  variation  of  the  unsteady  distribution 
fi,  as  a  function  of  axial  location  and  radial  location  at 
t  =30  for  M  =0.1  and  S  =  20. 


Figun'  S:  As  Fig. 7  but  for  /  =  10.00  (solid  line),  /  = 
20.01  (dnsln'd  line*)-  f  =  30.02  (dotted  line)  and  f  = 
10.02  {(iasli-dot  lim*)- 


Figun'  10:  As  Fig. 9  but  at  /  =  29  50  and  for  M  =  O.Ot) 
.\('>le  the  ilifferent  scale  in 


Kii;iirr  I  1.  A^  Tit; ^>ui  at  /  =  ii().()2  and  for  M  =  0.02. 
llic  (lifft'n-nt  scalr  in  il. 


Figure  13:  UnsU^ady  vort icily  variation  in  the  region 
where  0  £  <  F  0  <  r  <  0.25  for  th(‘  satin'  paraiiiett'rs 

and  t  inn'  in  Fig.  12  . 
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Kiglire  12;  I^adial  variation  of  U  at  x  =  0.5  when  /  = 
i2  12  for  .\/  :=  0.02,  =  3.10^  ^  =  I,  A  =  0.1  and 


Figure  M:  'I'lie  instant  radial  variation  of  (e  —  n.s)  at 
X  =  0.5  when  /  =  30.02  for  th»f  same  flow  parann'lt'rs 
as  those  in  Fig. 8  . 
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NONLINEAR  OSCILLATIONS  IN  A  RESONANT  GAS  COLUMN: 
AN  INrriAL-BOUNDARY-VALUE  STUDY* 

MENG  WANG^  AND  DAVID  R.  KASSOY* 


Abstract  Acoustic  resonance  in  a  gas  column  driven  by  a  vibrating  piston  is  studied  m  terms  of  an 
initial-boundaiy-value  formulation.  If  the  boundaiy  opposite  to  the  piston  face  permits  acoustic  ener^ 
leakage,  the  linear  solution  prevails  and  describes  the  evolution  to  penodic,  quasi-steady  oscillations  at  Ae 
piston  frequency.  Resonant  amplification  of  the  wavefield  may  occur  only  if  the  oj^site 
dosed  (a  rigid  wall)  or  ideally  open  (an  isobaric  eat).  A  multiple-timescale  perturbation  analysis,  based  o 
Fourier  eigenfunction  representations,  is  used  to  find  weakly  nonlinear  solutions 
physical  insights  in  terms  of  acoustic  modal  interaaions  and  transient  waveform  evolution  to  lirmt  cycles.  It 
fe  Sown  thZ  quadratic  modal  interactions  in  a  closed  system  lead  to  persistent  shock  appea^ce  Md 
relatively  small  limiting  amplitudes,  whereas  cubic  mode-couplmg  dommates  m  an  open  ^em  m 
stronger^  shocks  are  created  intermittently.  Finite-difference  solutions  support  these  conclusions.  The 
initial-value  approach  employed  enables  the  prediction  of  shock  waves  m  parameter  regimes  where  no 
shock  has  been  found  by  earlier  investigators  using  a  quasi-steady  formulation. 

Key  words,  nonlinear  acoustics,  weak  shock,  perturbation  methods,  multiple  scales,  open-  and 
closed-system  resonance 

AMS  subject  classifications.  76N15,  76Q05,  35C20,  35L,  34E 


1.  Introduction.  This  paper  presents  a  theoretical  investigation  of  the  evolution 
of  planar  acoustic  disturbances  driven  by  a  vibrating  piston  at  one  boundary  of  a 
perfect  gas.  Detailed  results  from  a  weakly  nonlinear  analysis  for  linear  resonant 
driving  frequencies  are  obtained  when  the  opposite  boundary  is  either  closed  or 
isobaric.  A  comparative  analysis  is  used  to  demonstrate  that  the  mathematical 
essentials,  the  character  of  the  nonlinear  phenomena,  as  well  as  the  gasdynamic 

properties,  differ  fundamentally  in  the  two  cases.  .  r  •  i 

Forced  acoustic  oscillations  play  a  significant  role  in  a  variety  of  practical 
systems,  ranging  from  rocket  engine  combustors  (Williams,  1985)  to  pulse  rambustors 
(Margolis,  1993),  for  example.  In  these  semiconfined  configurations  the  flow  is 
multidimensional  and  coupled  with  specific  driving  mechanisms.  Acoustic  stability 
analyses  for  rocket  engines  are  often  based  on  eigenfunctions  for  a  closed  chamber 
with  rigid  walls  (Culick,  1976a,  1976b;  Lores  and  Zinn,  1973),  implying  that  velocity 
disturbances  normal  to  the  surfaces  of  the  control  volume  vanish.  In  real^,  such 
disturbances  are  present  in  chamber  outflow  and  transverse  gas  injection  from  the 
burning  propellant.  The  consequences  of  the  approximation  are  difficult  to  evaluate. 
In  particular,  one  is  concerned  about  the  accuracy  of  a  nonlinear  formulation  based 
on  eigenfunctions  that  do  not  satisfy  realistic  boundaiy  conditions,  both  in  terms  of 
long-time  amplitude  predictions  and  the  details  of  the  flow  dynamics,  particularly  the 
appearance  of  shock  waves. 
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In  comparison,  a  recent  study  of  a  combustion-driven  acoustic  resonator  (model 
pulse  combustor)  by  Margolis  (1993)  employs  eigenfunctions  that  are  compatible  with 
a  semiconfined  chamber,  open  at  one  end  to  a  constant  pressure  field.  A  formal 
perturbation  procedure  is  carried  out  to  demonstrate  that  the  nonlinear  wavefield 
characteristics  are  fundamentally  different  firom  those  obtained  in  an  analysis  based 
on  closed-system  eigenfunctions.  The  resulting  evolution  equations  for  wave  ampli¬ 
tudes  are  shown  to  involve  cubic  mode-coupling,  instead  of  the  usual  quadratic 
coupling. 

The  present  study  is  motivated  by  the  need  for  an  explanation  of  the  explicit 
effect  of  boimdary  conditions  on  wavefield  evolution  in  acoustic  chambers.  The 
resonance  tube  offers  an  ideal  model  problem  because  of  its  simple  geometry  and 
simple  source  mechanism  (piston  motion).  Furthermore,  aside  from  its  relevance  to 
engineering  applications,  the  investigation  of  oscillations  in  acoustic  resonators  pos¬ 
sesses  its  own  scientific  significance.  It  has  been  an  active  area  of  research  in 
nonlinear  acoustics  for  over  three  decades. 

Experimental  evidence  (Lettau,  1939;  Saenger  and  Hudson,  1960)  shows  that  in  a 
closed  tube,  a  piston  vibrating  in  a  narrow  frequency  band  around  each  resonance 
frequency  can  amplify  the  gas  oscillations  to  the  extent  that  shock  waves  develop.  The 
latter  travel  back  and  forth  between  the  piston  surface  and  the  rigid  tube  end.  In 
order  to  explain  this  fascinating  observation,  Betchov  (1958)  and  Saenger  and  Hudson 
(1960)  constructed  theoretical  models  based  on  the  existence  of  a  propagating  shock 
discontinuity.  The  solutions,  obtained  using  the  method  of  characteristics,  describe 
periodic  limit  cycle  behavior.  Chester’s  (1964)  theory  provides  more  generality  in  the 
sense  that  shock  waves  appear  as  a  natural  outcome  of  the  solution  when  the  piston 
frequency  approaches  one  of  the  resonant  frequencies.  Outside  these  narrow  reso¬ 
nant  frequency  bands,  the  solution  is  continuous  but  not  purely  harmonic.  This  work 
was  further  extended  by  Keller  (1976)  to  include  the  effect  of  boundary  layer  friction 
of  arbitrary  strength.  Other  related  studies  concerning  closed  resonance  tubes  can  be 
found  in,  for  example,  Eninger  and  Vincent!  (1973),  Merkli  and  Thomann  (1975), 
Zaripov  and  Ilhamov  (1976),  and  Ochmann  (1985). 

Jimenez  (1973)  and  Seymour  and  Mortell  (1973a,  1973b)  conducted  studies  of 
acoustic  resonance  in  both  closed  and  open  tubes  to  determine  the  periodic  motions 
of  the  gas.  A  reflexion  coefficient  (or  admittance)  is  used  to  characterize  the  acoustic 
response  of  the  tube-end,  ranging  from  a  velocity  node  (closed)  to  a  pressure  node 
(ideally  open).  Limit  cycle  amplitudes  and  waveforms  are  predicted  as  a  function  of 
the  reflexion  coefficient  and  the  forcing  frequency.  In  both  open-  and  closed-end 
resonance  cases,  shock  waves  are  found  to  exist  in  certain  parameter  ranges.  How¬ 
ever,  the  limiting  amplitudes  for  the  two  cases  are  dramatically  different,  of  0(e  1/3) 
and  0(e'/^),  respectively,  where  e  denotes  the  maximum  piston  Mach  number. 

It  is  noted  that  nearly  all  the  earlier  investigators  consider  only  quasi-steady 
oscillations,  with  the  notable  exception  of  Ochmann  (1985),  whose  formulation  is 
sufficiently  general  to  include  transient  effects.  In  his  study  of  a  closed  resonance  tube 
excited  by  distributed  forcing,  the  method  of  averaging  is  employed  to  describe  the 
slowly  vaiying  wave  amplitude.  Ochmann  derives  an  infinite  system  of  coupled 
nonlinear  ordinary  differential  equations  for  the  coefficients  of  a  Fourier  series 
solution.  The  Fourier  system  is  summable  when  transformed  into  characteristic 
coordinates,  which  leads  to  an  inhomogeneous  Burgers  equation. 

More  recently,  Wang  and  Kassoy  (1990a,  1990b)  have  developed  a  mathematical 
technique  that  combines  a  formal  multiple-scale  perturbation  procedure  with  Fourier 
series  expansions  to  study  wavefield  evolution  in  a  cylinder  subject  to  extensive  piston 
compression  and  expansion.  The  problem  differs  fundamentally  from  the  resonance 
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tube  problem  in  the  sense  that  the  piston  displacement  is  not  small,  and  thus  the 
variation  in  the  mean  gas  state  must  be  described.  Acoustic  disturbances,  either 
caused  by  a  rapid  piston  acceleration  or  specified  as  an  initial  nonequilibrium 
distribution,  evolve  into  weak  shocks  on  the  timescale  of  one  piston  stroke.  The 
evolution  equations  describing  acoustic  modal  interactions  contain  quadratic  nonlin¬ 
ear  terms  and  are  infinitely  coupled,  resembling  those  obtained  by  Ochmann  (1985) 
and  Culick  (1976a).  Adequate  modal  resolution  ensures  that  the  Fourier  summations 
(-an  resolve  weak  shock  formation  and,  to  some  extent,  subsequent  evolution. 

In  the  present  paper,  the  techniques  developed  by  Wang  and  Kassoy  (1990a, 
1990b)  are  employed  and  extended  in  order  to  investigate  the  piston-driven  reso¬ 
nances  in  a  gas  column  subject  to  a  variety  of  boundary  conditions  at  the  far  end.  Our 
objective  is  to  examine  the  effect  of  eigenfunction  choice,  compatible  with  the 
boundary  condition,  on  the  resulting  wave  evolution.  In  p^icular,  we  want  to 
determine  the  mathematical  and  physical  consequences  of  using  a  particular  set  of 
eigenfunctions  to  describe  solution  evolution.  Relative  to  the  studies  of  Jimenez 
(1973)  and  Seymour  and  Mortell  (1973a,  1973b),  the  present  analysis  has  the  advan¬ 
tage  of  being  fully  transient,  based  on  an  initial-boundary-value  formulation.  As  a 
result,  not  only  the  long-time  solutions,  but  also  the  evolution  processes  en  route  to 

limit  cycles,  are  revealed.  ^  .  r 

A  linear  theory  is  developed  first  using  an  arbitrary  boundary  admittance,  ot  me 
type  proposed  by  Seymour  and  MorteU  (1973a).  The  solutiori  describes  the  dampmg 
of  acoustic  transients  which  leads  to  harmonic  steady  oscillations  if  the  acoustic 
admittance  is  positive  and  finite.  The  main  focus  of  the  paper  is,  however,  a 
comparative  study  of  open-  vs.  closed-system  resonance  phenomena.  Modal  evolution 
equations  containing  quadratic  or  cubic  nonlinearities,  chararteristic  of  processes  m 
closed  and  open  systems,  respectively,  are  derived  and  evaluated  n^erically.  m 
contrast  to  the  conventional  stability  analysis,  adequate  modal  resolution  is  used  m 
order  to  obtain  the  complete  solution  behavior,  reflective  of  detailed  nonlinear 
wave/shock  structures.  In  addition,  a  finite-difference  calculation  is  conducted  to 
verify  and  extend  the  perturbation  results. 

Since  no  periodicity  requirement  is  imposed,  in  contrast  to  previous  quasi-steady 
studies,  our  solution  allows  the  spontaneous  evolution  of  all  the  possible  waveforms. 
In  particular,  weak  shocks  of  relatively  large  strength  are  found  to  form  and  disappear 
alternately  in  an  ideally  open  system  (isobaric  exit)  driven  at  the  linearly  resonant 
frequency.  Under  the  same  circumstance  no  shock  has  been  predicted  by  Jimenez 
(1973)  and  Seymour  and  Mortell  (1973a,  1973b).  The  sensitivity  of  wave  magnitudes 
and  characteristics  to  the  imposed  boundary  condition,  demonstrated  though  this 
study,  suggests  the  importance  of  using  accurate  eigenfunctions  in  modeling  acousti¬ 
cally  active  systems. 

2.  Problem  formulation.  We  consider  forced,  one-dimensional  acoustic  wave 
motion  in  a  gas  contained  in  a  region  0  <x*  <L*.  At  the  left  end  of  the  re^on,  a 
piston  executes  small  harmonic  vibrations  with  velocity  U*  The  physica 

conditions  at  L*  are  represented  by  a  real  admittance  function  that  permits  partial 
reflection  of  outgoing  waves.  The  gas  is  initially  stationary  and  has  a  reference  state 
with  the  associated  sound  speed  cj  =(yPo/Po)'^'-  ^  acoustic  distur¬ 
bance  travels  across  the  region  on  the  acoustic  timescale  —L  Vet- 

In  terms  of  the  dimensionless  variables 


(1) 
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the  equations  describing  the  motion  of  an  ideal  gas  with  constant  properties  can  be 
written  as  (Wang  and  KassOy,  1990a) 

(2)  Pt  +  ( P^^x  =  0, 

Px 

(3)  u,  +  uu^  +  —  =  0, 

yp 

(4)  P  =  P‘*',  T  =  p'^-\ 

where  the  subscripts  t  and  x  denote  partial  derivatives.  Transport  terms  are  ignored 
because  the  timescale  for  damping  is  very  long  with  respect  to  the  acoustic  time 
variable  t,  for  gradients  on  the  length  scale  L*  (Landau  and  Lifshitz,  1959).  Only  very 
short  wavelength  disturbances  will  be  affected  by  viscous  and  thermal  diffusion.  Other 
flow  regions  where  transport  effects  are  not  negligible  include  shock  zones  and 
acoustic  boundary  layers,  of  the  type  described  by  Wang  and  Kassoy  (1992).  The 
former  can  be  treated  as  a  mathematical  discontinuity  in  the  inviscid  study,  and  the 
latter  are  not  considered  in  the  one-dimensional  problem  formulation. 

As  a  consequence  of  the  transport-free  assiunption,  (4)  implies  that  the  flow  field 
is  isentropic  if  the  solution  is  continuous  (no  shocks  present).  This  approximation  is 
not  restrictive  for  gradients  with  a  characteristic  length  scale  L*  as  long  as  the 
acoustic  Reynolds  number  R^=c%L*/v^  » 1.  If  a  weak  shock  appears,  then  one 
must  consider  weak  (discontinuous)  solutions  to  (2)-(4),  and  recognize  that  entropy 
changes  are  proportional  to  the  third  power  of  the  shock  strength  (Whitham,  1974). 
Although  relatively  small,  these  changes  will  accumulate  if  a  repeatedly  reflected 
shock  processes  the  gas  in  a  closed  container.  Eventually,  on  a  sufficiently  long 
timescale,  entropy  changes  will  be  significant,  and  the  model  in  (2)-(4)  will  be 
inadequate. 

liie  initial  and  boundary  conditions  are 


(5) 

(6) 


r  =  0;  p  =  p-T=l,  u  =  0, 

€  O' 

x= - cosiwt);  u  =  esm{o)t),  x  =  l;  w  =  — (p-1), 

w  y 


in  which  the  dimensionless  frequency  of  piston  vibration  w  =  <o*t*,  e  =  U*/c’^  is  the 
TnaYimiim  Mach  number  of  the  piston,  characteristic  of  flow  speeds  in  the  absence  of 
resonance,  and  a  is  the  acoustic  admittance  discussed  below.  The  perturbation 
analyses  presented  in  the  subsequent  sections  are  focused  on  the  limit  e-»0. 
Furthermore,  it  is  assumed  that  w  =  0(1),  so  that  the  piston  displacement  is  of  Oie), 
small  relative  to  the  length  of  the  gaseous  region. 

The  second  boundary  condition  in  (6)  involves  an  acoustic  admittance  a  which 
provides  a  general  relationship  between  the  velocity  fluctuation  and  the  excess 
(acoustic)  pressure  on  the  outflow  boundary.  This  type  of  boundary  condition, 
conventionally  used  for  linear  acoustic  systems,  was  extended  by  Seymour  and  Mortell 
(1973a,  1973b)  and  Jimenez  (1973)  to  characterize  boundary  responses  to  nonlinear 
wave  phenomena.  In  this  study  we  consider  only  values  of  cr  that  are  real,  positive, 
and  invariant  to  frequency  and  time.  Negative  values  of  admittance  imply  acoustic 
energy  input  through  the  boundary;  and  complex  values  imply  a  time  delay  in  velocity 
response  to  the  pressure  disturbance,  which  can  be  accommodated  by  using  a  time-lag 
constant  in  real-valued  derivations  (Williams,  1985).  Finally,  one  notices  that  when 
o-  =  0,  K  =  0  at  X  =  1,  and  a  rigid  wall  is  present.  In  contrast,  o-  “  corresponds  to  an 
isobaric  exit  which  is  sometimes  referred  to  as  being  “ideally  open.” 


nonunear  osciuations  in  gas 


927 


3.  Linear  oscillation.  First,  a  linear  perturbation  study  is  carried  out  to  (i)  obtain 
general  linear  solutions  describing  piston-induced  acoustic  tr^sients  as  well  as 
evolution  to  quasi-steady  oscillations;  (ii)  discover  physical  conditions,  in  terms  of  the 
acoustic  admittance  a  and  driving  frequency  w,  under  which  resonant  wave  amplifi¬ 
cations  may  occur;  and  (ui)  determine  the  timescales  for  wave  nonlineanzation  and 
the  limiting  amplitudes  in  resonant  systems,  to  be  used  as  a  basis  for  an  intricate 
weakly  nonlinear  analysis  in  the  subsequent  section. 

In  the  linear  regime  an  0(e)  piston  oscillation  initiates  in  the  gas  both  mechani¬ 
cal  and  thermodynamical  disturbances  of  similar  magnitude.  By  applying  the  scale 
transformations 

(7)  u  =  eu,  p  =  l  +  ep, 

to  (2)— (6),  the  lowest-order  approximate  system  for  the  induced  acoustic  velocity  can 
be  derived  as 

(8)  ^tt  ^xx  ~ 

(9)  t  =  0;  m=5,  =  0, 

(10)  x  =  0;  u  =  sin(£«jt),  x  =  l;  u,= 

The  solution  to  (8)-(10),  found  from  Laplace  transform  techniques,  can  be  put  into 
the  form 


W  —  +  U-pif, 

5  =  — — — — { -  (7  sin(  0)x)  cos(  cot ) 

sin^(a))  +  cr^  cos^(<y) 

+  [sin(ft))sin(fy(l  —x))  +  cos(a))cos(aj(l  —  x))]sin(ci)f)}. 


^TR  ^ 


^TR  -  ^  -  a>2 

n  s=  -  oc  ''n 


sinCAnXle'*"', 


provided  that  the  denominators  do  not  vanish.  The  corresponding  density  disturbance 
can  be  readily  obtained  by  integrating  the  lowest  approximation  to  continuity  equa- 
tion  (2) 

Equation  (12)  describes  a  quasi-steady  gas  oscillation  at  the  forced  frequen^  of 
the  piston.  The  transient  part,  denoted  by  Ujj^  in  (13),  arises  from  residuals  of  the 
integrand  in  the  complex  Laplace  inversion  formula  at  singular  points 


(14)  tan(A„)  =  io-, 

which  defines  the  eigenvalues  for  the  Fourier  series.  Note  that  A„  is  a  complex 
quantity  in  general  even  for  real  values  of  tr,  due  to  the  mixed  derivatives  m  *e 
boundary  condition  (10).  The  real  and  imaginary  parts  of  A„  can  be  solved  explicitly 
from  (14)  to  obtain 
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As  a  result,  (13)  can  be  put  into  a  more  illuminating  form, 


(17)  =  E 


U 


_  Zg-A'-’Cr-x) 


lA  -O,^ 


where  the  phase  angle  (0  <  <^„  <  2ir)  is  determined  from 

[(A^)'  -  (A(‘0'  -  -K[2A<;>A<->] 


(18) 


Qearly,  (17)  represents  an  infinite  number  of  pairs  of  counterpropagating  waves, 
whose  amplitudes  attenuate  exponentially  with  time  if  A^'^  >  0  or,  equivalently, 
0  <  cr  <  00.  In  physical  terms  a  finite-admittance  surface  acts  as  an  energy  sink  for  all 
the  oscillatory  modes,  and  only  the  mode  at  the  forced  frequency  is  sustained  due  to 
the  continuous  boundary  work  input  from  the  piston.  An  important  implication  of  this 
result  is  that  the  wave  system  remains  linear  always,  because  the  eigenmodes  do  not 
survive,  and  hence  no  significant  deformation  in  waveform  can  be  accumulated  on 
long  timescales  by  weakly  nonlinear  effects. 

Another  distinct  effect  of  the  boundary  energy  loss  is  to  render  the  acoustic 
wavefield  nonresonant  across  the  entire  spectrum  of  the  piston-excitation  frequency. 
It  can  be  shown  that,  for  0  <  cr<  the  solution  described  by  (11),  (12),  and  (17)  has 
positive-definite  denominators  and  is  therefore  always  bounded.  An  interesting  spe¬ 
cial  case  arises  for  <r  =  1,  which  corresponds  to  a  nonrefiecting  outflow  boundary.  In 
this  case  the  expression  for  u  reduces  to  a  simple  traveling  wave  solution  of  the  form 
sin[<«)(/ —  x)]. 

In  contrast,  for  the  cases  of  cr  =  0  (rigid  endwall)  and  cr  ->  oo  (isobaric  exit),  no 
acoustic  energy  exchange  with  the  end  boundary  exists;  the  damping  coefficient  A^'^ 
vanishes;  and  therefore  the  transient  responses  represented  by  the  infinite  series 
persist.  We  can  derive  the  following  from  (11)-(18): 


_  sin[(y(l  —x)]sm(  cot) 

00 

2(0 

(19)  o-=0; 

sin(i£>) 

-  L 

1 

-2 - 2  sin(  \„x)  sin{  t ) 

A„-(o 

and 

cos[a)(l  — x)]sin(a>/) 

00 

2(0 

(20)  <T-»»; 

^  cos(a>) 

-  L 

n^l 

- 2  sin(A„x)sin(A„/) 

K-(o^ 

where  A„  =  is  defined  by  (15).  In  reality,  of  course,  transport  effects  which  are 
excluded  in  the  present  analysis  eventually  damp  out  the  acoustic  transient  modes  on 
the  timescale  =  0(R^/n^),  and  the  solutions  converge  to  quasi-steady  solutions 
(the  first  terms  on  the  right-hand  side  of  (19)  and  (20))  in  the  absence  of  resonance. 
Except  for  large  mode  numbers,  1  and  is  larger  than  the  characteristic  nonlin¬ 
earization  time  for  a  s)Gtem  with  an  0(e)  piston  Mach  number. 

Acoustic  systems  described  by  (19)  and  (20)  are  prone  to  resonance  phenomena 
as  the  frequency  of  the  acoustic  driver  coincides  with  one  of  the  eigenvalues  (<u  =  nir 
and  (n  —  1  /2)7r,  respectively).  To  avoid  singularities  and  accommodate  modal  ampli¬ 
fication,  new  solutions  are  derived  directly  from  (8)-(10)  for  the  two  special  cases: 


(21) 


2(0 


(1 -x)sin(£or)  -  E  — 


u  = 


n  =  l 
2  CO 


xsin(cot)-  ^  —0„(t)sin(A„x), 


n  =  l 


cr-Q, 
cr  ^  00, 
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where 


(22) 


©  = 


A„sm(A„0  -  wsinCwr) 


0)#  A„, 


—  sin(<t>/)  +  —  cos(wf), 
2(0  2 


It  is  to  be  noted  that  although  the  solutions  for  the  closed  and  ideally  open  resonant 
systems  bear  remarkable  resemblance  in  form,  the  results  are  quite  different  because 

of  the  different  eigenvalues  (cf.  (15)).  . 

The  linear  growth  with  time  of  the  resonant  mode,  shown  explicitly  m  {22),  wiu 
be  limited  ultimately  by  nonlinear  effects.  In  order  to  determine  the  limiting 
tudes  and  the  timescales  on  which  nonlinear  damping  offsets  the  resonant  amplifica¬ 
tion,  it  is  necessary  to  use  a  perturbation  eiqpansion  for  «  and  p  in  powers  of  e,  wth 
(21)' and  (22)  as  leading-order  solutions.  The  analysis  is  carried  out  to  higher  orders 
based  on  the  governing  system  (2)-(6),  and  the  fastest  growing  secular  terms  at  each 
order  are  determined.  The  foUowing  hold  for  e  -♦  0  and  t 

(i)  For  a  closed  resonant  system  with  a  rigid  endwall  (<r-  0), 


— » oo;  j;)  —  —  et  cos(  wt)  sin(  aix) 

- o) cos(2<ar)sin(2t()j:)  +  O(e^r^). 

24 

TTie  asymptotic  expansion  breaks  down  as  at  which  point  the  second¬ 

ed  third-order  terms  have  the  same  magnitude  as  the  leadmg-order  term.  The 

limiting  amplitude  u  —  ...  j  /• 

(ii)  For  e  ideally  open  resonant  system  with  e  isobanc  end  to--* 


uU  ^  x) - et  cos(  (ot)  sin(  cox) 


—  €^t^<osin(2(ot)  ^ 


f  A^-l-2(y-3)a>^]sin(A„)  . 


(24) 


sin(A„x) 


+  e^t*(o 


(■y-2)(r-3) 


32 


[3  sin(  ttif )  sin(  cux)  —  sin(3<«»r)sin(3<i>x)] 


Unlike  case  (i),  as  t  =  CXe'^/^),  the  magnitude  of  the  third  term  becomes  comparable 
with  that  of  the  first  term,  ed  the  limiting  wave  magnitude  is  thus  characterized  ^ 
u  =  0(e‘/^).  This  is  of  course  based  on  the  assumption  that  the  growth  rate  of  the 
third  term  remains  the  same  after  its  magnitude  catches  up  with  that  of  the  second 
term  at  t  =  0(e-^^^X  A  formal  proof  can  be  obtained  by  rederiving  the  asymptotic 


series  on  the  latter  timescale.  „ 

It  should  be  noted  again  for  both  cases  that  on  the  timescales  for  nonlineanza- 
tion,  transport  property  damping  will  be  negligible,  particularly  if  the  resonance 
occurs  in  one  of  the  lower-order  modes  in  not  too  large).  The  above  results  also 
aiustrate  a  distinct  advantage  of  the  current  initial-boundary-value  approach  over  the 
more  traditional  steady-oscfllation  analysis.  Here,  both  the  limiting  amplitudes  and 
the  timescales  for  the  resonant  systems  to  reach  the  limiting  amplitudes  are  obtamed 

through  a  relatively  simple  linear  analysis.  , .  . ,  .j  t-  j  j 

Finally,  we  remark  that  the  two  cases  discussed  above  are  highly  idealized  Md 
extreme  In  practical  terms,  if  the  admittance  function  lies  in  a  small  neighlrorhood  of 
zero  or  infinity,  and  when  the  frequency  of  excitation  becomes  sufficiently  close  to 
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one  of  the  resonant  frequencies,  strong  wave  amplification  resulting  from  elongated 
beats  also  renders  the  linear  solutions  inappropriate  for  large  t.  The  weakly  nonlinear 
analysis  presented  in  the  next  section  will  again  be  limited  to  the  idealized  cases  to 
reduce  the  mathematical  complexity.  Nonetheless,  it  is  conceptually  straightforward 
to  incorporate  the  effect  of  small  deviations  from  the  linear  resonant  frequency  and 
the  critical  admittance  values  (0  and  »)  by  introducing  additional  small  parameters 
used  by  Jimenez  (1973)  and  Seymour  and  Mortell  (1973a,  1973b). 

4.  Weakly  nonlinear  analysis 

4.1  Resonant  oscillations:  The  closed  endwall.  The  nonuniformity  which  occurs 
at  t  =  0(e“*/^)  in  the  linear  asymptotic  solution  (23)  suggests  that 

(25)  T= 

constitutes  a  second  important  time  variable  for  a  two-timescale,  weakly  nonlinear 
study  of  resonance  in  a  closed  system.  As  is  standard  in  multiple-scale  formulations, 
the  ordinary  time  derivative  must  be  replaced  by 


and  t  and  r  are  treated  as  though  they  were  independent  of  one  another  despite  the 
relation  (25).  In  addition,  since  the  ^tem  mass  is  conserved,  it  is  more  efficient  to 
conduct  the  analysis  in  terms  of  the  Langrangian  coordinate 


(27) 


in  which  the  piston  face  x  —  ex  pit)  and  the  endwall  jc  =  1  are  represented  by  j  =  0 
and  s  =  1,  respectively.  Since,  as  will  be  shown  later,  the  displacement  of  the  gas 
particle  is  at  most  of  Oie^^^),  there  is  practically  no  need  to  distinguish  between  the 
two  coordinates  in  the  leading-order  results  except  near  the  piston  surface. 

In  the  is,t,T)  space  the  governing  equations  (2)-(4)  and  boundary  conditions  (6) 


become 

(28) 

p, e^/^p,  4- p^u^  =  0, 

(29) 

M, -f-  e‘/^u^ -1- p'>'~ 'p,  = 

(30) 

5  =  0;  M  =  €sm(a)r), 

5  =  1;  «=0. 


The  velocity  is  zero  on  the  right  boundary  because  o-  =  0.  Given  the  asymptotic 
behavior  displayed  in  (23),  the  proper  expansions  for  velocity  and  density  on  the 
timescale  t  are 


(31)  u  =  -t- €M2  +  •",  p=  1 -1- +  ep2  +  ■■■• 

These  expansions  are  used  in  (28)-(30)  to  derive  the  leading-order,  linear,  homoge¬ 
neous  equation  system 

(32)  Pi,-l-u„  =  0,  Ui,H-pi,  =  0, 

(33)  5  =  0;  Ui  =  0,  5  =  1;  «,  =  0. 

One  notices  that  the  0(e)  piston-driving  function  in  (30)  does  not  appear  at  this 
order,  although  it  is  the  source  of  the  excited  disturbances.  The  two  equations  in  (32) 
can  be  combined  to  generate  a  single  second-order  linear  wave  equation  for  Uj, 

(34)  u,„-ui„  =  0. 
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The  general  solution  satisfying  (33)  takes  the  form 

oc 

(35)  Uj  =  ^  [a^(T)cos(«irr)  + /3„(T)sin(n'n-f)]sin(n'n-s), 

rt  =  1 

where  a„  and  )S„  are  slowly  varying  coefficients  characterizing  the  evolution  of  the 
wave  amplitude,  to  be  determined  from  next-order  considerations  as  well  as  initial 
conditions.  Equation  (35)  can  be  used  to  integrate  (32)  to  generate 

00 

(36)  p,  =  £  [-a„(T)sin(nirr)  +  j8„(T)cos(n7r/)]cos(n'7r5). 

/I  “  1 

In  deriving  (36),  the  integration  constant  i8o(T)  representing  the  bu^  Founer  mode 
has  been  set  to  zero.  This  can  be  justified  by  using  the  physical  requirement  that  the 
spatially  averaged  density,  fopds,  should  remain  constant  (equd  to  the  initial  value  of 
1)  to  the  present  order.  Bulk  density  variations  associated  with  the  piston  displace¬ 
ment  occur  on  the  short  acoustic  time  t  and  appear  at  the  next  order.  Alternatively, 
we  may  retain  /Sq  ®  (36)  and  determine  its  value  together  with  a„  and  from 
next-order  equations.  The  latter  approach  generates  identical  results  but  mcreases 

the  algebraic  complexity.  . 

The  next-order  velocity  equation  system,  derived  from  (28)-(3i;,  is  given  oy 


(37) 


Pi« 


and 

(3g)  5  =  0;  M2  =  sin(wr),  ^  =  l;  U2  =  0. 

The  transformation 

(39)  M2  =  H'2-l-(l-s)sin(ft)l) 

is  employed  to  homogenize  the  boundary  conditions,  so  that 

(40)  W2„-W2„  =  2  + 

(41)  s  =  0;  ^2  =  0,  5  =  1;  ^2  =  0. 

Our  objective  is  to  identify  and  eliminate  terms  in  the  forcing  function  that  contribute 
to  the  resonant  growth  in  »V2  and  hence  112.  To  this  end,  a  Fourier  sine  senes  solution 
of  the  form 


(42)  ^2=  E  2^n(^'^)sin(n‘7rx) 

/I-  1 

is  substituted  into  (40)  to  convert  the  partial  differential  equation  into  a  set  of 
ordinary  differential  equations, 

(43) 

+  Pi„-^(P?)»  +a,2(l-5)sin(air)|sin(n7r5)d5, 

based  on  orthogonality  properties  of  Fourier  series.  The  integral  on  the  right-hand 
side  of  (43)  is  evaluated  using  (36);  and  following  a  systematic  procedure  developed  m 
a  related  study  (Wang  and  Kassoy,  1990a),  harmonic  terms  of  frequency  nir,  responsi- 
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ble  for  causing  0(t)  secular  growth,  are  collected  and  suppressed  by  setting  their 
coefficients  equal  to  zero.  As  a  result  one  obtains  the  amplitude  evolution  equations 


(44) 


y+  1 
16 


kir 


k-i 


n=l  n=l 


-S.k, 


(45) 


■y  + 1 


k-l 


+  n  ^k  +  nPn^  ^  ^^k-n  ^k-n^ 

n  =  l  n  =  1 


for  ik  =  2,3,... .  If  *  =  1,  the  second  summation  in  both  equations  must  be  replaced 
by  zero.  The  quantity  5^^  is  the  Kronecker  delta  arising  from  the  piston  driving  at  the 
resonant  frequency  to  =  vtt. 

Solutions  described  by  (35)  and  (36)  based  on  results  from  (44)  and  (45)  are  quite 
general  in  the  sense  that  more  general  initial  conditions  than  those  in  (5)  can  be 
accommodated.  Given  an  arbitrary  initial  disturbance  uit  =  0)  =  e^/^u,(s)  and  pit  = 
0)  =  1  +  it  follows  from  (35)  and  (36)  that 


(46)  a„iO)  =  '^CtXiis)smimrs)ds,  p„i0)  =  2  T Piis)  cosin-ns)  ds . 

■'o  .0 

The  nonlinear  evolution  of  the  prescribed  initial  disturbance  and  its  interaction  with 
the  piston-generated  disturbances  can  be  traced.  If  the  forcing  term  8^,,  is  dropped 
from  (44),  the  results  simply  describe  the  nonlinear  relaxation  of  the  specified  initial 
disturbance  in  a  region  of  constant  volume. 

In  the  present  study  we  focus  on  the  resonant  evolution  of  disturbances  initiated 
purely  by  piston  excitation.  In  this  case  aj^(0)  =  ^^(0)  =  0;  and  (45),  which  is  homoge- 
neous,  implies  that  =  0.  The  amplitude  evolution  equations  reduce  to 

7+1  /  ®  \ 

(47)  =  — 2  £  a„a*+„-  L 

\  „=1  n=l  / 

The  quadratic  mode-coupling  exhibited  in  (44),  (45),  and  (47)  is  characteristic  of 
nonlinear  interactions  in  closed  acoustic  systems  (Wang  and  Kassoy,  1990a,  1990b). 
This  mechanism  enables  acoustic  energy  to  be  transferred  from  lower  modes,  espe¬ 
cially  the  forced  resonant  mode,  to  higher  frequency  modes,  so  that  the  amplitude 
growth  of  any  particular  mode  may  be  limited.  Compressive  wavefronts  steepen  to 
form  shock  waves,  and  rarefaction  wavefronts  flatten  out.  The  weak  solutions  to  the 
Euler  equations  evolve  to  limit  cycles  because  there  is  an  inherent  balance  between 
energy  input  by  the  driving  piston  and  internal  dissipation  by  the  shock.  This  is 
supported  by  numerical  calculations  to  be  discussed  in  §5.  Entropy  changes  induced 
by  the  Oie^''^)  shock  occur  at  the  Oie^^^)  level  and  have  no  impact  on  the  present 
asymptotic  solutions  for  r  =  0(1). 

It  can  be  shown  that  the  results  derived  in  this  section  are  equivalent  to  those 
obtained  by  Ochmann  (1985)  using  the  method  of  averaging.  The  purpose  of  revisiting 
this  problem  is  to  demonstrate  that  useful  insights  can  be  extracted  from  the 
multiple-scale  procedure,  and  that  the  approach  can  be  employed  in  the  investigation 
of  more  complex  modal  interactions  arising  in  an  open-ended  resonant  system.  In 
addition,  a  systematic  truncation  strategy  is  developed  to  evaluate  reduced  versions  of 
the  infinitely  coupled  amplitude  equation  system  by  numerical  means.  Spatially 
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resolved  solutions  are  found  from  summations  of  sufficient  numbers  of  Fourier 
modes.  These  solutions,  not  available  in  Ochmann’s  work,  are  presented  in  §5  and 
employed  in  a  comparative  study  of  the  effect  of  boundary  conditions,  and  hence 
q^tem  eigenfunctions,  on  the  evolution  of  acoustic  phenomena  in  open-  and  closed- 
ended  resonant  systems. 

A2  Resonant  oscillations:  The  isobaric  exit.  In  a  resonant  system  with  an 
isobaric  exit  boundary,  Eulerian  variables  are  used  because  the  system  mass  varies 
with  time.  The  multiple-scale  formulation  is  carried  out  in  terms  of  the  time  variables 
t  and 

(48) 

through  the  transformation 


implied  by  (24)  and  the  subsequent  discussion.  As  a  consequence  of  the  relatively  long 
growth  time  t,  the  pertinent  asymptotic  expansions  for  u  and  p  at  the  expected  limit 
cycle  are  now 

(50)  «  =  +  ^“3  +  ■■■> 

(51)  p=H-e‘/^Pi-t-e^/V2  +  €P3  + 

In  analogy  with  the  closed  system,  the  leading-order  solution  can  be  put  into  the 
form 

00 

(52)  «i=  [a„(T)cos(A„r)-l-/3„(T)sin(A„r)]sin(A„x), 

«  =  1 
00 

(53)  Pi=  L  [-a„(T)sin(A„r)-hj8„(T)cos(A„r)]cos(A„x), 

n*  1 

which  satisfies  the  same  homogeneous  system  as  (32)  and  (33)  except  that  at  x  —  1, 
the  disturbance  density,  instead  of  velocity,  is  zero  because  of  the  isobaric  condition 
(o--»i»  in  (6))  and  the  isentropic  approximation  (4).  Consequently,  the  correct 
eigenvalues  have  the  form  A„  =  (n  -  1/2)17  for  n  =  l,2,....  The  slowly  varying 
amplitude  functions  a„  and  j8„  in  (52)  and  (53)  are  again  to  be  determined  from 
higher-order  considerations. 

The  relations  in  (49)-(51)  can  be  applied  to  (2)-(6)  to  find  the  next  two  ordered 
equation  sets, 

(54)  P21  “"(Pl^l^x’ 

(55)  U2,  +  Pzx  =  -  (y-  2)pi  Pu, 

(56)  P3,  +  Msx  =  -  Pit  -  (  Pi«2  +  P2«l  )x  > 

(57)  «3,  +  P3x=  -“ir-  ^■■(p?)x-[“l“2  +  (y-2)plP2]x> 

together  with  boundary  conditions 

(58)  j:  =  0;  Uz-O,  Uz  =  smiu}t),  x=l;  P2  =  p3=0- 
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The  left  boundary  condition,  imposed  at  x  =  0  instead  of  the  actual  piston  location,  is 
consistent  with  the  accuracy  of  the  perturbation  scheme  because  the  piston  displace¬ 
ment  is  of  0(e)  small  (cf.  (6)).  It  can  be  formally  derived  based  on  a  Taylor  series 
expansion  of  the  exact  condition  u(eXp,t)  =  e  sinCwt),  in  the  limit  process  e  ^  0. 

A  suitable  combination  of  (54)  and  (55)  gives 


(59) 


“2xx  =  -  I  + 


y-1 


-Pi 


which  must  be  solved  subject  to  boundary  conditions  derived  from  (54)  and  (58), 

1  ; 

(60)  x  =  0;  i<2  =  0,  x=\\  *<2,  =  “(M]  )Jx=  1- 


If  the  transformation 
(61) 


“2  =  »»'2+2(“i)/ 


is  substituted  into  (59)  and  (60),  we  obtain 


(62) 


^2  XX 


=  -  uf  + 


y-1 


-Pi 


and  a  set  of  homogeneous  boundary  conditions  for  >^2.  A  general  solution  can  be 
written  as 


(63) 


«2  = 


Ix-l 


Y,  r„(r,T)  sin(A„x), 

n-l 


where 


(64) 

T„  =  5„(T)cos(A„r)  +  y„(T)sm(\„t)  +  j^R„(t,T)cosl\„(t  -  t)]dt, 

(65) 

Tr(“i)«  +  2w? 

JLr»l 

The  functions  S„  and  y„,  whose  explicit  forms  are  not  needed  in  the  determination  of 
a„  and  /3„  are  the  second-order  counterparts  of  the  latter.  An  inte^ation  of  (55) 
with  respect  to  x,  combined  with  the  requirement  that  P2lx-i  =0,  gives  the  corre¬ 
sponding  density  disturbance 

(66) 

-7[w?-“?lx-i  +  (r-2)pf]  £  “T — cos(A„x). 

1  2  A„ 


1  -x^ 


P2  = 


■(«?)« 


«„  =  2A„/' 

-'n 


Pi  cos(A„x)dr- sin(A„) 


One  might  expect  that  the  evolution  equations  governing  the  leading-order 
Fourier  coefficients  a„  and  should  result  from  eliminating  secular  growth  terms  in 
the  second-order  solution  (63)-(66),  as  is  usually  the  case  with  two-scale  expansions. 
Here,  however,  both  «2  Pi  found  to  be  bounded  as  t  a  conclusion  drawn 
through  a  careful  analysis  of  the  solution  structure.  Evidently,  the  only  plausible 
source  of  resonant  growth  lies  in  the  particular  solution  associated  with  the  integral  in 
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(64),  whose  integrand  contains  triple  products  of  harmonic  functions  of  t  (cf.  (65), 
(52),  and  (53)).  These  product  terms  are  convertible  into  single  functions  such  as 
cosKA*  ±  A„  ±  A„)f]  or  sin[(A,  ±  A„  ±  A„)f].  Since  the  algebraic  combinations  of 
three  arbitrary  eigenvalues  are  never  zero,  the  integral  remains  harmonic  in  t  always. 

The  fact  that  the  second-order  equations  provide  no  clue  toward  a  definitive 
leading-order  solution  may  be  explained  fi-om  another  perspective;  the  growth  of  ^e 
wave  amplitude  must  be  intimately  related  to  the  boundary  driving  effect,  which 
manifests  itself  only  at  the  next  order.  Therefore,  secular  relations  have  to  be  sought 
through  an  extension  of  the  perturbation  scheme  to  the  third  order.  Margolis  (1993) 
confronts  similar  issues  in  his  study  of  a  combustion-driven  tube. 

The  third-order  analogues  of  (59)  and  (60),  derived  from  (56)-(58),  are 

(67)  .  U3„  —  U2jiji=E(t,T,x), 

(68)  x  =  0;  M3  =  sin((«)0,  x  =  l;  = -( P1M2  +  P2«i)x> 
where 


E  =  2p,„  +  (  P1U2  +  P2“i)«  ~ 


(•y-2)(7-3)  , 

- - - pf  +  u,M2  +  (t-  2)pi  P2 

6 


tx 


Again,  a  transformation  defined  by 

(70)  Mj  =  W3  +  sin(a>/)  -x(  p,M2  +  P2“i)xl*- 1 

renders  the  boundary  conditions  homogeneous  for  ^3,  and  the  differential  equation 
becomes 

(71)  W3,,  -  ^3^  =  sin(wr)  +xi  +  P2“i)ir,l^=i  +E.U,t,x). 

As  a  result,  a  Fourier-series  solution  of  the  form 


(72) 


W3=  53  ©„(t,r)sin(A„J:) 


n  -  1 


exists.  We  now  insert  (72)  into  (71),  multiply  both  sides  by  sin(A*A:),  and  integrate 
■  over  the  interval  [0, 1].  This  leads  to 

(73) 

©;t„  -f-A^©,.  =  2  r*[w^sin( tor)  +x(  P1U2  +  P2“i)xhI*=i  +E(t,T,x)]  sin(A(.Jc)dx. 

•^0 

If  (69)  is  substituted  into  (73)  and  integration  by  parts  is  carried  out,  more  explicit 
representations  of  the  forcing  terms  can  be  obtained,  giving 

©^„  -I-  A^©;fe  - - - - 2At pi, cos( A*x) dx 


+  sin(  At )  [2  +  -^  1  (  Pi«2  +  P2“i  U 1 


(74) 


/•! 

+  ^k—  / 


(r-2)(7-3) 


Pl^  -i-U,M2+  (r“2)P]  P2 


cos(AtJ;)(ic 


—  At  pi  P1U2  P2Mi)sin(Atx)  dx. 
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Equation  (74)  describes  the  forced  motion  of  a  collection  of  linear  oscillators, 
each  associated  with  an  0(e)  acoustic  mode.  Nonhomogeneous  terms  on  the  right- 
hand  side  contain  both  the  effect  of  piston  driving  (the  first  term)  and  the  time-evolu¬ 
tion  of  various  combinations  of  lower-order  acoustic  variables.  The  appearance  of  Pi,. 
in  the  second  forcing  term  is  particularly  encouraging,  since  it  provides  the  r-deriva- 
tives  of  Uk  and  j8*,  an  imperative  ingredient  in  the  desired  evolution  equations.  First- 
and  second-order  solutions  developed  in  this  section  are  used  to  evaluate  the 
right-hand  side  of  (74).  Resonance  is  then  suppressed  by  equating  to  zero  the 
coefficients  of  all  the  terms  proportional  to  sin(A*t)  and  cosiA^t).  This  labor-intensive 
procedure,  involving  triple  products  of  Fourier  series,  leads  to 


-/+!  ®;-/+ 1  Pk-j^  A  ^;-/+ 1^] 

lO  /=! 

«  J 


(75) 


+  i:  E  “*+;•(«/  “y-z+i  ft)  ~  ft  ft-/+i)] 

>=1  /=!. 

+  E  E  Ayif[“/-*+i(“/ft-/+i  “;-/+!  ft)  "  ft-*+i^  1  “  ft  ft-/+i)j 

\  ** 

+  2  £  £  A^;i,[a*_y(a,j8,+y-o,^y/3,)  +  ^*.;(a,a,+y  +  ^;A+y)] 

y=i  /=! 

00  00 

“^2  ^  ^/4-y  A  A+;^] 

y=i/=i 

+  2  22  12  A+;  “  A^  “  Pj- A  A+y^]  | 

y  =  Jt/=l  / 


A.  i 


iS;  =  I  E  E  A%;[  -  ft  /3y-./+l)  +  A-/+1  tty-Z+l  ft)] 


^y=i  /=1 

CO  J 


+  E  EA^*/[  <3^Jt+y(^/^y-/+l  ft  ft  -/+!  )  +  “;-/+!  ft)] 

y=l  /=! 


«  ; 


+  E  E  A%, [-«;•_*+  l(  «/«;-/+!  -ft  ft-/+l) 

j=k  1=1 


(76) 


— ft-*+i(^;ft-/+i  “y-/+i  ft)] 


+  2  £  £  A‘‘j^,[-ai,_j(aiai+j  -f-  ft  ft+y)  +  ft_y(a,ft+y  -  a:/+yft)] 

y-l  /-i 

00  00 

+  2  £  £  A%,[  afc+y(  q;,  a,^j  +  ft  ft+y)  +  ^i+y(  ft+y  -  “z+y  ft)] 
y-i/=i 

-1-2  £  £  A^^;J  —  o;y_^+ j(a;Q!;+y  +  ft  ^i+j)  ~  ft-*+i^ ®z  ft+y  ~  ®z+y  ft)]  1  ’ 
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where  the  coefficients  through  defined  explicitly  in  the  Appendix,  are 

constants  depending  only  on  the  subscript  indices  and  the  parameter  y,  the  ratio  of 
specific  heats  of  the  gas.  The  Kronecker  delta  in  (75)  again  signifies  acoustic 
excitation  by  the  piston  when  tu  =  A„. 

The  infinite  system  of  coupled  differential  equations  described  by  (75)  and  (76) 
involves  double  sums  of  cubic  modal  interaction  terms,  in  comparison  to  single  sums 
of  quadratic  interaction  terms  exhibited  in  (44)  and  (45)  for  a  closed  resonant  system. 
The  increased  mathematical  complexity  arises  from  the  derivation  of  the  evolution 
equations  in  terms  of  the  first  three  expansion  orders  instead  of  the  usual  two.  As  in 
Margolis’s  (1993)  related  study,  it  is  concluded  that  third-order  nonlinear  effects, 
characterized  by  cubic  mode-coupling,  are  the  dominant  mechanism  for  wavefield 
evolution  in  an  ideally  open  system. 

Another  point  to  notice  is  that,  unlike  the  evolution  equations  for  closed  systems, 
no  simplification  can  be  achieved  for  (75)  and  (76)  if  a;t(0)  =  /3*:(0)  =  0,  because 
neither  family  of  the  Fourier  coefficients  vanishes  identically.  On  the  other  hand,  a 
nonequilibrium  initial  state  in  the  gas  column  can  be  treated  in  the  same  fashion  as  in 
(46),  if  TiTT  is  replaced  by  the  appropriate  eigenfunction  A„,  and  u,  and  p,  are 
construed  as  the  initial  values  of  the  0(e*/^)  quantities  in  the  perturbation  expan¬ 
sions  (50)  and  (51).  . 

The  formulation  described  here  is  based  on  the  isentropic  equations  m  (2)-(41 
and  the  expansions  in  (50)  and  (51).  If  an  shock  forms,  it  is  conceivable  that 

entropy  production  will  occur.  The  third-order  equations,  represented  by  (56) 
and  (57),  may  have  to  be  altered  to  accommodate  entropy-induced  state  changes 
subsequent  to  the  appearance  of  a  shock.  In  that  circumstance  the  isentropic 
condition  is  unique  at  0(e)  on  each  side  of  the  moving  shock.  This  has  the  effect  of 
changing  the  relationship  between  pj  and  pj  by  an  additive  quantity  that  is  time-  and 
space-dependent  in  general.  The  effect  of  this  additional  consideration  on  the 
resonance  suppression  conditions  used  to  derive  (75)  and  (76)  is  unknown,  and  should 
be  more  thoroughly  examined  in  the  future. 

5.  Numerical  solutions 

5.1.  Solution  techniques.  The  asymptotic  results  derived  in  the  previous  section 
form  the  basis  for  a  comparative  study  of  piston-driven  acoustic  resonance  phenom¬ 
ena  in  closed  and  open  systems.  Were  one  interested  in  circumstances  that  promoted 
shock-free  flows,  it  would  be  useful  to  follow  the  solution  approach  used  by  Culick 
(1990)  and  Margolis  (1993),  involving  a  severe  truncation  of  the  infinitely  coupled 
system  of  amplitude  equations  to  a  level  tractable  by  analytical  means.  The  truncated 
system  typically  includes  four  to  six  equations  with  two  to  three  modes,  based  on 
which  the  existence  and  stability  of  limit  q^cles  are  determined  using  the  concept  of 
nonlinear  dynamical  systems.  This  mathematically  elegant  approach  provides  accurate 
assessments  of  nonlinear  acoustic  stabflity  behavior  only  when  large  wave  number 
spatial  resolution  is  not  required.  It  is  incapable  of  describing  the  detailed  wavefield 
structure,  particularly  the  appearance  and  evolution  of  steep-fronted  waves  including 
shocks,  the  primary  concern  of  the  present  study. 

As  an  alternative,  one  can  truncate  the  amplitude  equation  system  at  a  suffi¬ 
ciently  high  level  and  integrate  the  resulting  coupled  ordinary  differential  equations 
numerically,  so  that  the  global  solution  behavior  is  described  accurately  based  on 
Fourier  modal  summations.  This  second  approach  has  been  employed  successfully  in 
related  studies  to  trace  the  evolution  of  acoustic  and  weak  shock  waves  (Culick, 
1976b;  Wang  and  Kassoy,  1990a,  1990b),  and  is  adopted  here  once  again. 
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The  first  step  in  the  numerical  evaluation  is  to  develop  truncated  versions  of  (44) 
and  (45)  for  the  closed  system  and  of  (75)  and  (76)  for  the  ideally  open  case.  If  it  is 
desired  to  include  N  modes  in  the  calculations,  2N  coupled  equations  for  and 
have  to  be  solved  simultaneously.  All  the  infinite  summations  must  be  replaced  with 
finite  summations  in  order  to  close  the  mathematical  ^sterns.  Thus,  in  (44)  and  (45), 
the  infinite  sums  are  replaced  by  sums  of  N-k  modes,  whereas  in  both  (75)  and  (76), 
the  appropriate  upper  limits  for  the  infinite  sums  are,  in  the  order  of  their  appearance 
in  each  equation,  N-k,  N,  N-j,  N-k,  N-j,  N-j,  and  N-1.  The  truncation 
level  N  is  determined  ideally  by  the  need  for  accurate  representations  of  steep-fronted 
shock  phenomena.  Pragmatic  considerations  of  computational  time  have  limited  the 
total  number  of  modes  to  N  ^  200  for  the  closed-system  case  and  N  ^25  for  the 
open  case. 

Numerical  integrations  are  carried  out  by  utilizing  a  standard  IMSL  library 
subroutine,  IVPRK,  which  is  based  on  fifth-  and  sixth-order  Runge-Kutta  methods. 
The  routine  adjusts  the  step  sizes  automatically  in  accordance  with  the  specified 
global  error  tolerance,  which  is  set  to  be  10“'*.  This  error  is  sufficiently  small  in  view 
of  the  larger  truncation  errors  in  approximating  the  infinite  systeins.  Once  the  first  N 
Fourier  coefficients  a*  and  are  evaluated,  the  time  and  spatial  variations  of  the 
acoustic  velocity  and  density  can  be  calculated  based  on  (35)  and  (36)  (closed  system) 
or  (52)  and  (53)  (open  system).  It  is  observed  that  the  computational  values  for  a^.  ^d 
j8i  become  increasingly  inaccurate  as  k  approaches  N,  because  the  truncation 
prevents  the  cascade  of  energy  to  higher  wavenumber  modes.  Consequently,  only  the 
first  ^N  to  jN  terms  are  actually  utilized  in  the  finite  Fourier  series  summations  used 
to  find  the  solutions  described  in  the  next  section. 

Results  obtained  from  the  multiple-scale  perturbation  analysis  are  compared 
with  finite-difference  solutions  based  on  the  MacCormack  scheme,  a  predictor-correc¬ 
tor  type  of  hyperbolic  system  solver  with  second-order  accuracy  in  both  space  and 
time,  capable  of  capturing  shock  waves  (Anderson,  Tannehill,  and  Fletcher,  1984).  To 
increase  shock  resolution  and  damp  out  the  associated  Gibbs  phenomena,  the 
flux-corrected-transport  (FCT)  technique  (Book,  Boris,  and  Hain,  1975)  is  incorpo¬ 
rated  into  the  numerical  code.  In  the  results  presented  below,  201  spatial  grid  points 
are  typically  used,  and  numerical  experiments  show  that  a  Courant  number  of  0.985 
generates  the  best  results. 

In  order  to  apply  the  scheme,  conservative  versions  of  the  governing  partial 
differential  equations  must  be  used.  The  present  computations  are  based  on  (2)— (4) 
for  an  open  resonant  system  and  their  Lagrangian  analogue  for  a  closed  system,  so 
that  each  solution  is  comparable  to  the  appropriate  perturbation  result.  The  oscilla¬ 
tory  left  boundary  is  mapped  exactly  into  a  fixed  point  s  =  0  in  the  Lagrangian 
coordinate  and  hence  imposes  no  specdal  difficulty;  in  the  Eulerian  coordinate,  on  the 
other  hand,  the  piston  is  located  at  x  =  0,  an  approximation  compatible  with  that 
employed  in  the  perturbation  analysis. 

5,2.  Closed-system  solutions.  Figures  1(a)  and  Kb)  display  the  resonant  growth  of 
the  scaled  acoustic  velocity  u  (u  =  and  density  p  ( p  =  1  +  p),  respectively, 

at  a  fixed  Lagrangian  coordinate  s  =  j  in  a  closed  resonant  system.  The  gas,  initially 
static,  is  being  driven  by  a  piston  that  operates  at  the  fundamental  frequency  w  =  tt 
(i;=l)  with  a  dimensionless  velocity  amplitude  of  6  =  0.01.  The  characteristic  gas 
velocity  (really  Mach  number)  is  thus  0(0.1)  in  value.  Solid  lines  represent  the 
lowest-order  perturbation  approximations  calculated  from  (35)  and  (36)  based  on  a 
summation  of  50  Fourier  modes  from  an  N  =  100  calculation,  whereas  the  dashed 
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(a) 


(b) 


Fig.  1.  Time  variations  of  (a)  the  scaled  acoustic  velocity  u(u  =  (b)  the  scaled  acoustic  density  p 

(p=l  +  p)  at  Lagrangian  coordinate  s^j  in  a  closed  resonant  system,  driven  by  piston  motion 
u  =e  sin(irf).  The  solid  lines  represent  the  lowest-order  perturbation  approximations  u,  and  p,,  calculated 
fmm  (35)  and  (36),  respectively,  and  the  dashed  lines  represent  finite-difference  solutions  using  the  MacCormack 
scheme.  The  maximum  piston  Mach  number  €  =  0.01. 


lines  denote  the  computational  solutions  obtained  using  the  MacCormack  scheme. 
The  agreement  between  the  two  types  of  solutions  prior  to  shock  formation  is  quite 
good,  and  easily  within  the  limits  expected  for  the  perturbation  and  complete 
solutions.  Both  exhibit  an  initial  period  of  linear  amplification  which  leads  to  severe 
waveform  deformation  as  nonlinear  effect  accumulates.  Finally,  steep  line  segments 
appear  at  r  =  12,  implying  the  occurrence  of  a  weak  shock  wave.  Subsequent  to  shock 
formation,  the  MacCormack  solution  describes  the  shock  extremely  well.  On  the 
other  hand,  spurious  spikes  appear  in  the  Fourier-based  perturbation  curves,  although 
the  latter  still  capture  some  useful  features  such  as  the  shock  position  and  strength. 

The  appearance  of  spurious  signals  in  Fig.  1  is  caused  by  the  poor  convergence  of 
Fourier  series  associated  with  discontinuous  functions  (Gibbs  phenomenon).  In  fact, 
the  Fourier  coefficients  a,^  and  /3*  behave  like  1/k  for  discontinuous  functions, 
compared  to  l/k'  (r  >  2)  for  those  that  are  continuous.  Errors  involved  in  truncating 
the  infinite  evolution  system  (44)-(45)  become  significant  and  accumulate  rapidly 
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during  numerical  integration.  A  more  quantitative  error  analpis  <an  be  found  m 
Wang  and  Kassoy  (1990b).  As  with  all  Fourier-based  spectral  methods,  mcreasmg 
modal-resolution  is  ineffective  for  accuracy  improvement  when  discontouities  are 
present.  Numerical  experiments  conducted  with  increasingly  large  mode  mmbers 
produce  little  change  in  the  magnitude  of  erroneous  spikes.  Nonetheless,  sharper 
shock  descriptions  are  obtained  with  an  increased  modal  truncation  level,  due  to  the 

inclusion  of  higher  wavenumber  components.  .  ^  - j 

Once  a  shock  appears,  it  traverses  the  gas  repeatedly  as  it  reflects  from  solid 
walls  at  both  ends.  The  time  intervals  between  two  neighboring  passages  are  unequal 
because  the  observation  of  the  shock  occurs  at  a  location  three  times  farther  away 
from  the  right  boundary  than  from  the  left.  Each  shock  passage  brings  about  a 
positive  density  jump  (cf.  Fig.  lb),  but  the  sign  of  the  veloaty  jump  is  dependent  on 
the  direction  of  propagation  (cf.  Fig.  la).  As  time  progresses,  the  oscillatory  amplitude 
growth  is  seen  to  become  saturated,  and  a  limit  cycle  is  approached  as  is  demon- 
Lted  more  clearly  in  the  longer-time  result  of  Fig.  2.  The  latter  shows  the  sarne 
acoustic  velocity  as  plotted  in  Fig.  la  computed  over  an  extended  time  usmg  the 

MacCormack  scheme.  .  u  • 

Insights  about  the  physical  phenomena  occurring  in  the  limit-cycle  can  be  gamed 
by  using  an  energy  perspective.  Figure  3  depicts  the  instantaneous  acoustic  energy 
input  by  the  piston  puL-o  (the  lower  curve),  and  the  cumulative  acoustic  ener^  mpu 
(the  upper  curve),  both  calculated  using  the  MacCormack  scheme.  Evidently,  the 
piston  velocity  is  basically  in  phase  with  the  local  pressure  disturbance,  and  therefore 
the  boundary  work  is  predominantly  positive.  In  the  limit  cycle,  the  energy  ir^ut  per 
unit  cycle  is  seen  to  be  a  constant.  Since  the  right  end  of  the  ^stem  is  a  reflector  the 
only  way  to  remove  mechanical  energy  is  through  shock  dissipation,  which  is  al^  a 
constant  per  cycle  because  the  shock  amplitude  is  a  periodic  function  of  tune.  One 
may  conclude  that  the  limit-qrcle  shock  oscillation  m  a  closed  system  is  supported  by 
a  balance  between  piston  energy  input  and  shock  damping. 

53.  Open-system  solutions.  Acoustic  resonance  in  an  open  system  is  profoundly 
different  from  that  found  in  a  closed  system.  First,  the  magnitudes  of  the  luniting 
amplitude  and  nonlinear  growth-time  are  worth  emphasizing.  Based  on  the  scale 
relations  described  in  the  previous  sections,  an  0(e)  acoustic  driver  can  excite 


Fig.  2.  The  same  acoustic  velocity  as  depicted  in  Fig.  1(a)  plotted  over  extended  time,  to  demonstrate  the 
evolution  to  limit  cycle.  The  results  are  obtained  using  the  MacCormack  scheme. 
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Fig  3  Instantaneous  (lower  curve)  and  cumulative  (upper  curve)  acoustic  energy  input  into  the  closed 
resonant  system  by  a  vibrating  piston,  calculated  based  on  finite-difference  solutions  under  conditions  identical  to 
those  in  Fig.  1. 


oscillations  over  t  =  in  an  open  system,  relative  to  the  maximum 

amplitude  of  and  the  growth-time  of  in  a  closed  system.  Other 

unique  features  of  open-system  oscillations  are  revealed  by  the  following  example 
calculations,  conducted  for  e  =  0.08  =  0.2)  and  v  =  1  ico  =  tt/2)  and  with  zero 

initial  conditions.  j  .  t-  ..z-  \  j 

The  time-evolution  of  the  acoustic  velocity  at  x  =  4  is  plotted  m  Figs,  ^a)  and 
4(b),  based  on  the  summation  of  10  Fourier  modes  from  an  =  15  computation,  and 
the  MacCormack  solution,  respectively.  These  time-response  curves  are  the  result  of 
resonant  growth  and  nonlinear  waveform  deformation  to  generate  steep-fronted 
waves.  The  two  types  of  solutions  agree  well  when  the  solutions  are  smooth,  and 
deviate  more  substantially  as  large  gradient  structures  develop.  The  differences  are 
due  to  the  relatively  poor  convergence  properties  of  truncated  Fourier  series  repre¬ 
sentations  of  steep-fronted  waves.  , 

To  examine  the  effect  of  Fourier  modal  truncation,  perturbation  solutions  usmg 
5,  10,  and  18  Fourier  mode  summations  from  N  =  8,  15,  and  25  calculations, 
respertively,  are  plotted  in  Fig.  5  in  terms  of  acoustic  velocity  and  density  at  x  =  4. 
The  results  of  finite-difference  calculations  are  depicted  as  dotted  lines  for  compari¬ 
son.  The  time  range  is  shorter  than  that  in  Fig.  4,  so  that  details  of  nonlinear 
distortion  of  the  time-response  curves  can  be  viewed  with  clarity.  Near  t  =  40,  the 
three  finite  Fourier  series  summations  produce  results  that  are  essentially  indistin¬ 
guishable  from  one  another  to  the  graphical  accuracy,  and  closely  resemble  the 
finite-difference  solutions,  indicating  satisfactory  convergence  of  the  series.  The 
quantitative  difference  between  the  two  solution  types  are  within  the  error  bound 
expected  for  the  perturbation  approximation,  which,  given  =  0.2,  can  be  as  large 
as  20%.  As  time  evolves,  the  time-response  curves  contain  steep  gradients  and  sharp 
comers  that  are  poorly  represented  by  the  Fourier  modal  summations.  The  truncation 
errors  involved  in  approximating  the  infinite  evolutionary  system  (75)-(76)  become 
severe,  rendering  the  numerical  solutions  less  accurate.  Furthermore,  it  is  observed  by 
comparing  the  numerical  data  from  the  three  truncation  levels  that  accuracy  improve¬ 
ment  with  increased  modal  resolution  is  fairly  marginal.  This  is  again  due  to  the  fact 
that  Gibbs  phenomenon  cannot  be  eliminated  with  finite  modal  summations  (unless 
some  strong  damping  mechanisms  are  introduced  into  the  inviscid  tystem  to  prevent 
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(a) 


t 

(b) 

Fig.  4.  Time  variations  of  the  scaled  acoustic  velocity  uiu  =  atx-j  in  an  open  resonant  system 

iisobaric  exit),  driven  by  piston  motion  Up^e  sin((  The  maximum  piston  Mach  number  e  =  0.008.  (a) 

Leading-order  perturbation  solution  calculated  from  (52);  (b)  piite-difference  solution. 


the  generation  of  small-scale  structures  unresolvable  by  the  highest  Fourier  mode). 
Despite  the  apparent  deficiency,  both  Figs.  4  and  5  indicate  that  some  useful  features, 
such  as  the  oscillatory  amplitudes  and  relative  phase,  are  preserved  by  the  truncated 
modal  solutions. 

An  interesting  point  to  notice  from  Fig.  4  is  that  shortly  after  the  formation  of 
steep  wavefronts,  the  oscillatory  amplitudes  reach  a  maximum  and  then  decline 
instead  of  maintaining  a  constant  vine.  A  longer-time  calculation  based^  on  the 
MacCormack  method,  illustrated  in  Fig.  6  for  the  acoustic  velocity  at  x  —  j,  shows 
beat-like  patterns  of  nonlinear  amplitude  evolution.  The  peak-to-valley  ratio  of  the 
envelope  decreases  with  time,  and  it  is  expected  that  eventually  the  system  relaxes  to 
an  equilibrium  oscillation  of  constant  amplitude.  However,  we  do  not  have  s^cient 
numerical  accuracy  to  extend  the  computation  reliably  to  the  time  required  in  order 
to  support  this  assertion. 

The  unusual  character  of  the  time-response  curves  in  Figs.  4-6  can  be  better 
understood  by  examining  the  time  variation  of  the  spatial  wave  strucmre.  In  Fig.  7  the 
results  of  the  finite-difference  calculation  are  used  to  plot  the  velocity  distribution  at 
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Fig.  5.  Comparisonof  leading-order  perturbation  soltaions  based  on  summations  of  5, 10,  and  IS  Fourier 
modes  and  the  finite-tUfference  solution  obtained  using  the  MacCormack  scheme.  Plotted  are  the  scaled  acomtic 
uelocity  u  (u  =  1  +  arui  density  p  ( p  =  1  +  p)  as  a  function  of  time  at  x  =  i,  under  conditions 

identical  to  those  in  Fig.  4. 


a  sequence  of  times  starting  from  tj  ®  60.14.  The  direction  of  propagation  at  each 
instant  is  indicated  by  a  small  arrow.  At  r,  we  observe  a  compression  wavefront 
propagating  leftward.  It  reflects  from  the  piston  face  to  the  right,  and  subsequently 
steepens  to  form  a  weak  shock  (^2)-  Compression  signals  emitted  from  the  piston 
cause  the  shock  strength  to  increase  When  the  shock  hits  the  isobaric  right 
boundary,  its  phase  is  changed  by  ir  and  a  rarefaction  wave  appears  (14).  During  the 
next  round-trip  to  the  piston  and  back,  the  rarefaction  wavefront  gradient  decreases 
imtil  t,.  Then,  upon  reflection  of  the  rarefaction  wave  from  the  isobaric  boundary,  a 
compression  wavefront  reappears  (/g),  leading  to  the  formation  of  another  shock.  The 
passage  of  the  rapidly  evolving  waveform  is  responsible  for  the  drastically  varying 
rates  of  change  displayed  in  Figs.  4-6.  One  notices  after-shock  oscillations  in  Fig.  7 
that  arise  from  the  computational  scheme  even  though  the  FCT  approach  was 
carefully  employed.  The  Fourier  series-based  calculations  give  the  same  quantitative 
behavior,  but  with  relatively  poor  shock  resolution  because  only  a  limited  number  of 
modes  are  available. 

The  intermittent  occurrence  of  the  weak  shock  in  an  open  system  discovered  in 
this  study  is  particularly  interesting.  According  to  Seymour  and  Mortell  (1973b)  and 
Jimenez  (1973),  there  exist  no  shocked  periodic  solutions  for  an  ideally  open  tube 
driven  at  the  linearly  resonant  frequency  (cf.  the  origin  in  Jimenez’s  Fig.  9).  In  other 
words,  the  limit-cycle  solution  for  this  parameter  combination  consists  of  smooth 
functions  only.  The  results  of  our  initial-boundary-value  study  suggest  that  en  route  to 
a  limit-cycle,  characterized  by  slow,  periodic  amplitude  modulation,  weak  shocks  are 
generated  intermittently. 

The  mechanism  which  limits  the  wave  amplitude  from  growing  indefinitely  in  an 
ideally  open  system  is  fundamentally  different  from  that  in  a  closed  one.  While  the 
effect  of  shock  dissipation  may  still  play  a  role,  the  preeminent  factor  is  a  shift  in  the 
relative  phase  between  the  piston  velocity  and  the  local  acoustic  pressure,  resulting  in 
negative  boundary  work  at  times,  as  demonstrated  in  Fig.  8.  It  is  believed  that  this 
occurs  because  the  relatively  large  amplitude  disturbances  alter  the  wavespeed 
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Fig.  6.  Long-time  evolution  of  the  scaled  acoustic  velocity  u  (u-  at  x  =  ^  in  an  open-end^ 

resonant  system,  under  identical  operating  conditions  as  in  Fig.  4.  The  results  are  obtained  usmg  the 
MacCormack  finite-difference  scheme. 


substantially  due  to  nonlinear  effects,  so  that  the  system  resonant  frequency  deviates 
from  the  linear  resonant  frequency  at  which  the  piston  operates.  When  the  piston 
work  is  mostly  negative  during  a  cycle,  the  net  effect  is  a  decrease  in  the  total  acoustic 
energy  and  hence  the  wave  amplitudes.  However,  a  smaller  amplitude  oscillation 
pushes  the  nonlinear  resonant  frequency  closer  to  the  piston  frequency,  and  wave 
amplification  ensues.  This  type  of  negative  feedback  generates  the  slow  amplitude 
modulation  exhibited  in  Fig.  6.  It  is  anticipated  that  the  piston-generated  net  work 
should  be  zero  after  each  period  once  a  limit-cycle  is  reached. 

6.  Discussion.  The  results  presented  for  closed-  and  open-ended  systems  are 
based  on  the  model  in  (2)-(4)  which  includes  purely  isentropic  relationships  among 
the  thermodynamic  variables.  Given  the  magnitudes  of  the  nonlinear  disturbances, 
this  model  provides  accurate  p-p  relationships  with  respect  to  the  perturbation 
results,  at  least  until  the  weak  shock  forms.  Subsequently  the  mathematically  weak 
solutions  are  capable  of  predicting  the  acoustic  energy  damping  caused  by  entropy 
generation  in  the  shock  (Smoller,  1983;  Wang  and  Kass<)y,  1990b).  However,  one  must 
be  aware  that  entropy  accumulation  and  spatial  variation  arising  from  repeated 
passages  of  time-varying  shocks  on  timescales  t  0(1)  may  alter  the  state  relations 
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Fig.  7.  Spa^\i^  distributed  velocity  profiles  at  a  sequence  of  times  starting  from 
increment  A/  *  0.05,  in  the  open-ended  resonant  system  described  in  the  caption  for  Fig,  4. 
obtained  using  the  MacCormack  finite-difference  scheme. 


=  60.14,  with  an 
The  solutions  are 


Fic  8  Instantaneous  {lower  curve)  and  cumulative  (liRper  curve)  acoustic  ener^  input  into  the 
open-ended  resonant  system  by  a  vibrating  piston,  tOtutined  from  finite-tBfference  solutions  under  opemtmg 
conditwns  identical  to  those  in  Fig.  4. 
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sufficiently  to  invalidate,  at  least  formally,  the  use  of  a  single  isentropic  relationship 
throughout  the  entire  region.  Rather,  one  may  have  to  account  for  small  entropy 
changes  across  the  shock  and  the  accumulated  effect  of  these  changes  by  employing 
distinct  isentropic  results  on  either  side  of  the  propagating  shock.  These  effects,  not 
addressed  definitively  either  here  or  in  previous  work  focused  on  resonant  systems, 
should  be  considered  more  fully  in  the  future  in  order  to  evaluate  the  accuracy  of  the 
long-time  solution  presented  here. 

The  mathematical  models  employed  in  this  study  are  paradigms  for  investigating 
the  impact  of  specific  boundary  conditions  on  an  idealized  physical  ^stem.  In 
particular,  the  isobaric  end-condition  imposed  in  the  open  tube  analysis  is  a  crude 
approximation  to  what  is  found  in  a  laboratory  experiment,  since  it  precludes  acoustic 
energy  loss  at  the  open  end.  The  nonlinear  boundary  condition  proposed  by 
Wijngaarden  (1968)  and  its  variants  provide  a  much  more  realistic  alternative, 
because  they  contain  adjustable  parameters  modeling  certain  physical  effects  (jet-like 
outflow  and  sink-like  inflow)  at  the  tube  exit.  Investigations  along  this  line  can  be 
found  in,  for  example,  Keller  (1977),  Disselhorst  and  van  Wijngaarden  (1980),  and  the 
references  therein. 

It  should  be  recognized  that  the  time-history  of  shock  formation  and  subsequent 
gasdynamic  evolution  in  the  open-ended  tube  (cf.  Fig.  7)  is  valid  formally  only  for  the 
pressure-node  boundary  condition  associated  with  an  infinite  value  of  the  admittance 
constant  a.  Jimenez  (1973)  and  Seymour  and  Mortell  (1973b)  demonstrate  that  the 
long-time,  quasi-steady  waveform  varies  substantially  as  the  acoustic  admittance  at 
the  open  end  changes  from  infinity  to  large  but  finite  values.  Unfortunately,  their 
analyses  do  not  provide  insights  into  the  solution  trajectories  nor,  therefore,  into  the 
evolution  of  wave  systems  leading  to  the  assumed  quasi-steady  solutions. 

Closed-system  eigenfunctions  are  frequently  employed  in  the  study  of  stability 
characteristics  of  rocket  engine  chambers  (Culick,  1990).  These  systems  are  character¬ 
ized  by  axial  outflow  through  a  nozzle  as  well  as  by  transverse  injection  of  gaseous 
combustion  products  at  the  propellant  surface.  Hence,  the  imposition  of  a  closed 
boundary  condition,  particularly  at  the  downstream  end  of  the  chamber  prior  to  the 
nozzle,  is  a  significant  approximation  that  has  uncertain  consequences.  The  resulting 
basic  amplitude  equations  contain  only  quadratic  nonlinear  effects  like  those  found  in 
the  present  study  of  a  closed  system.  In  contrast,  Margolis’s  (1993)  nonlinear  stability 
study  of  an  open-ended  pulse  combustor,  and  that  done  here  for  an  open  resonant 
system,  show  that  the  appropriate  basic  amplitude  equations  should  contain  only 
cubic  nonlinearities.  Clearly,  the  flow  dynamics  produced  for  the  open-ended  ^tem 
are  quite  different  from  those  for  the  fully  closed  system.  This  suggests  that  the 
accuracy  of  predictions  obtained  from  the  rocket  engine  stability  studies  should  be 
tested  in  order  to  determine  the  quantitative  and  qualitative  impact  of  approximate 
eigenfunctions  on  the  detailed  evolutionary  responses  of  the  system. 

As  a  related  matter,  it  is  important  to  recognize  that  if  steep-fronted  waves  are 
created  or  appear  spontaneously  in  an  inviscid  system,  a  modal  description  of  their 
evolution  requires  a  high-order  truncation.  In  this  sense  results  of  limit  cycle  analyses 
based  only  on  a  few  lower-order  modes  preclude  the  appearance  of  shocks  at  any 
time.  If  a  particular  system  is  likely  to  develop  compression  waves,  a  higher-order 
truncation  of  a  modal  analysis  is  recommended. 

Finally,  we  conclude  this  section  by  commenting  on  the  relative  merits  of  the 
perturbation  and  finite-difference  methods  as  applied  to  the  present  problem.  The 
MacCormack  scheme  is  used  because  it  captures  shock  waves  in  an  efficient  way. 
However,  it  is  difficult  to  ascertain  the  physical  origins  of  the  observed  phenomena 
directly  from  the  numerical  output.  On  the  other  hand,  the  multiple-scale  perturba- 
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non  analysis  and  the  individual  steps  leading  to  the  derivation  of  the  amplitude 
equations  can  be  interpreted  physically  to  discover  the  origin  of  the  predicted  events. 
The  powerful  scaling  laws  discovered  in  the  perturbation  scheme  allow  us  to  predict  a 
nriori  the  limiting  amplinides  and  nonlinear  growth  times  in  an  order  of  magnitude 
sense.  The  analytical  solution  forms  (35),  (36),  (52),  and  (53)  give  explicit  representa¬ 
tions  of  standing  waves  (or,  equivalently,  pairs  of  counterpropagating  traveling  wav^) 
with  slowly  modulating  amplitudes.  The  amplitude  evolution  equations  derived  (.cf. 
(44)  (45)  (75)  and  (76))  reveal  the  unique  characters  of  closed-  and  open-q^stem 
acoustics ’in  te^  of  quadratic  and  cubic  modal  interactions,  and  demonstrate  how 
acoustic  energy  is  transferred  from  the  forced  mode  to  other  modes.  Since  these 
mode-coupling  equations  are  independent  of  the  amplitude  parameter  €,  once  t  ey 
are  truncated  and  solved  numerically,  one  can  obtain  complete  solutions  for  any  e  by 
means  of  -simple  Fourier  summations.  The  results  demonstrate  that  the  trun^ted 
systems  can  describe  the  evolving  wavefields  adequately  until  shock  fomation.  How¬ 
ever,  the  persistent  appearance  of  shock  phenomena  undermmes  the  effectiveness  of 
the  Fourier  series  solutions,  and  in  this  case  the  finite-difference  method  provi  es  a 
useful  remedy.  This  study  exemplifies  how  analytical  and  computational  approaches 
can  complement  one  another  to  generate  insightful  and  reliable  solutions. 

7.  Summary.  In  this  paper  the  evolution  of  acoustic  oscillations  driven  by  a  sinall 
amplitude  vibrating  piston  is  examined  theoretically  using  an  mitial-boundaiy-va  ue 
approach.  Single-  and  multiple-scale  perturbation  techniques  employing  Founer 
eigenfunction  summations,  as  well  as  finite-difference  calculations,  are  employed  to 
obtain  solutions.  The  primary  objective  is  to  elucidate  the  effert  of  the  far-end 
boundary  condition  on  the  time-evolution  and  maximum  amplitudes  of  the  forced 

acoustic  disturbances.  .  u  v 

When  physical  conditions  at  the  far-end  boundary  are  characterized  by  a  positive 

and  finite  acoustic  admittance,  an  0(e)  piston  Mach  number  produces  gasdynamic 
disturbances  of  the  same  order  of  magnitude.  The  lowest-order  linear  solution 
describes  the  exponential  decay  of  acoustic  transients,  which  leads  to  periodic, 
quasi-steady  oscillations  at  the  frequency  of  the  dnving  piston. 

Linear  resonant  amplification  is  possible  only  when  the  admittance  function 
approaches  zero  (closed  end)  or  infinity  (isobaric  exit).  Under  resonant  conditions  the 
lin^r  perturbation  scheme  is  extended  to  higher  orders  to  determine  the  wave 
nonlinearization  time  at  which  nonlinear  effects  suppress  the  linear  amplitude^  gowth. 
It  is  found  that  in  a  closed  resonant  system  the  wave  growth  time  is  of  OU  )  an 
the  limiting  amplitude  is  of  In  comparison,  in  an  open  system,  the  growth 

time  and  limiting  amplitude  are  of  0(6  ^/^)  and  0(€  ),  respective  y.  _ 

Based  on  the  above  scales,  a  weakly  nonlinear  analysis  using  multiple-timescale 
expansions  is  used  to  study  the  nonlinear  wave  evolution  under  resonant  ronditions 
for  t »  0(1).  The  solutions  are  expressed  in  terms  of  Fourier  summations  of  standing 
wave  modes  with  slowly  modulating  amplitude  functions.  The  latter  are  described  by 
an  infinite  system  of  coupled  ordinary  differential  equations.  These  equations  are 
derived  from  a  second-order  perturbation  analysis  in  a  closed  system  ^d  contain 
quadratic  modal  interactions.  In  an  open  system  one  must  use  a  third-order  analysis 
to  obtain  the  amplitude  evolution  equations  containing  cubic  modal  interactions.  As  a 
result,  solution  behavior  is  drastically  different  for  the  two  cases. 

The  closed-system  solution  describes  the  formation  of  weak  shock  waves  an 
their  repeated  reflections  from  both  boundaries  leading  to  a  limit  cycle.  In  contrast, 
shocks  occur  only  intermittently  in  an  open-ended  system,  disappeanng  upon  each 
reflection  from  the  isobaric  boundary.  It  should  be  noted  that  the  transient  solution 
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described  here  accommodates  shocks  in  an  open-ended  resonant  system  because 
spontaneous  evolution  of  all  waveforms  is  permitted.  No  such  shocks  have  been 
predicted  by  earlier  investigators  using  a  purely  periodic  solution  form  to  describe  the 
limit  cycle. 

The  perturbation-based  results  are  supported  and  extended  by  a  computational 
solution  based  on  the  MacCormack  finite-difference  method.  The  numerical  solutions 
are  remarkably  similar  to  those  foimd  from  the  we^y  nonlinear,  fully  transient 
analysis. 

Appendix.  The  coefficients  Ay*,  -  appearing  in  (75)  and  (76)  are  defined  as 
follows: 
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(A9) 
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The  above  equations  are  in  a  relatively  primitive  form  that  fostered  algebraic 
accuracy  in  the  course  of  a  laborious  derivation.  Undoubtedly,  more  compact  formu¬ 
las  could  be  derived.  To  find  numerical  solutions  of  (75)  and  (76),  explicit  expressions 
for  the  integrals  in  (A9)-(A17)  have  been  obtained,  which  are  used  in  combination 
with  (A1)-(A8)  to  compute  the  coefficients. 
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The  cylindrical  axisymmetric  Navier- Stokes  equations  are  solved  numerically  to  study  the  generation 
and  evolution  of  vorticity  in  an  iidection-induced  transient  shear  flow.  An  initially  steady  internal  fiowfield 
driven  by  constant  sidewall  injection  is  disturbed  by  positive  transient  sidewaU  isjection,  which  simulates 
the  unsteady  mass  input  from  propellant  burning  variations.  The  disturbance  amplitude  is  as  large  as 
that  of  the  steady  sidewall  injection  to  ensure  that  nonlinear  effects  influence  the  vortidty  field  evolution. 
Initial  value  solutions  show  that  relatively  intense  vorticity  is  generated  at  the  sidewall  and  eventually 
fills  the  cylinder  with  a  rotational  flow.  Although  the  pressure  response  is  essentially  that  found  in  acoustic 
stability  theory,  the  axial  and  radial  velocity  components  contain  large  local  radial  velocity  gradients  that 
cannot  be  predicted  from  acoustic  theory  alone. 


1.  Introduction 

OLID  propellant  combustion  in  a  rocket  motor  generates 
gaseous  products  that  induce  a  low  axial  Mach  number  [M 
=  C(10‘^-10"‘)],  large  flow  Reynolds  number  [Re  =  0(10^*- 
10*)]  internal  shear  flow  in  a  cylindrical  chamber  where  the 
aspect  ratio  is  5  »  1,  Inert  flows  with  these  characteristics 
can  be  generated  by  injecting  gas  through  the  porous  sidewall 
of  a  cylinder.  How  transients  are  then  induced  by  specified 
time-dependent  boundary  conditions  applied  on  some  surface 
or  on  the  exit  plane.  The  complete  time-dependent  shear  flow 
is  now  known  to  include  vorticity  distributions,*"®  as  well  as 
the  more  familiar  acoustic  disturbances  studied  by  many  in¬ 
vestigators  in  the  past.®"*^ 

Brown  et  aJ.**^  and  Brown  and  Shaeffer^  conducted  labora¬ 
tory  experiments  in  a  cold  flow  rocket  motor  chamber  ana¬ 
logue.  Velocity  measurements  taken  along  and  across  the  cy¬ 
lindrical  chamber  show  that  there  is  a  significant  unsteady 
rotational  flow  component  present  everywhere,  this  type  of 
vorticity  is  seen  also  in  the  study  by  Vuillot  and  Avalon^  who 
used  computational  methods  to  solve  the  compressible 
Navier- Stokes  equations  in  a  channel  with  constant  sidewall 
mass  injection.  Both  results  demonstrate  that  for  sufficiently 
large  wall  injection  rates  unsteady  vorticity  need  not  be  con¬ 
fined  to  thin  viscous  acoustic  boundary  layers  adjacent  to  the 
injecting  wall,  like  those  observed  in  the  numerical  studies  of 
Baum  and  Levine*^  and  Baum*^  and  in  the  acoustic  boundary- 
layer  analysis  of  Handro.^ 

Handro  and  Roach*^  and  Smith  et  al.**  describe  numerical 
simulations  of  the  Brown  et  al.**^  experiments.  Significant  ra¬ 
dial  gradients  in  the  axial  velocity  are  seen  about  halfway  out 
toward  the  centerline.  They  capture  the  qualitative  features  of 
the  spatial  vorticity  distributions  observed  by  Brown  et  al.*"^ 

Handro  and  Roach  describe  an  initial  attempt  at  develop¬ 
ing  an  analytically  based  model  of  the  Brown  and  co-worker 
experiments.  A  more  complete  version  is  given  in  Handro,*’ 
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where  a  theory  is  developed  for  coexisting  transient  vorticity 
and  acoustic  waves  throughout  a  cylindrical  chamber.  The 
steady,  inviscid  rotational  Culick*®  solution,  associated  with  a 
uniform  injection  Mach  number  Mi  «  1,  is  disturbed  by  a 
smaller  C(£)  acoustic  velocity  that  varies  harmonically  in  time. 
Perturbation  methods  are  us^  to  derive  inviscid,  linear,  small 
disturbance  equations  for  the  rotational  part  of  the  axial  ve¬ 
locity.  The  momentum  equation  itself  can  be  used  to  show  that 
the  amplitude  of  the  vorticity  generated  at  the  injection  surface 
is  de/M^)  relative  to  the  vorticity  associated  with  the  steady 
Culick*®  profiles.  Hence,  for  sufficiently  large  values  of  e,  the 
transient  vorticity  can  be  more  intense  than  that  of  the  steady 
Culick  velocity  components.  Calculated  axial  velocity  varia¬ 
tion  with  radius  is  qualitatively  similar  to  the  spatial  oscilla¬ 
tions  observed  experimentally  by  Brown  et  al.*’’ 

Tseng  and  Yang*^  and  Tseng  et  al.’  provide  a  computational 
model  for  a  premixed  laminar  flame  adjacent  to  a  cylindrical 
porous  surface  through  which  a  combustible  mixture  is  in¬ 
jected.  The  flame  is  a  surrogate  for  solid  propellant  combustion 
in  a  rocket  chamber.  Prescribed  boundary  disturbances  are  the 
sources  of  transients  in  the  flowfield.  In  this  reactive  model  of 
a  chamber,  flow  vorticity  appears  in  the  vicinity  of  the  wall 
and  the  adjacent  flame. 

Roh  and  Yang^  have  done  a  similar  computation  for  com¬ 
bustion  processes  associated  with  double-base  solid  propel¬ 
lants.  Longer  nin  times  and  better  spatial  resolution  lead  to  the 
appearance  of  vorticity  through  75%  of  the  half-height  of  the 
rectangular  chamber. 

Zhao  et  al.’*  as  well  as  Zhao  and  Kassoy®  use  a  systematic 
asymptotic  analysis  to  formulate  an  initial  boundary  value  de¬ 
scription  of  vorticity  production  in  a  low  Mach  number  (M  « 
1),  weakly  viscous  internal  flow  (Re  »  1),  sustained  by  mass 
addition  through  the  sidewall  of  a  long,  narrow  cylinder  (8  » 
1).  A  hard  blowing  condition  (characteristic  injection  speed  is 
much  larger  than  the  characteristic  axial  speed  divided  by 
Re'^  (Ref.  22))  is  used.  An  C(A/)  axial  acoustical  disturbance, 
generated  by  a  prescribed  harmonically  time-dependent  closed 
endwall  velocity,  interacts  with  the  basically  inviscid  rotational 
steady  flow  to  produce  unsteady  vorticity  at  the  injecting  si¬ 
dewall.  Baroclinicity  and  volume  dilatation  are  higher-order 
sources  of  unsteady  vorticity  production  in  this  nearly  isother¬ 
mal  flow.  The  complete  axial  velocity  is  found  from  a  super¬ 
position  of  three  components  of  equal  magnitude.  First,  the 
steady  component  is  described  by  a  weakly  rotational,  steady 
solution  to  inviscid  Euler  equations  known  by  Culick.*®  Sec¬ 
ondly,  there  is  a  planar  irrotational  acoustic  field. 
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derived  from  a  traditional  linear  wave  equation  that  satisfies 
boundary  conditions  at  the  closed  and  open  ends  of  the  cyl¬ 
inder.  Finally,  when  Re  =  0(5VA/^).  the  strongly  rotational, 
weakly  viscous,  nonlinear  component  varies  simultaneously  on 
the  length  scale  of  the  tube  radius  0(1)  and  on  an  0(Af )  smaller 
scale  similar  to  those  described  in  the  study  by  Flandro  and 
Roach. Mathematical  formulas  are  used  to  prove  that  the  vor- 
ticity  is  generated  at  the  wall  by  an  interaction  between  the 
injected  fluid  and  the  time-dependent  axial  pressure  gradient. 
It  is  then  diffused  on  the  short  0(A/)  radial  length  scale  and 
convected  subsequently  toward  the  axis  by  the  radial  compo¬ 
nent  of  the  injection-induced  flowfield.  Initially,  the  intense 
wall-generated  vorticity  is  separated  from  the  weakly  rota¬ 
tional  flow  of  the  Culick*®  solution  by  a  sharply  defined  front 
that  convects  in  the  radial  direction  at  the  local  radial  speed. 
Eventually,  the  wall-generated  rotational  flow  fills  the  entire 
cylinder.  ^ 

Computational  methods  are  used  by  Kirkkopru  et  al.  to  pro¬ 
vide  qualitative  supporting  evidence  for  the  solutions  described 
in  Zhao  et  al.^*  In  this  case  the  driving  disturbance  is  a  har¬ 
monic  pressure  transient  applied  on  the  exit  plane  of  ^e  cyl¬ 
inder,  like  that  used  by  Vuillot  and  Avalon.**  Grid  size  and 
spatial  distributions  are  chosen  to  accommodate  the  small 
length  scale  velocity  variations  throughout  the  cylinder  known 
from  the  study  by  Zhao  et  al.^^  In  analogy  with  the  analytical 
effort,  the  unsteady  rotational  component  of  the  axial  velocity 
is  extracted  from  the  numerically  generated  total  value.  The 
initial-boundary  value  solution  properties  and  characteristics 
are  similar  to  those  found  from  the  asymptotic  analysis  in 
Ref.  21. 

The  objective  of  the  present  work  is  to  compute  unsteady 
vorticity  production  and  evolution  in  a  finite  cylinder  with  spa¬ 
tially  distributed,  transient  injection  from  the  sidewall.  The  lat¬ 
ter  mimics  unsteady  burning  of  a  solid  propellant  surface.  The 
two-four  method^^  is  used  to  obtain  solutions  to  the  unsteady, 
compressible  Navier- Stokes  equations  in  a  cylindrical  axi- 
symmetric  geometry.  Parametric  values  for  Re,  M,  and  8  are 
chosen  to  ensure  that  the  hard  blowing  condition  of  Cole  and 
Aroesty^^  (S^/Re  «  1)  is  met  and  that  the  analyticdly  derived 
weakly  viscous  condition  Re  =  C(5VM^)  is  satisfied.  Grid 
points  are  distributed  in  the  radial  direction  to  resolve  €(M) 
length  scale  velocity  variations  throughout  the  cylinder  as  pre¬ 
dicted  by  the  asymptotic  study.^^  The  unsteady  rotational  com¬ 
ponent  of  the  axial  velocity  extracted  from  the  numerical 
solutions,  is  used  to  describe  the  generation  and  evolution  of 
the  nonlinear  unsteady  vorticity  field  in  the  cylinder.  The  pres¬ 
ent  computational  results  show  that  unsteady  vorticity  is  gen¬ 
erated  at  the  injecting  sidewall  by  an  interaction  between  the 
injected  fluid  and  the  axial  pressure  gradient  arising  from  a 
planar  acoustic  wave  field  induced  by  the  sidewall  injection 
transients.  In  the  present  case,  the  vorticity  is  convected  away 
from  the  wall  into  the  chamber  by  the  spatially  distributed 
unsteady  injected  flowfield.  In  previous  studies  by  Zhao  et  al. 
and  Kirkkopru  et  al.,®  where  the  sidewall  injection  velocity  is 
spatially  uniform  and  constant,  the  unsteady  vorticity  is  con¬ 
vected  by  the  simpler  steady  radial  velocity  field.  For  suffi¬ 
ciently  short  times,  a  well  defined  front  separates  the  relatively 
low  vorticity  chamber  core  flow  from  a  region  of  more  intense 
unsteady  vorticity  generated  initially  at  the  wall.  The  radial 
location  of  the  vorticity  front  varies  with  axial  location  because 
the  transient  sidewall  injection  distribution  is  axially  depen¬ 
dent. 

Fully  resolved,  time-dependent  results  enable  one  to  under¬ 
stand  the  source  and  evolution  of  unsteady  vorticity  in  the 
system,  its  ultimate  distribution,  and  the  length  scales  on  which 
it  is  important.  These  insights  are  difficult  to  extract  from  the 
cited  previous  work  because  1)  the  radial  spatial  variations  in 
the  numerical  solutions  are  not  adequately  resolved,  and  2)  the 
numerical  results  are  frequently  presented  in  time-averaged 
form,  so  that  the  information  a^ut  the  transient  evolution  of 
the  field  variables  is  lost. 


n.  Computational  Model 

The  flowfield  is  described  by  the  cylindrical,  axisymmetric, 
laminar,  compressible  Navier— Stokes  equations,  for  a  perfect 
gas,  written  in  nondimensional  conservative  form: 

^  +  ^  +  M  +  (1) 
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is  the  total  fluid  energy. 

The  equation  of  slate  for  a  perfect  gas  is 


p^pT  (4) 

Nondimensional  variables,  defined  in  terms  of  dimensional 
quantities  denoted  by  a  prime,  are  given  by 

X  =  xnV  T  =  rlK  u  =  uVL/i 

v  =  v7Vi  p^p*lpo  p^p'lpo  (5) 

T  =  T'/Ti  t  =  t  'ft 'a  C  =  Cl  fClo 

Characteristic  length  scales  for  the  axial  and  radial  directions 
are  chosen  to  be  the  length  of  the  tube  L'  and  the  radius  of 
the  tube  R\  respectively.  The  known  characteristic  sidewsdl 
injection  speed  of  the  fluid  is  related  to  the  characteristic 
axial  speed  U'r  through  the  global  mass  conservation  relation¬ 
ship  Uii  =  5v;,  where  5  =  UfR'  is  the  aspect  ratio  of  the  tube. 
Pressure  is  nondimensionalized  with  respect  to  the  static  pres¬ 
sure  compatible  with  the  injected  fluid  density  and  tempera¬ 
ture,  Pq  and  To,  respectively.  Time  is  nondimensionalized  with 
respect  to  the  tube  axial  acoustic  time  tl  =  where  = 
(ypo/poY^  is  the  characteristic  speed  of  sound.  Here,  the  ratio 
of  specific  heats  y  =  1,4  is  used  in  the  present  computations. 
The  viscosity,  specific  heats,  and  conductivity  are  treated  as 
constants  in  these  calculations,  because  temperature  variations 
are  very  small. 
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The  following  expressions  define  the  flow  Reynolds  number, 
the  Prandtl  number,  and  the  characteristic  axial  flow  Mach 
number,  respectively: 


Re  = 


PqUrV 


Pr^ 


ki 


(6) 


Note  that  the  acoustic  Reynolds  number  Re^  =  Re/M,  and  the 
injection  Mach  number  M  =  M/8.  In  a  typical  solid  rocket 
motor  chamber  Re  =  C(10^“10^),  Pr  =  C(l),  M  =  0(10"^- 
lO"*).  and  6  =  C(10). 

The  Navier-Stokes  equations  are  simplified  by  ignoring  the 
axial  transport  terms.  Justification  for  the  reduction  is  based 
on  the  asymptotic  analysis  in  Zhao  and  Kassoy®  and  Zhao  et 
al,^*  valid  for  M  «  1,  8  »  1,  and  Re  »  1  provided  that  the 
hard  blowing  condition  S^/Re  «  1  is  satisfied.  As  a  result,  the 
computation  time  is  reduced  significantly  without  sacrificing 
flow  physics.  Furthermore,  the  dissipative  effects  of  the  re¬ 
maining  transport  terms  are  sufficient  to  avoid  artificial  damp¬ 
ing  terms  needed  in  other  similar  computations.  ^^**^'* 

The  Navier-Stokes  equations  are  solved  by  using  the  two- 
four  explicit,  predictor-corrector  scheme,^  which  is  a  fourth- 
order  variant  of  the  fully  explicit  MacCormack  scheme.  This 
method  is  highly  phase-accurate  and  is  therefore  very  suitable 
for  wave  propagation  and  wave  interaction  problems.  The 
number  of  conditions  specified  on  a  boundary  are  equal  to  the 
number  of  characteristics  pointing  into  the  computational  do¬ 
main,’  The  remaining  numerically  required  conditions  are  ex¬ 
trapolated  from  the  computational  domain  to  the  boundary. 

The  size  and  the  number  of  uniformly  spaced  grids  are  cho¬ 
sen  to  accommodate  properly  the  local  variations  of  flow  var¬ 
iables  in  the  axial  and  radial  directions  as  suggested  in  the 
asymptotic  analysis  by  Zhao  et  al.^‘ 

A  steady-state  flow  solution  is  required  as  an  initial  condi¬ 
tion  for  the  transient  flow  computation.  Boundary  conditions 
include  an  impermeable  head  end  at  x  =  0  (w  =  0),  an  assumed 
pressure  node  at  the  exit  plane  x  =  1  (p  =  1),  a  specified 
injection  velocity  (v  =  —  1),  temperature  (T  =  1),  and  a  no-slip 
condition  for  the  axial  flow  speed  (u  =  0)  on  the  sidewall  at 
r  =  1  as  well  as  symmetry  conditions  on  the  centerline,  r  =  0. 

The  analytically  calculated  velocity  profiles  for  incompress¬ 
ible,  rotational,  inviscid  flow  in  a  long,  narrow  cylindrical  tube 
(Culick‘*)  are  used  as  starting  profiles  for  the  steady,  com¬ 
pressible,  viscous  flow  computations.  This  approach  reduces 
the  computation  time  required  to  reach  the  final  converged 
steady  flow  configuration  relative  to  doing  a  complete  transient 
solution  by  initiating  wall  injection  at  /  =  0.  In  this  calculation 
the  solution  converges  to  a  steady  state  defined  by  the  condi¬ 
tion  that  the  total  injected  mass  is  equal  to  the  total  exiting 
mass.  Then  the  solution  is  run  for  as  much  as  C(10)  additional 
axial  acoustic  times  to  ensure  that  the  steady-state  solution  is 
stable.  Results  given  in  Fig.  1  show  the  steady  normalized 
axial,  «5(x,  r)/us  (x,  r  =  0),  and  radial  velocity  V5(x,  r)  profiles 
at  different  axial  locations,  x  =  0.025,  0.5,  and  1.0,  when  M  = 
0.06,  8  =  20,  and  Re  ^  itf,  respectively.  In  these  graphs,  Cul- 
ick*®  incompressible  flow  profiles  that  are  invariant  to  axial 
location  are  nearly  indistinguishable  from  the  computed  pro¬ 
files.  Small  differences  arise  from  the  small  but  finite  axial 
flow  Mach  number  used  in  the  computation.  Low  Mach  num¬ 
ber  compressible  flow  theory  implies  C(Af^)  differences  be¬ 
tween  the  Culick*®  solution  for  5  »  1  and  the  computational 
result. 

A  steady-state  flow  solution  for  each  Mach  number  and 
Reynolds  number  is  obtained  initially  to  prevent  introducing 
unwanted  noise  into  the  unsteady  computations. 

Zhao  et  al,^’  have  used  formal  asymptotic  methods  to  show 
that  the  chamber  flow  is  weakly  viscous  when  the  condition 
Re  =  C(5VAf^)  is  satisfied  and  when  strong  injection  (8^/Re 
«  1)  prevails.  The  latter  condition  implies  that  Vi  »  U}t/Re^^ 
(Ref.  22).  The  asymptotic  theory  shows  that  the  primary  vis¬ 
cous  stresses  are  in  the  radial  direction.  Hence,  it  is  useful  to 
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Fig.  1  a)  Normalized  steady  axial  velocity  and  b)  steady  radial 
velocity  profiles  at  x  =  0.025  (solid  line),  0.5  (dotted  line),  and  1 
(dashed  line)  for  M  =  0.06,  Re  =  10*,  and  =  20. 


ignore  the  axial  transport  effects  and  retain  only  the  radial 
transport  terms  in  the  reduced  Navier-Stokes  equations.  The 
steady  flow  solution  is  obtained  faster  and,  at  the  same  time, 
the  largest  important  viscous  effects  in  radial  direction  are  re¬ 
sponsible  for  physically  meaningful  damping,  similar  to  the 
artificial  damping  terms  that  have  been  introduced  in  some 
earlier  studies.  *^**‘^‘‘ 

Once  a  converged  steady  flow  configuration  for  specified 
values  of  5,  M,  and  Re  is  obtained,  the  flow  is  disturbed  by 
adding  an  axially  distributed  unsteady  sidewall  injection  com¬ 
ponent  to  the  steady  value.  The  total  wall  injection  velocity  is 
then  given  by 

v(x,  r  =  1,  f)  =  -[1  +  A  cos(n7rx/2)(l  -  cos  <ot)]  (7) 

which  can  also  be  written  in  terms  of  a  positive  mean  com¬ 
ponent  1  +  A  cos(n7rx/2)  and  a  fluctuating  component  pro¬ 
portional  to  cos  o)t.  Here  oj  is  the  dimensionless  angular  fre¬ 
quency,  A  =  C(l)  is  the  amplitude  of  the  unsteady  wall 
injection,  and  n  is  the  spatial  dependence  parameter.  The  total 
mass  flow  from  the  wall  is  always  positive.  The  other  bound¬ 
ary  conditions  are  the  same  as  those  for  the  steady  flow  com¬ 
putations. 

Unsteady  computations  are  carried  out  for  several  different 
axial  Mach  numbers  and  spatial  dependence  parameters.  In  this 
study  the  boundary  driving  frequency  is  =  1.  This  is  a  rel¬ 
atively  low  frequency  in  the  sense  Aat  the  period  r  =  2-77  is 
larger  than  the  time  required  for  an  acoustic  wave  to  do  a 
complete  circuit  of  the  chamber,  r  =  2. 

HI.  Results  and  Discussion 

The  numerical  code  has  been  run  approximately  10  cycles 
after  the  injection  transient  is  turned  on  to  check  if  spurious 
numerical  oscillations  develop.  For  example.  Fig.  2  shows  the 
time  variation  of  the  centerline  axial  velocity  at  the  midcham¬ 
ber  (x  =  0.5)  for  flow  parameters  Af  =  0.1,  8  =  20,  Re  -  10^, 
A  =  0.4,  /I  =  1,  and  w  ^  1.  Note  that  the  value  at  r  =  0  cor¬ 
responds  to  the  steady-state  value  of  the  centerline  velocity  at 
the  midchamber.  The  solution  appears  to  be  quasisteady  almost 
immediately.  This  solution  property  can  be  attributed  to  the 
transient  pressure  field  seen  in  Fig.  3.  The  result  given  at  x  = 
0.5  shows  that  pressure  solution  is  almost  purely  planar  (x 
dependent  only).  For  example,  at  x  =  0,5  and  r  =  60  for  three 
radial  locations,  r=  0,  0.5,  and  1,  p  =  1.1480096,  1.1479678, 
and  1.1479073,  respectively.  The  invariance  to  radial  loca- 
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Fig.  2  Time  history  of  the  centeriine  axial  vdodty  at  x  =  0.5  for 
M  =  0.1,  S  =  20,  J?e  =  10®,  =  1,  A  =  OA,  and  n  =  1. 


Fig.  3  Time  history  of  pressure  at  x  s  0.5  for  3f  0.1,  5  =  20, 
Re  =  10®,  <£>  =  1,  A  =  0.4,  and  n  =  1. 


tion  results  from  the  use  of  a  large  aspect  ratio  5  =  20.  Also 
note  that  the  pressure  deviation  from  the  base  value,  C(10“^), 
is  fully  compatible  with  the  asymptotic  prediction  in  Zhao 
et  al.“ 

The  purely  harmonic  behavior  in  Hg.  3,  seen  in  all  similar 
computational  results,^’’*’  is  cause  for  concern  because  the  an¬ 
alytical  analogue  to  this  study^  shows  that  a  single  eigenfunc¬ 
tion  of  substantial  amplitude  should  accompany  the  forced  re¬ 
sponse.  The  eigenfunction  arises  from  a  solution  to  a  linear, 
acoustic  equation  driven  by  transient  effects  on  the  sidewall 
boundary.  In  contrast,  the  numerical  solution  arises  from  a 
slightly  viscous,  weakly  nonlinear  mathematical  system.  It  ap¬ 
pears  that  diere  are  at  least  two  possible  sources  for  the  dif¬ 
ference: 

1)  The  finite  difference  form  of  the  nonlinear,  slightly 
viscous  equations  will  not  produce  an  eigenvalue-like  re¬ 
sponse. 

2)  The  numerical  boundary  conditions  at  the  exit  plane  do 
not  account  for  wave  reflections  in  an  appropriate  way. 

These  issues  are  the  subject  of  the  ongoing  studies.  Note 
that  acoustic  wave  planar  viscous  damping  occurs  on  a  time 
scale  r »  C(IO^)  (Ref.  26)  for  the  Reynolds  numbers  consid¬ 


ered  here.  Hence,  oh  the  time  scale  t  =  O(IO^)  planar  damping 
cannot  annihilate  an  eigenfunction  response. 

Following  a  procedure  described  by  Lagerstrom,^  and  sim¬ 
ilar  to  that  employed  by  Flandro  and  Roach,*®  Zhao  and  Kas- 
soy,®  and  Zhao  et  al.,^*  the  total  unsteady  axial  flow  speed  may 
be  divided  into  three  parts 

tt(x,  r,  t)  =  us(x,  r)  +  Up{x,  t)  +  Uv{x,  r,  t)  (8) 

where  Us  denotes  the  steady  flowfield  that  is  known  as  an  initial 
condition  for  the  unsteady  computations.  The  second  term  up 
is  the  weakly  viscous,  slightly  nonlinear  analogue  to  the  irro- 
tational  planar  part  of  the  flowfield  found  by  Zhao  et  al.^*  and 
Zhao.“  It  is  found  from  the  difference  between  the  unsteady 
axial  speed  and  the  steady  axial  speed  on  the  centerline  of  the 
tube.  The  remaining  term  uv,  defined  as  the  rotational  (non- 
planar)  part  of  the  unsteady  axial  flow  speed,  is  found  from 
£q.  (8)  after  us  and  Up  are  calculated.  Once  again,  it  is  an 
analogue  to  the  analytically  obtained  rotational  velocity  field 
described  by  Zhao  et  al.^*  and  Zhao“  and  is  used  to  describe 
the  generation  and  evolution  of  the  nonlinear  unsteady  vortic- 
ity  field  in  the  cylinder.  Following  the  asymptotic  analysis  de¬ 
scribed  by  23iao  et  al.^*  and  Zhao^  one  can  show  that  the 
rotational  part  of  Uv  vanishes  at  the  centerline  for  all  times. 

Figure  4  shows  the  radial  variation  of  the  instantaneous  un¬ 
steady  axial  rotational  flow  speed  Uy  at  midchamber  (x  =  0.5) 
for  three  time  values  after  the  injection  transient  is  initiated  at 
the  sidewall.  The  flow  parameters  are  Af  =  0.1,  6  =  20,  and 
Re  =  10®.  The  corresponding  injection  Mach  number  Af,  = 
Af/5  =  5  X  i0'^  The  disturbance  frequency  is  a>  =  1.0,  a 
nonresonant  frequency  smaller  than  the  first  fundamental  fre¬ 
quency  of  the  tube,  <Ui  =  tr/2. 

One  observes  a  radial  velocity  gradient  (hence  vorticity)  ex¬ 
tending  out  about  0.35  units  from  the  wall  (r  =  1)  at  /  =  3.00 
(solid  line)  and  to  about  0.65  radial  units  when  t  =  6.00.  At 
t  =  9.90  the  numerical  data  themself  show  that  the  rotational 
flowfield  has  spread  throughout  the  chamber. 

The  spatial  distribution  of  the  rotational  part  of  the  unsteady 
axial  flow  velocity  at  each  time  may  be  explained  in  physical 
terms  by  considering  an  interaction  between  the  total  unsteady 
injected  flowfield  and  the  axial  planar  acoustic  wave  induced 
and  sustained  by  sidewall  injection  transients.  The  motion  of 
a  fluid  particle  injected  radially  into  the  tube  from  the  sidewall 
at  a  specified  axial  location  is  affected  by  the  harmonic  vari¬ 
ation  with  time  of  the  local  axial  planar  pressure  gradient.  For 
instance.  Fig.  5  shows  the  time  variation  of  the  axial  pressure 


Uv 


Fig.  4  Radial  Tariation  of  ic ,  at  x  =  0.5  when  t  =  3  (solid  line), 
/  =  6  (dashed  line),  and  f  s  (dotted  line)  for  AT  =  0.1,  5  =  20, 
Re  s  10®,  ft>  s  1,  A  s  0.4,  and  n  s  1. 
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Fig.  5  Hme  history  of  axial  pressure  gradient,  Ajp/dx,  at  x  =  0.5, 
r  =  0.95  for  =  0.1,  6  =  20,  =  10*,  =  1,  A  =  0.4,  and  a  =  1. 


Fig.  6  Radial  yariation  of  u,  at  x  s  0.5  when  t  =  2.96  (solid  hne), 
t  s  5.92  (dashed  line),  and  t  s  10.05  (dotted  line)  for  M  =  0.06, 
5  =  20,  Re  =  10*,  o)  =  1,  A  =  OA,  and  n  =  1. 


gradient,  dp/dx,  at  a  point  where  x  =  ().5  and  r  =  0.95  for  the 
case  being  discussed  previously.  As  a  result,  a  given  fluid  par¬ 
ticle  emanating  from  the  wall  will  be  accelerated  alternately  in 
the  positive  and  negative  axial  directions  as  it  is  convected 
toward  the  axis  of  the  cylinder  by  the  unsteady  radial  flowfield. 
Part  of  the  fluid  particle  response  is  associated  with  iirotational 
acoustic  effects.  The  rest  is  rotational,  resulting  from  vorticity 
generation  at  the  wall. 

Figure  4  shows  that  by  f  =  10  unsteady  vorticity  has  filled 
the  cylinder.  But  Fig.  3  shows  no  change  in  the  r-independent 
pressure  field  as  vorticity  fills  the  system.  It  follows  that  the 
presence  of  vorticity  does  not  affect  the  pressure  field,  as  pre¬ 
dicted  by  Flandro  and  Roach^*  and  in  the  asymptotic  analysis 
of  Zhao  et  al.^^  and  Zhao.^  This  provides  an  explanation  of 
why  traditional  acoustic  stability  theory  yields  transient  pres¬ 
sure  estimates  that  compare  well  with  Aose  found  experimen¬ 
tally,  although  the  acoustic  velocity  field  will  differ  consider¬ 
ably  from  that  observed  by  Brown  et  al.**^ 

Figure  6  shows  the  instantaneous  spatial  variation  of  Uv  at 
X  =  0.5  with  respect  to  the  radius  when  t  =  2.96,  5.92,  and 
10.05  for  a  smaller  axial  Mach  number  M  =  0.06  (correspond¬ 
ing  to  the  weaker  injection,  Mi  =  3  X  10“^)  and  for  the  same 
Re  ~  10*.  The  forcing  frequency  <0  =  1.0  is  the  same  as  for 


the  previous  case.  The  amplitude  of  the  nonresonant  injection 
transient  disturbance  is  A  =  0.4.  The  sharply  defined  region  of 
large  velocity  gradient  is  seen  in  Kg.  6  out  to  about  0.23  units 
from  the  wall  at  r  =  2.96.  One  notes  that  at  r  =  5.92  the  wave¬ 
length  of  the  spatial  oscillation  of  uv  is  smaller  than  that  for 
the  case  when  M  =  0.1.  This  is  an  expected  result  because  the 
total  unsteady  radial  velocity  field  for  M  =  0.06,  which  trans¬ 
ports  the  fluid  particles  into  the  cylinder,  is  characterized  by  a 
relatively  lower  speed  than  that  for  the  Af  =  0. 1  case.  Injected 
fluid  particles  are  carried  a  shorter  distance  away  from  the 
sidewall  towards  the  axis  in  a  given  time  interval,  relative  to 
that  for  the  stronger  injection  speed  case,  Af  =  0.1.  At  /  =  10.05 
one  notes  that  spatial  oscillations  are  present  about  0.7  radial 
units  from  the  wall. 

Solution  resolution  requires  41  grid  points  in  the  axial  di¬ 
rection  and  101  grid  points  in  the  radial  direction  in  the  two 
cases  discussed  previously.  Figure  6  shows  that  near  the  in¬ 
jecting  wall  one  wavelen^  of  the  spatial  oscillation  of  Uy  is 
represented  by  approximately  35-40  radial  grid  points.  In  con¬ 
trast,  near  the  centerline,  where  the  wavelen^  is  smaller, 
fewer  but  an  adequate  number  of  grid  points  per  wavelength 
are  available  to  resolve  the  velocity  gradients. 

The  third  case  studied  is  for  a  smaller  characteristic  axial 
flow  Mach  number  M  =  0.02  (Af,  =  10“^),  5  =  20,  slightly 
larger  Reynolds  number  Re  ^  3  X  10*,  and  the  forcing  fre¬ 
quency  41  =  1.0.  The  results  for  the  previous  cases,  M  =  0. 1 
and  M  =  0.06,  imply  that  the  number  of  radial  grid  points 
should  be  doubled  for  this  weak  injection  case.  There  are  201 
equally  spaced  grid  points  in  the  i^al  direction  to  represent 
the  spati^  variation  of  Mv  accurately.  Rgure  7  shows  the  in¬ 
stantaneous  variation  of  Uv  with  respect  to  the  radius  at  x  - 
0.5  when  t  =  2.99,  4.93,  and  10.00.  It  can  be  seen  from  this 
figure  that  axial  velocity  gradients  are  larger  than  those  for 
larger  Mach  number  cases  presented  previously.  This  implies 
that  the  absolute  magnitude  of  the  unsteady  vorticity  gener¬ 
ated  at  the  wall  is  much  larger  than  that  of  the  higher  Mach 
number  flows.  This  unsteady  vorticity  field  is  convected  away 
from  the  wall  towards  the  center  of  the  chamber  by  a  rela¬ 
tively  slower  radial  velocity  component.  Therefore,  at  f  = 
10.00  only  about  30%  of  the  chamber  is  filled  with  the  un¬ 
steady  vorticity. 

Figure  8  shows  the  instantaneous  radial  variation  of  Uy  at 
X  =  0.5  for  l£^er  times,  t  =  10.00,  20.01,  30.02,  and  40.02. 
The  computational  data  can  be  used  to  infer  that  the  unsteady 
vorticity  field  spreads  out  toward  the  axis  as  time  increases, 
so  that  eventually  the  entire  cylinder  is  filled  with  an  intense 


Uv 


Fig.  7  Radial  variation  of  at  x  s  0.5  when  t  s  2.99  (solid  line), 
t  =  4.93  (dashed  Une),  and  t  ^  10.00  (dotted  line)  for  M  =  0.02, 
5  s  20,  Re  s  3  X  lO’,  s  1,  A  =  OA,  and  n  =  1. 
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Fig.  8  Same  as  Fig.  7,  but  for  /  =  10.00  (soKd  Kne),  /  =  20.01 
(dashed  line),  t  =  30.02  (dotted  line),  and  t  s  40.02  (dash-dot  line). 


Fig.  9  Spatial  yariation  of  the  unsteady  distribution  fl  as  a  func¬ 
tion  of  o’giai  location  and  radial  location  at  t  =  30  for  Af  =  0.1  and 
5  =  20. 

level  of  voiticity,  approximately  C(l/Af)  larger  than  that  as¬ 
sociated  with  the  Us  velocity  field 

Here  again,  the  wavelength  of  the  oscillatory  structure  de¬ 
creases  as  the  centerline  is  approached.  This  occurs  because 
the  rate  of  radial  convection  is  reduced  as  the  radial  velocity 
component  decreases  toward  zero  near  the  axis  of  the  chamber. 
The  implication  for  mesh  distributions  is  that  there  must  be 
adequate  spatial  resolution  throughout  the  cylinder,  not  just  in 
an  acoustic  boundary  layer  near  the  injecting  surface  as  used 
in  a  variety  of  earlier  computations.'^’'*’  Of  course,  this  neces¬ 
sity  arises  because  the  injection  velocity  is  sufficiently  large  to 
preclude  the  existence  of  a  thin  localized  viscous  Layer  like 
that  considered  by  Flandro.^ 

Rgures  9-11  show  the  instantaneous  unsteady  vorticity  dis¬ 
tribution  throughout  the  chamber  for  three  cases,  3/  =  0.1  (r  = 
30.00),  0.06  (t  =  29.56),  and  0.02  (r  =  30.02),  discussed  earlier, 
where  one  notes  significant  variation  in  the  axial  direction.  The 
unsteady  voiticity  is  computed  from 


dUv 

1  a(v  -  vj)* 

dx 

defined  as  fl  =  where  primed  quantities  are  di- 


Flg.  10  Same  as  Fig.  9  but  at  r  s  29.56  and  M  =  0.06.  Note  the 
different  scale  in  fl. 


Fig.  11  Same  as  Fig.  9  but  at  f  =  30.02  and  M  =  0.02.  Note  the 
different  scale  in  11. 

mensional.  The  numerical  results  and  the  asjmptotics  of  Zhao 
et  al.^*  show  that  the  main  contribution  to  H  is  brought  by  the 
first  term  in  Eq.  (9).  A  comparison  of  Figs.  9—11,  with  sig¬ 
nificantly  varying  vertical  scales,  shows  that  the  magmtude  of 
H  increases  with  decreasing  values  of  M.  The  distribution  of 
vorticity  extends  out  to  axis  for  the  two  larger  Mach  numbers 
in  Figs.  9  and  10.  Rgure  1 1  shows  a  succession  of  wave-like 
morphologies  extending  to  about  r  =  0.3. 

Long-time  results  (t  =  52.42)  for  the  A/  =  0.02  case  are  given 
in  Figs.  12  and  13  to  show  that  unsteady  vorticity  eventually 
fills  the  entire  cylinder,  even  for  a  relatively  small  Mach  num¬ 
ber.  Although  the  gnq>hical  representation  of  H  in  Hg.  12  ap¬ 
pears  to  imply  that  there  is  no  vorticity  close  to  the  axis,  the 
enlarged  scale  result  in  Fig.  13  demonstrates  the  presence  of 
vorticity  waves  close  to  r  :=  0. 

Figure  14  provides  the  radial  variation  of  the  unsteady  part 
of  the  radial  speed,  v  —  V5,  at  r  =  30,02  and  x  =  0.5  for  M  = 
0.02,  6  =  20,  =  3  X  !()*,  n  =  1,  A  =  0.4,  and  cu  =  1.  The 

steady  radial  velocity  V5,  associated  with  constant  wall  injec¬ 
tion,  is  shown  as  curve  b  in  Rg.  1.  The  result  in  Rg.  14 
corresponds  to  the  axial  velocity  result  in  Fig.  8.  A  study  of 
the  numerical  data  shows  that  the  vorticity  front  is  located 
about  0.7  radial  units  from  the  wall.  One  may  observe  consid¬ 
erable  spatial  variation  in  the  radial  speed  of  the  fluid  toward 
the  axis  when  0.5  ^  r  ^  1. 
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Fig.  12  Radial  variation  of  H  at  x  0.5  when  t  s  52.42  for  M  = 
0.02,  Re  =  3  X  10^,  oi  =  1,  A  =  OA,  and  n  =  1. 
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Fig.  13  Unsteady  vortidty  variation  in  the  region  ^ere  0  ^  x 
£  1,  0  ^  r  £  0.25  for  the  same  parameters  and  time  in  fig.  12. 
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Fig.  14  Instant  radial  variation  of  (v  —  V5)  at  x  s  0.5  when  t  s 
30.02  for  the  same  flow  parameters  as  those  in  fig.  8. 

A  more  complex  wall  injection  pattern  is  used  to  find  the 
results  in  Figs.  15-18  for  the  case  n  =  3  in  Eq.  (7).  The 
vorticity  distribution  H  is  given  for  t  =  7.48,  14.96,  22.^,  and 
29.92  when  M  =  0.02,  6  =  20,  Re  =  3  X  10^,  <u  =  1,  and  A  = 
0.5.  Note  that  the  morphology  of  the  surfaces  is  considerably 
more  complex  than  those  in  Hgs.  9-11  and  13  for  n  =  1. 
These  graphs  show  at  a  fixed  radial  location  that  H  increases 
monotonically  with  axial  position  when  the  instantaneous  wall 
injection  speed  decreases  monotonically  as  x  increases  [n  =  1 


20. 


fig.  15  Instantaneous  unsteady  vordcity  variation  throughout 
the  cylindrical  chamber  at  ^  =  7.48  for  M  =  0.02,  8  ==  20,  Re  =  3 
X  10^,  o>  =  1,  A  =  0.5,  and  n  =  3.  The  net  mean  iidection  speed 
in  Eq.  (7)  is  always  positive. 
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Fig.  16  Same  as  Fig.  15  but  at  /  =  14.96. 


in  Eq.  (7)].  The  relative  increase  in  the  radial  gradient  of  Uv 
with  increasing  x  can  be  explained  in  terms  of  the  vorticity 
generating  interaction  between  the  harmonically  varying  axid 
pressure  gradient  (see  Fig.  5)  and  the  fluid  injected  at  a  given 
axial  location.  In  particular,  the  magnitude  of  the  radial  gra¬ 
dient  of  Uv  at  the  wall  depends  directly  on  the  radial  distance 
traveled  by  a  fluid  particle  exiting  from  the  injecting  surface 
during  one  cycle  in  dp/dx.  Downstream,  more  slowly  moving 
injected  fluid  particles  will  be  accelerated  and  decelerated  by 
the  variation  in  dp/dx  on  a  shorter  radial  length  scale  than  those 
upstream.  As  a  result  the  radial  gradient  of  Uy  is  relatively 
larger  at  downstream  locations. 

In  contrast,  the  corrugated  appearance  of  the  surfaces  in 
Figs.  15-18  arises  from  the  variability  of  the  injection  speed 
along  the  cylinder  surface.  One  may  also  observe  that  the  ra¬ 
dial  location  of  the  front  is  dependent  on  axial  position  and 
reflects  the  characteristics  of  the  sidewall  injection  distribution 
with  axial  coordinate  in  x.  This  implies  that  the  front  mor¬ 
phologies  can  be  quite  complex  if  the  injection  distribution  is 
spatially  irregular  and  complex. 

The  amplitude  of  the  unsteady  vorticity  distributions  is 
0(Af“*)  larger  than  that  of  the  Culick*®  steady  solution,  a  result 
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Fig.  17  Same  as  Fig.  15  but  at  t  =  22.44. 


predicted  by  the  Zhao  et  al.^‘  and  Zhao^  asymptotic  theory. 
This  implies  that  there  will  exist  a  relatively  large  transient 
axial  shear  stress  on  the  sidewall  surface,  particularly  for 
smaller  M  values.  One  can  speculate  that  these  large  transient 
shear  stresses  will  impact  the  burning  rate  of  a  solid  propellant 
that  is  the  source  of  the  injected  fluid  used  in  the  present 
model.  Perhaps  there  is  a  direct  relationship  between  the  effect 
of  the  surface  shear  stress  transients,  predicted  in  the  present 
work,  and  erosive  burning  concepts  used  in  the  solid  rocket 
engineering  literature. 

rV.  Summary  and  Conclusions 

Unsteady  vorticity  generation  and  evolution  caused  from 
simulated  propellant  burning  transients  in  an  idealized  rocket 
motor  chamber  are  studied  in  the  context  of  an  initial  boundary 
value  problem.  An  axially  distributed,  harmonically  varying 
sidewall  inj^tion  component  is  superimposed  on  a  similar 
magnitude  steady  sidewall  injection  to  simulate  spatially  var¬ 
iable,  time-def)endent  mass  addition  from  solid  propellant 
burning. 

The  nearly  complete  compressible  Navier-Stokes  equations 
are  solved  numerically,  using  a  grid  distribution  that  resolves 
locally  large  radial  gradients  of  the  axial  velocity  across  the 
diameter  of  the  cylinder.  Instantaneous  values  of  the  flow  var¬ 


iables  are  presented  to  describe  the  time  evolution  of  unsteady 
vorticity  creation  and  propagation.  This  provides  an  alternative 
to  the  studies  by  Tseng  and  Yang,^’  Flandro  and  Roach, Smith 
et  al.,*^  and  Tseng  et  al.,*’  where  an  acoustic-based  time-av¬ 
eraging  approach  is  used  to  study  mean  spatial  distributions. 

The  computational  analysis  shows  that  axial  planar  acoustic 
waves  induced  and  sustained  by  the  sidewall  injection  tran¬ 
sients  interact  with  the  sidewall  injection  induced  flow  in  the 
chamber  to  generate  unsteady  vorticity  on  the  sidewall.  This 
time-dependent  vorticity  is  subsequently  convected  into  the  en¬ 
tire  chamber  by  the  unsteady  radial  flowfield.  For  sufficiently 
short  times,  there  is  a  well-defined  front  that  separates  the  in¬ 
tense  transient  vorticity  generated  at  the  injecting  surface  from 
the  relatively  weak  vorticity  in  the  initial  steady  shear  flow. 

The  instantaneous  radial  location  of  the  front  varies  in  the 
axial  direction  when  the  wall  injection  is  spatially  distributed. 
In  contrast,  flows  generated  by  uniform  constant  sidewall  in¬ 
jection,  subject  to  either  end  wall  or  exit  flow  disturbances, 
have  instantaneous  front  locations  that  are  invariant  in  the  axial 
direction.*^’ 

The  maximum  amplitude  of  the  intense  vorticity,  generated 
at  the  wall  and  convected  subsequently  into  the  cylinder  by 
the  radial  component  of  the  flow  velocity,  scales  approximately 
like  MM  (see  Figs.  9-11)  as  predicted  by  the  formal  asymp¬ 
totic  analysis  in  Ref.  25,  in  the  model  of  Flmdro  and  Roach*^ 
and  Flandro.*^  Near  the  sidewall,  where  the  rotational  part  of 
the  axial  velocity  uv  is  relatively  small,  one  finds  a  large  radial 
gradient  as  seen  in  Fig.  8.  It  is  conceivable  that  these  large 
transient  gradients  will  persist  to  the  surface  of  a  burning  soUd 
propellant  in  a  real  rocket  chamber  and  the  resulting  a^aal 
shear  stresses  may  affect  the  characteristics  of  the  combustion 
process. 

The  results  presented  here  satisfy  the  order  of  magnitude 
equality  Re  =  0(5 derived  by  Zhao  and  Kassoy*  and  Zhao 
et  al.“  for  flows  that  are  weakly,  but  pervasively  viscous.  This 
condition  is  also  satisfied  approximately  by  the  parameters 
used  in  the  computational  solutions  of  Smith  et  al.'^  and  Tseng 
et  al.’  Note  that  the  equality  satisfies  the  hard-blowing  condi¬ 
tion  of  Cole  and  Aroesty  “  Ref  8^ »  1,  so  that  no  thin  localized 
viscous  acoustic  boundary  layer  can  exist  adjacent  to  the  in¬ 
jecting  surface.  Rather,  in  this  case  of  a  confined  geometry  the 
viscous  effect  is  present  at  a  relatively  low  level  across  the 
entire  cylinder  on  the  C(A/)  length  scale  of  the  axial  velocity 

radial  g^ent.  ^  1^4.61719-2103 

There  is  now  a  considerable  body  of  evidence 
in  support  of  the  presence  of  an  intense  unsteady  vorticity 
distribution  within  a  physically  reasonable  model  of  a  solid 
rocket  motor  chamber.  In  principle,  the  basic  rotationaiity  of 
the  flowfield  should  impact  traditional  irrotational  acoustic  sta¬ 
bility  theories.  The  latter  appear  to  predict  acoustic  pressure 
fields  seen  in  solid  rocket  engines,  but  are  unlikely  to  give 
accurate  descriptions  of  axial  and  radial  velocity  fields  that 
possess  significant  rotationaiity  as  seen  in  the  work  by  Brown 
et  al.^*^ 
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